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Convergence estimates of finite elements for a class
of quasilinear elliptic problems

S. Nakov* I. Toulopoulos!

Abstract

This paper is concerned with conforming finite element discretizations for
quasilinear elliptic problems in divergence form, of a class that generalizes the p-
Laplace equation and allows to show existence and uniqueness of the continuous
and discrete problems. We derive discretization error estimates under general
regularity assumptions for the solution and using high order polynomial spaces,
resulting in convergence rates that are then verified numerically. A key idea of
this error analysis is to consider carefully the relation between the natural W »-
seminorm and a specific quasinorm introduced in “L. Diening and M. Ruzicka.
Numer. Math., 107(1):107-129, 2007”. In particular, we are able to derive
interpolation estimates in this quasinorm from known interpolation estimates
in the WlP-seminorm. We also give a simplified proof of known near-best
approximation results in WP-seminorm starting from the corresponding result
in the mentioned quasinorm.

Keywords: quasilinear elliptic equations, p-Laplace, power-law diffusion, fi-
nite element, near-best approximation results, discretization error analysis, a priori
error estimates, quasi-norm estimates.

MSC 2020: 65N30, 65J15, 65N15

1 Introduction
The study of quasilinear elliptic equations of the form [9],

—div(A(Vw) =f imQCRY d=2,3, (1.1a)
u=g¢g on 0f, (1.1b)

where A, g and f are given functions (see their properties below), is of great im-
portance since these equations are used to describe many physical problems aris-
ing in the area of non-Newtonian motions, porous media, chemical engineering etc,
[28, 130, 33]. Basic examples of are variations of the p-Laplace model where
A(Vu) = (e + |Vu|)P"2Vu with € > 0 and p > 1. The first analysis of finite element
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(FE) methods for p-Laplace (¢ = 0) was undertaken in [29] and in [II] (Chapter
5), where (sub-optimal) a priori error estimates have been shown in the W!P-norm.
These results were later improved in [32], 4].

In the literature there are various works discussing sufficient conditions on the

regularity of the boundary data g and the righ-hand side f which guarantee certain
regularity properties of the solutions of p-type problems. Here, by p-type problems we
refer to problems, in which the nonlinear operator A has some “p-structure” proper-
ties that guarantee solvability in the classical Sobolev space W1?(Q) for some p > 1.
The nonlinear nature of these quasilinear problems usually results in the existence
of weak solutions with reduced regularity even for very smooth problem data (see,
e.g., |9, 137]). In general, the regularity of the solutions that can be inferred is only
enough to show optimal error estimates using linear finite element spaces, see, e.g.,
[36, 34, [5]. Perhaps this is the main reason for the predominant use of linear FE
spaces for the discretization of such problems. This is in contrast to linear problems,
where the higher the regularity of the input data is, the higher the regularity of the
corresponding solution is. However, applications of £ and hk finite element methods
for p-Laplace problems have been recently presented, where h denotes the spatial dis-
cretization parameter and k the degree of the polynomial space, [23] 24]. We mention
that the presence of the gradient in the non-linear diffusion term leads to algebraic
systems with bad condition number, [14], which requires efficient iterative techniques,
[27, 20].
Over the last two decades, there has been an increasing interest on devising discon-
tinuous Galerkin (DG) methods in addition to the more popular continuous ones for
the numerical solution of with basic examples to be certain p-type problems, see
[18, 8, 13]. In all these DG methods the numerical fluxes were developed by following
the p-nonlinear nature of the problem. The quasi-norm interpolation estimates pre-
sented in [21], were applied in the framework of broken spaces and optimal a priori
error estimates were shown for linear elements. The same DG methods have been
used later in [7] for solving non-Newtonian flow problems.

In this paper, we focus on problems where the function A : R — R? in , has

the form
a

A(a) = go’(\a\)m for alla € R?\ {0},  A(0)=0, (1.2)
where ¢’ is the right derivative of an N-function ¢ (see Definition [2.1)). We start our
investigation by introducing certain assumptions on the function ¢, which guarantee
existence and uniqueness of the solution of the continuous problem in the framework
of Sobolev WlP-spaces by using classical results of the calculus of variations, e.g.,
convexity, lower semicontinuity and coercivity of the associated energy functional.
We continue with our main objective in this work, which is to present continuous FE
approximations of and to derive a priori estimates for the error v — w;, where
uyp, is the corresponding finite element solution. Motivated by the results in [2], we
present an analysis of higher order finite element approximations for the problem
where A has the structure given in (1.2). It has been explained in [21], 26] that
for the study of , it is appropriate to introduce the closely related to the operator
A function F : R — R

F(a) = (¢([al)|al)

a

N[

al for all a € R\ {0},  F(0)=0. (1.3)



We derive a priori discretization error estimates for the error u — u;, measured by the
F-quantity |F(Vu)—F(Vuy)| 12(q) which is closely related to the so-called quasinorm

2
IV — Varllupy = / (e + [Vl + 19 (u— wn) )2 |V (4 — wp) P de
Q

introduced by Barrett and Liu in [35] when the nonlinear operator A has a p-structure
(see Assumption [2| below). More precisely, for operators with p-structure, the above
two quantities are equivalent (see, e.g., [6, 21]) and thus error estimates and near-
best approximation results derived in terms of one of them immediately translate
to error estimates in terms of the other. Therefore, the a priori error estimates and
convergence rates derived in this paper are also valid for the discretization error
measured by the quasinorm of Barrett and Liu. For short, we will loosely refer to the
measure generated by F, i.e. [|[F(Vu) — F(Vuy,)|12(q), as F-quasinorm.

Even though showing solvability in Orlicz-Sobolev spaces is a more general ap-
proach (see, e.g., [6]), we choose to work with standard Sobolev spaces (by assuming
a p-structure of the operator A, see Assumption [2f below) so that we can relate the F-
quasinorm with the Sobolev WP-seminorm and use known interpolation estimates in
this seminorm (see, e.g., [31]). In particular, we utilize the near-best approximation
result from [21] with respect to the F-quasinorm and bound the approximation error
of the FE space in terms of approximation errors |u — vh|W1,q(Q) for some 1 < g <
(see (4.5)), (£.7), (#.10)). By taking vy, to be the finite element interpolant I in these
bounds, we arrive at the respective interpolation error estimates in the F-quasinorm
under regularity assumptions of the form u € W4(Q) for some [ > 2 and g > 1 (see
(.06), (.8, [@.11), and Theorem [4.2)). Thus, from the interpolation estimates
just mentioned, we also obtain the regularity conditions that guarantee optimal (with
respect to the approximation error and polynomial degree) discretization convergence
rates.

In the current work we do not investigate conditions on the data that ensure
high regularity solutions. An analysis in this direction for homogeneous right-hand
side is presented for example in [36]. As we mentioned earlier, it is in general not
possible to guarantee higher regularity of the solutions even for very smooth data
and for this reason the h-version of the finite element method with a fixed first order
polynomial degree is the most commonly used one. However, deriving approximation
error estimates in the F-quasinorm for high order polynomial spaces can be useful, for
example, in the development of adaptive FEM (see, e.g., [I7] for adaptive FEM with
polynomial degree one and error measured in the F-quasinorm). Those estimates
give a benchmark for the approximation properties of the FE space with respect to
the quasinorm in question and display the convergence order at which the adaptive
methods should be aming at.

Here, we emphasize that our regularity assumptions are posed directly on the
solution w itself, rather than on the function F(Vu). This differs from the approach
presented in [21], where the authors prove a priori error estimates in a more general
setting, but optimal only for first order polynomial FE spaces and under the regu-
larity assumption F(Vu) € [W2(€2)]%. To the best of our knowledge, approximation
estimates of this type, including higher order finite element discretizations, have not
yet been presented in the existing literature.



The layout of the paper is as follows. In the next section we study the existence
and uniqueness of the solution of the partial differential equation. In Section [3| we
present the finite element discretization of the problem and we give a simple proof of
known near best approximation results in the W? seminorm by carefully examining
the relation between the F-quasinorm and the associated Sobolev W1P-seminorm,
and by making use of the near-best approximation result in terms of the F-quasinorm
from [2I]. In Section {4 we give interpolation error estimates with respect to the F-
quasinorm under various regularity assumptions on the solution u. We also discuss
the sufficient regularity conditions that guarantee optimal convergence rates with
respect to the polynomial degree k of the FE space. The paper closes with Section [5]
where an extensive series of numerical tests is given which confirm the theoretically
predicted convergence rates.

2 Preliminaries and problem formulation

2.1 Notations and known inequalities

We use a standard notation throughout this work. Let Q C R? with d € {2,3}
be a bounded Lipschitz domain. For 1 < p < oo we denote by LP(£2) the space of all
Lebesgue measurable functions u : €2 — R such that

el g == / () Pder < oo.

When p = oo, then L>(2) denotes the space of all measurable essentially bounded
functions and is endowed with the norm

lull oo (o) :=inf {C > 0 s.t. |u(z)| < C for almost each z € Q}.

If f is a vector function in the Lebesgue space [L? (Q)]d, we use the norm

1€l o= || 18] lrcey = / £ de | (2.1)
Q

where |a| denotes the Eucledian ¢, norm of a € R

Let [ be a non-negative integer, and let & = (ai,...,qq) with order |a| =
Z;i:l a;. We define the differential operator D* = 8‘9;11 . (fsfd and denote the stan-

dard Sobolev spaces by W!'P(Q), which consist of the functions u : Q@ — R such
that their weak derivatives D*u with |a| < [ belong to LP(Q2). The space W' (Q) is
equipped with the norm

1

fulbwrsioy =( 3 1D%ul,q)"  for 1<p<oc, (2.2
0< o<l

Jullwroeqoy = mase Dl for p = oo, (23



For convenience, in the case [ = 1, instead of the norm ([2.2)), we will be using the
equivalent norm

Ity = (Il + IVl 0)) "

where the term ||Vu||72p(m is computed with the norm (2.1)) for the space [L?(€)]".
For a function u € W'?(Q) will define its seminorm by

|ul o) = HVUHLP(Q)a (2.4)

where, again, the quantity on the right-hand side of ( is computed by using the
norm in [L?(Q)]* given by ([2.1). Furthermore, for 1 < p < oo we denote by 7,
the trace operator v, : W'?(Q) — Wl_%’p(aQ),with the properties (i) v,(u) = uloq
if ue WP(Q)NC(Q), and (i) H%(U>HW1— < Cllullwrr(). For a function

g€ Wl_%’p(ﬁﬁ) we define the set

1
51[1(89)

ng’p = {u € WH(Q) : 7,(u) = g}. (2.5)

We refer the reader to [Il, 22] for more details on Sobolev spaces. The following
inequalities are going to be used in several places in the text. For functions u €
Wy (Q) we have Poincaré’s inequality

ullr @) < Cp||Vul| @) (2.6a)

with a constant Cp > 0, depending on p and €2. Next, let 1 < p,q < oo be such that
I+ %1 = 1. Then for all u € LP(Q2) and v € LI(S2), there holds Holder’s inequality:

p
‘/uvda:
Q

Reverse Holder’s inequality (see, e.g., Theorem 2.12 in [I]) reads: Let 0 < p < 1 and

<||ullr @ l|v] La() (2.6b)

q=;5 <0.1If f e LP(Q ) and 0 < [, |g(z)|* dz < oo then
[is@awlas= ([ 15 da:) ([lo@rar)" 2o
Q Q Q
Young’s inequality: Let 0 < p < oo and ¢ = . Then
p q
ab < oa + b 7 forall a,b> 0. (2.6d)
p qo»

Finally, for a,b € R and s > 0 we have
la + b < C(s) (Ja]” + [0I7), (2.6e)

where C'(s) = 1if 0 < s < 1 and C(s) = 2°7! if s > 1. Obviously, one can take
C(s) = 2° regardless of whether 0 < s <1 or s > 1.

In what follows, for a,b > 0 we will frequently write a ~ b meaning that ca < b <
Ca for some ¢, C' > 0.



2.2 Properties of the given functions

In we assume that Q C RY, d € {2,3} is a bounded domain with Lipschitz
boundary 052, the functions g € Wk%’p(GQ) and f € L¥(Q) with 1/p +1/p' =1,
and the operator A is defined by , where ¢ is an N-function.

Definition 2.1 (see, e.g. [2, 1]). A function ¢ : [0,00) — [0,00) is called an N-
function if it is convex, continuous and satisfies 1151_1}(1)@ =0, tliglo@ = 00, and
©(t) >0 fort>0.

Note that every N-function has a right derivative ¢, which is right continuous,
non-decreasing, and satisfies ¢'(0) = 0, ¢'(¢) > 0 for ¢ > 0 and tlim ¢'(t) = oo (see,
—00

e.g., [2,[1]). Moreover, the following integral representation of ¢ holds

o(t) = / o/ (s)ds. (2.7)

Equivalently, one can define an N-function ¢ through the formula with a function
¢" having the above properties (see |2, d]). In our considerations we will be only
interested in N-functions ¢ € C'[0, 00) N C?(0, 00) with strictly increasing ¢’. In this
case, the complementary (Fenchel conjugate) function ¢* of ¢ is defined by

(1) = / ()" (s)ds, (2.8)

where (¢’ )_1 denotes the inverse function of ¢'. It is clear that ¢* is also an N-
function. Since an N-function ¢ is convex with ¢(0) = 0, it is superadditive and thus
it holds 2¢(t) < (2t). We will be interested in functions ¢ that also satisfy the
inequality ¢(2t) < K(t) with some constant K > 2. Such functions ¢ are said to
satisfy the As-condition. In this case the As-constant of ¢ is the smallest constant K
with the above property and is denoted by A (). For a family of N-functions {¢)}a
we define Ay ({@a}a) := sup, Az (¢a). Notice that for every N-function ¢ we have

t
o(t) = /go'(s)ds < t'(t) for any t > 0.
0

On the other hand, if ¢ also satisfies the As-condition, we obtain

2t

Mo(@)p(t) > p(21) > / ¢/()ds > (1) for any ¢ >0,

and thus, we see that ¢(t) ~ t¢/(t) uniformly in ¢ > 0.

Assumption 1 (Assumption 5.1 in [2I]). Let ¢ be an N-function with strictly in-
creasing ¢’ and A, ({¢, p*}) < oo. Further assume that ¢ € C'[0,00) N C?(0, 00)
and satisfies ¢'(t) ~ ty"(t), i.e., for some ¢y, co > 0 it holds

aate”(t) < ¢'(t) < eat”(t) (2.9)

uniformly in ¢t > 0.



Assumption 2 (¢ has a p-structure (see [26])). There exist p € (1,00) and € > 0
such that ¢”(t) ~ (e + t)P72, i.e., for some c3, ¢4 > 0 it holds

cs(e+1)P2 < "(t) < cq(e + )P~ uniformly in ¢ > 0. (2.10)
Remark 2.2. Notice that if Assumptions[1] and[ are satisfied, then one has uniformly
mt
P(t) ~ tp'(t) ~ 20" (t) ~ 2 (e + )72, (2.11)
and thus
A1) S Ple+ 17 S {Z’_Qt2 PR, 212)

Example 1. As a particular example for ¢ satisfying Assumptions [ and [2, we will
consider

€+ t)P 1t e+ 1t)P e?
ol = ;—)1 - 2§<p+— )1) p(p—1) (213)
for some p € (1,00) and € > 0. In this case we have
O'(t) = (e +t)P %t (2.14)
and
(t) = Tgi})—t)_g_lzt. (2.15)
It is easy to see that for any 1 < p < oo and for all € > 0, ¢t > 0 it holds
min {1,p — 1}(e + )2 < o"(t) < ple +t)P2 (2.16)
Recalling we see that in this case the operator A takes the form
A(a) = (e + |a])Pa. (2.17)

Notice that € = 0 corresponds to the standard p-Laplace operator.

Note that by (2.9) and (2.10) F can be extended by continuity at a = 0, and thus
we set F(0) = 0. For the particular ¢’ given by ([2.13) we have

F(a) = (c + [a)"= a. (2.18)
Remark 2.3. By (2.9) and (2.10) we can estimate
F(a)|” = ¢'(Ja]) |a] < eaal” ¢"(Ja]) < eaeq [al® (e + |a])" . (2.19)

Thus, by using (2.12)) we see that F(a) € L*(Q) for everya € [LP(Q)]d and any p > 1.



Lemma 2.4 (see [21,[19]). Let A be given by (1.2)) and let F be given by (1.3), where
@ satisfies Assumption[l. Then the relations

(A(a) — A(b)) - (a—b) ~ [F(a) — F(b)[* (2.20a)
~la—b[*¢" (|a] + |b]), (2.20b)
|A(a) — A(b)[ S ¢ (a| +|b|) [a — b] (2.20c)

hold for all a, b € RY. More precisely, we will use the following equivalences
¢s|F(a) = F(b)|" < |a—b[* ¢" (|a] + [b]) < ¢5 [F(a) — F(b)[’ (2.21)

with some constants cs, cg > 0. If ©"(0) does not exist, then the expression in (2.20b)
15 extended by continuity to zero when a =b = 0.

Remark 2.5. Notice that Assumption[q with € > 0 combined with the equivalences
(2.20) imply that F and A are Lipschitz continuous for 1 < p < 2. Indeed, for F we
obtain

1
2

IF(a) —F(b)| < /¢"(Ja| + |b]) |]a — b §< = > la — b|

(e+ [a] + [b])*?

(2.22)

1
< (2—> “la—b]| foralla, beR
€« Pp
Similarly, for A we have

|A(a) — A(b)| < ¢"(Ja| + b])Ja—b| < — |a—b| foralla, beR:.  (2.23)

Now, from Corollary 3.2 in [16] it follows that if a € [WP()]* for some 1 < p < oo,
then F(a) € [W'P(Q)]? and A(a) € W), In particular, if u € W2P(Q)
for some 1 < p < oo (and thus Vu € [W'(Q)]%), then F(Vu) € [W2(Q)]" and
A(Vu) € WH(Q)]".

2.3 Weak formulation

Let ¢ satisfy Assumption [I| and Assumption [2] and let A be given by ([1.2)). The
weak formulation of (LI)) reads as follows: Find u € W, #(Q) such that

/ A(Vu) - Vvdx :/ fodz for all v e WyP(Q). (2.24)
0 Q

We will show that the problem (2.24)) is equivalent to the minimization problem

Find u € W, () such that
J(u)= inf J(v), (2.25)

veW; P (Q)

where the functional .J : W, P(Q) — R is defined by

J(v):/ggoﬂvw) d:z;—/gfvda:, (2.26)



Notice that due to Remark and the fact that ¢ is non-negative, the functional J,
indeed, does not take the values +00. The procedure to show the equivalence between
(2.24) and (2.25)), i.e., show that both have one and the same unique solution, is as
follows. First we show existence and uniqueness of a minimizer u of . Then we
show that u actually satisfies , which essentially means that we have to show
the Cateaux-differentiability of .J at u. In this case (J'(u),v) = 0 for all v € W, ?(Q),
where (,-) denotes the duality pairing in W=7 (Q) x W,?(Q). Once we have a
solution u of the weak formulation we only need to show that it is indeed
unique.

We start with the existence and uniqueness of a solution to the variational problem
. Since W1?(Q) is a reflexive Banach space for 1 < p < oo (see, e.g., [I, 12]),
existence of a unique minimizer of J can be guaranteed by known theorems from the
calculus of variations. In order to apply these theorems we need certain properties
for W, #(Q2) and J which we list below.

Proposition 2.6. The following assertions hold:
(1) W}P(Q) is convex and closed in W'P(Q) (and thus, weakly closed);

(2) J is sequentially weakly lower semicontinuoudl] (s.w.l.s.c.), that is

v, — v (weakly) in WP(Q) implies J(v) < liminf J(v,,);

n—o0

(3) J is coercive, that is

J(v) = oo whenever ||v||wir) — 00.

(4) J is strictly convez, i.e., for any v,w € ng’p(Q), v #w, A€ (0,1) it holds
J(A+ (1= Nw) < AJ(v)+ (1 —N)J(w),

or equivalently, if J is convexr and additionally for every pair v,w, the equality
J(A+ (1= Nw) =AJ(v) + (1 — X)J(w) for some X € (0,1) implies v = w.

Proof. For the sake of completeness we proof each of the above assertions.

(1) The convexity and closedness of W, ?(Q) follow from the linearity and continu-
ity, respectively, of the trace operator 7,. The convexity and norm closedness
of W, 7(Q) imply that it is also weakly closed (see, e.g., [12, 10]).

(2) To show the second assertion, we first note that the function  : R? — R=°
defined by @(a) := ¢(]a]) is convex. Indeed, by first using the triangle inequal-
ity in R? together with the fact that ¢ is nondecreasing, and then using the
convexity of ¢, for any a,b € R? and \ € [0, 1], we obtain

P(Aa+ (1= A)b) =p([Aa+ (1= A)b|) < p(Alal+ (1 - A)[b])

< Xo(la)) + (1 = Ne([b]) = Ap(a) + (1 — \)@(b). (2.27)

'If J is convex, then it is enough to show that J is lower semicontinuous. Then, the weak lower
semicontinuity of J is guaranteed (see, e.g., Corollary 2.2 in [I0] or Corollary 3.9 in [12]).

9



To show that J is s.w.l.s.c., it is enough to notice that it is the sum of two
s.w.ls.c. functionals, v — [, ¢ (|Vv|)dz and v — — [, fvdz. The second one
is bounded and linear over W'?(Q)), and thus s.w.l.s.c.. For the first one, since
P is continuous, convex, and satisfies p(a) > 0 for all a € R?, it follows that
the functional

veWh(Q) — /E(Vu)dm

is also s.w.l.s.c. over W'P(Q), see for example Corollary 3.22 in [3].

Now, we show that J is coercive. First, notice that from Assumptions [1| and
and ([2.10) it follows that

o(t) 2 t*(e +t)P2

More precisely, we have

1 2 p—2
gD(t) > m01C3t (E + t) . (228)

By using the expression (2.26)) for J together with (2.28]) we obtain

1 2 P2y — vdzx
J(v) > AZ(@CICSQ/WM (c + Vo) 2 d Q/f e, (2.29)

First we consider the case of homogeneous Dirichlet boundary condition g = 0,
see . In this case by using Poincaré’s inequality we have || V|| Lrq) ~
|v]|wir). Let p > 2. By first applying Holder’s inequality and then
Poincaré’s inequality we obtain

1
eres [ 1o de = Colf oy I Velliny 00 (230)
Q

J(v) >
W) =3,

as |[v|lwir@) — oo.

Now for 1 < p < 2, observe that |[Vo|> € LE(Q) and (e + |Vu|)P~2 € Li—2(Q)

(note (g)/ = ])%2), and thus, we can apply the reverse Holder inequality (see

(2.6c))) to the first integral in ([2.29)):
. IVollZ
163 2_
220 e+ Vol B,
V|2
> < cics 2_}! ||LP(Q) =
2(¢) ||€HLP(Q) + ||VUHLP(Q)

— Cpll fllp o I VYl Lo @)
(2.31)

= Cpl|fllw @) IVOl o) = 00

as ||v]|wir) — oo. In (2.31]) we have also used the triangle inequality in LP(£2)
together with the inequality (2.6¢) with s =2 —p € (0,1).

Now we consider the case of inhomogeneous boundary condition ¢ in (1.1b]).
Let u, € WHP(Q) be such that v,(u,) = g. Then Poincaré’s inequality (2.6a)

implies

1
WHU = gllwiri) S V(0 = ug)llr@) < llv = ugllwirg — (2.32)
P P
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for all v € W (). By applying triangle inequality in (2.32) we observe that
|v||wrp) — oo if and only if [|[Vu||rq) — co. Hence from (2.30) and ({2.31)
we can conclude that J is also coercive in W #(Q) for both cases p > 2 and
1<p<2.

(4) For this we first show that  is strictly convex on RY. We note that since ¢’ is
strictly increasing it follows that ¢ is strictly convex. Let a,b € R% X\ € (0, 1)
and assume that @(Aa+ (1 —X)b) = Ap(a) + (1 — A\)@(b). This means that the
two inequality signs in are actually equalities. From the second inequality
sign being equality, since ¢ is strictly convex, it follows that |a| = |b|. From the
first inequality sign being equality, since ¢ is strictly increasing, it follows that
[Aa+ (1 — A)b| = X|a|+ (1 —A) |b|, which is true if and only if A\a = a(1— )b
for some aw > 0. If |a] = |b| = 0 then we are done. Let |a] = |b| # 0. Now, it

is clear that @ = 1, and consequently a = b.

To see that v — [B(Vv)dz is strictly convex, let v, w € ng’p(Q) and assume
Q
that J(Av + (1 — NMw) = AJ(v) + (1 — A)J(w) for some A € (0,1). Then it
follows
/ DB(Vo) + (1 Np(Vw) — pAVe+ (1 - NVw)de =0, (2.33)
Q

Since @ is convex, the integral in (2.33) is nonnegative and therefore it follows
that

Ap(Vo) + (1 = N)p(Vw) —o(AVu + (1 — A)Vw) =0 for a.e. x € Q. (2.34)

From (2.34) and the strict convexity of @ it follows that Vv = Vw for a.e.
z € Q. Since v —w € W, *(Q) we find that v = w.

]

The following existence result is well known in the calculus of variations.

Proposition 2.7 (see Proposition 1.2 in [I0], Theorem 7.3.7 in [15]). Let V' be a
reflexive Banach space with norm || - || and let C be a non-empty closed convex subset
of V. Let J : C — R be a convex proper sequentially lower semi-continuous functional.
Let us assume that either C is bounded or that J is coercive over C. Then the problem

Find uw € C such that J(u) = inf J(v) (2.35)

veC

has at least one solution. It has a unique solution if J is strictly convew.

Theorem 2.8. Let Q be a bounded Lipschitz domain in R?, d > 2. Let the function
1 /

@ :]0,00) — [0, 00) satisfy Assumptions and@ and let g € W' oP(0Q), f € L”(Q).

Then the variational problem (2.25) has a unique solution u € W, ().

Proof. The existence of a unique solution to (2.25)) follows directly by combining the
assertions in Proposition [2.6] with Proposition O

11



Remark 2.9. Obviously, the above Theorem|2.8 also holds under weaker assumptions
on the data f. For example, f € L®)(Q) or even f € W (Q), the dual space
of WHP(Q2). Here, p* denotes the Sobolev conjugate exponent, given by p* = ddTpp iof
p<d,p*<ooifp=dandp* =00 ifp>d.

Remark 2.10. One can also show the coercivity of J by starting from the inequality

(e +[Vu)*Pe(| Vo) > cres [Vl

1
— As(p)

then raise both sides to the power £, integrate over Q0 and apply the standard Hélder
inequality to the left-hand side. This procedure is similar to the one used in [32] in
order to show the monotonicity of a mapping associated with the considered nonlinear
problem. There, the assumptions on the involved (nonlinear) diffusion coefficient are

similar to the one satisfied by the function t — ¢'(t)/t in our considerations above.

Theorem 2.11. Let Q be a bounded Lipschitz domain in R?, d > 2. Let the function
@ :[0,00) = [0, 00) satisfy Assumptions and and let g € Wlf%’p(ﬁQ), fer” Q).
Then problem has a unique solution u € ng’p(Q) which coincides with the
unique solution of the variational problem .

Proof. First we will show that the solution u of the variational problem satisfies
the weak formulation (2.24)). Then we will show that has at most one solution.

By varying the functional J at the minimizer u in directions v € W, ?(Q) one
finds a necessary condition for u being a minimizer, namely (J'(u),v) = 0 for all
v e WyP(Q). For any A > 0 and v € W, ”(Q) we have

J(u) < J(u+ Av). (2.36)
After dividing both sides of (2.36)) by A and letting A — 0T we obtain
J [p(IV(u+ M)]) — o(|Vul)] dz

.0
— > 0. .
/\11>1r(r)1Jr 5 /fvda: >0 (2.37)

Q

Defining

i) = AT £ 0D = () 239

the last inequality can be rewritten in the form

A—0t

lim [ ¢y(z)de — [ fodz > 0. (2.39)
[piae]

Our goal is to apply the Lebesgue dominated convergence theorem (LDCT) to the
first term in (2.39)). By the mean value theorem we find

Vu(z) + O(z)A\Vu(x)
|IVu(z) + O(x)A\Vou(x)|

a(z) = @' (|Vu(z) + O(z)\Vo(z)]) -Vo(z), (2.40)
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where ©(x) € (0,1), and since ¢’ is continuous, it is clear that

Vu(x)

Ya(z) — 90/(|VU($)|)W

-Vou(zx) (2.41)

for almost every z € Q as A — 07. Moreover, for A\ < 1, by first using the triangle
inequality in R together with the monotonicity of ¢’ and then the Cauchy-Schwarz,
inequality we find

[a(@)] < ¢ (Vu(@)] + [Vo()]) [Vo(@)]. (2.42)
Using and in we find
A ()] < caca (|Vu(@)] + [Vo(a)])* (e + [Vu(@)] + [Vo(z) ). (2.43)

Owing to (2.12) and the fact that |Vu(x)| + |Vv(z)| € LP(£2), we see that the right-
hand side of (2.43)) is in L'(€). Now having the pointwise convergence (2.41]) and
the bound ([2.43)), by applying the LDCT it follows that

: I Vu(z)
,\E%I+Q/¢A(x)dx_ Q/SD(WU@)UW'VU@)CZ% (2.44)
and thus
! Vulz) v(x)dx — vdx
Q/¢(|Vu(x)|)|vu(m)‘ Vo(z)d Q/f dz > 0. (2.45)

Recalling the definition (1.2]) of the operator A and the fact that v is an arbitrary
element from Wy (), from (2.45) we conclude that the minimizer u of J satisfies
(2.24)).

It is left to show that u is indeed the only solution of (2.24)). Let w € W,P(Q) is
another solution which satisfies (2.24). By subtracting the two associated equations
for the solutions u and w and and consequently setting v = u — w, we find that

/ (A(Va) — A(Vw) - (Vi — Vo) da = 0. (2.46)
Q
From ([2.20a)) and ([2.46)) it follows F(Vu) = F(Vw), which due to means
1 Vu 1 Vw
! 2 = (¢ 2 . 24
(" (IVul) [Vaul) Yl (@' ([Vwl) [Vw]) Vo (2.47)

By taking absolute values on both sides in ([2.47]), and using the fact that the function

t— (¢ (t)t)% is strictly monotone increasing, we obtain |Vu| = |[Vw|. Now, from
[2.47) it follows that Vu = Vw. Since u — w € Wy P(Q) if follows that u = w. O
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3 Finite element approximation

For simplicity, we assume that Q is a polyhedral domain. Let {7,}n~0 be a
non-degenerate (shape-regular) family of subdivisions of €2 into triangles (or tetra-
hedra), i.e, Q = Uger, E. Every T, is charactirized by the maximum element size
h := maxgeT, {hg}, where hp = diameter(E). We introduce the finite element space

Vh(k) defined as

Vi = {¢n € C(Q) : ¢nlp € PL(E), VE € Th}, (3.1)

where Py (FE) is the space of polynomials of degree less than or equal to k£ on the
element E. We introduce the following assumption which will be maintained from
now on.

Assumption 3. The boundary datum belongs to the local polynomial space, i.e.,
there exists uy ), € Vh(k) such that v,(ugn) = g.

Under this assumption, we can define the affine space
Vg(f;) = {(bh € Vh(k) ¢ =g on 6’9} : (3.2)
Then the finite element discretization of problem (2.24]) reads
Find uy, € V) such that

(k) (3.3)
A(Vuy) - Vodr = | fopde for all vy, € Vo -
Q )
Here, we recall that A is given in (1.2]) and that ¢ is assumed to satisfy Assumptions
and 2] The existence and uniqueness of the finite element solution wy, of (3.3) can

be shown by considering the finite dimensional analogue of the variational problem
(12.26)):

Find v, € Vg(’],? such that
J(up) = inf J(vp). (3.4)

k)
U}LEVg’h

We note that (7];) is a closed and convex subset of W (€2) and that properties (2)-(4)
in Proposition continue to hold on this subset. Hence, by Proposition problem
has a unique solution uy. Since J is Gateaux-differentiable at u;, it follows that
uy, is also a solution of . The uniqueness of this solution is shown in a similar
way to the one used to prove uniqueness of the continuous problem .

We cite the following interpolation error estimate, see Theorem (4.4.20) and Corol-

lary (4.4.24) in [31].

Lemma 3.1. Let u € W' (Q) withp > 1, k+1 > 1 > 2. Suppose thatl—d/p > 0 and
let IF be the corresponding global interpolation operator in Vh(k). Then, there exists a
constant Cine 515 > 0 independent of h such that the following interpolation estimate

holds

| = Lty ooy < Cintpiph'™ [l - (3.5)
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If in addition | — 1 —d/p > 0, then there exists a constant Cipt o5 > 0 such that

‘U - Ilf Q) S C’im‘,,oo,l,pﬁhli1761/13 ’u‘Wl,ﬁ(Q) . (36)

u|le°°(

Furthermore, we recall the near-best approximation result from [21] with respect
to [|F(Vu) — F(Vuy)||12(0). Note that by Remark [2.3] this quantity is well defined.

Proposition 3.2. Let u € W, ?(Q) be the solution of (2.24) and let uj, € Vg(f,? be the
Galerkin approzimation of u defined by (3.3). Then

IF(Vu) — F(Vup) | r2) < | F(Vu) = F(Vop)|l 2 for allv, € VY. (3.7)
Furthermore, if F(Vu) € [W'2(Q)], then
IF(Vu) = F(VIu)|l2) < CRIVE(Vu)||2(@), (3.8)

where 115+ WhP(Q) — Vh(k) s for example the Scott-Zhang interpolation operator
in Vh(k). In this case, by (3.7) and (3.8) we have

|F(Vu) — F(Vu) | 1200) < er|F(Vu) — F(VIW)| 20y < Ch||VE (V)| 12(0)-
(3.9)

Remark 3.3. Notice that the statements in Proposition are valid for any fixed
1 <p< oo ande>0 in Assumption |3

3.1 Near-best approximation results in the W'? seminorm

Let ¢ satisfy Assumption [I] and Assumption [2| for some p > 1. We distinguish
two main cases for p: p > 2 and 1 < p < 2. For each case, we proceed in three
steps. In the first step we derive bounds for the W? seminorm of u, which de-
pend only on the problem data. Analogous bounds are given for the corresponding
FE approximation u;,. The second step consists of the estimation of the discretiza-
tion error [u — uply1,(q) in terms of the discretization error [|[F(Vu) — F(Vup)| 12(q)
and the approximation error |[F(Vu) — F(Vuy)| 12(q) in terms of the approximation
error |u — vhlwl,p(ﬂ). Finally, in the third step, we combine the discretization and
approximation estimates from the previous steps with the near-best approximation

result (3.7)).
3.1.1 The case p > 2

Homogeneous Dirichlet boundary condition: Let us first consider the case
g = 0 on 09. Setting v = w in (2.24) and using (2.9) and (2.10) together with
Holder’s inequality (2.6b]) and Poincaré’s inequality ([2.6]), for all € > 0 we obtain

C1C3/ Vul’ dr < cie3 / (e + |Vu| )P |Vul* do < Crll fll @ lIVullze@),  (3.10)
Q Q
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where p' := p/(p — 1) is the Hélder conjugate of p. From ({3.10)) it follows that

1

Cp p—1
9l < (2l ) = M), (3.11)
C1C3
Similarly, setting vy, = uy, in (3.3) we obtain
| Vun| o) < MY, f,p). (3.12)

Nonhomogeneous Dirichlet boundary condition: Now, consider the case where
g is not identically zero on 9. From Assumption |3| there is a function u, ) € Vg(’;l)

such that v, (u,5) = g. By setting v = u — uy, € WyP(Q) in the weak formulation
(2.24) and recalling the definition (1.2) of A we have

/ & u— YVu €T = u—1u T
Q/ IVl o (V= Vit ) Q/ (= g0 da. (3.13)

By rearranging the terms in (3.13)) and applying Holder’s and Poincaré’s inequalities

(2.6b]) and (2.6a]) we obtain

[ ¢ 19u 19l dz < Col Loy (IFullmin + [V tslirer) + [ (Val) [Futa] d

) ) (3.14)

Now, we estimate appropriately the relevant terms in (3.14)). From ([2.9) and ([2.10)
it follows that

/(p'(|Vu|) |Vu|dz > clcg/ \Vul® (e + |Vu|)P > dz > 163Vl - (3.15)
Q Q
Next, by applying Young’s inequality (2.6d)) with é; > 0 we find

p/
Il | (Pl
p /

Crll fll o @ IVullze@) < (3.16)

yun
of p'

Finally, we estiamte the last term in (3.14) from above. By using (2.9), (2.10)), and
then (2.6¢)) with s =p —2 >0 and C(s) = 2° we find for t > 0

0 S QOl(t) S CQC4t(€ + t)p—2 S 2p_26204t€p_2 + 2p_26264tp_1. (317)
If t <1, then (3.17) implies
@' (t) < 2P 2cocy P2 + 2P 2cocy = My, (3.18)

If, on the other hand, ¢ > 1 then (3.17)) implies

¢ (t) < 2P 2 cyey (ep’2 + 1) Pt = my Pt (3.19)
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Together (3.18) and (3.19) imply

¢ (t) < my+mytP! for all t > 0. (3.20)

By sequentially applying Holder’s inequality ([2.6b]), , triangle inequality in
L7 (€2), and then Young’s inequality with 6, > 0 we estimate

/90 Vul) [Vug sl dz < [I¢' ([Vul) || v o) IV tg.nll 2 ()
Q

1 —
< (ma 917 + | 190 [lzo(@) ) 11V 200

0a || Vull 75 () N (mal| Vg allrie)”

1
<my |Q|¥ [|[Vug sl Lr) + ”

53 p
(3.21)

where |2 denotes the Lebesgue measure of 2. By combining (3.14)), (3.15)), (3.16),
and ([3.21)) we obtain for 0; = (c1c3p)/4 and 09 = (c1c3p") /4

/

15 (Colflia)

0103
— IVl <Cellfll @)l Vugnll @) + 7

(cicap) v pf (3.22)

1 45 (m1||Vu h”Lp(Q))p

o [ [[Vetgall ooy + sl @)

(cresp’)v'p
From ({3.22)) we find the estimate

HquL” < Mg<Q fa Ug,h, D, € )7 (323)

where the constant M7 is given by

/

2 p
15 (Crlfllw o)

P
(cicsp) P pf

C1C3

1
2 \»
MO, Ftg o) = (—) Ol 1l o0 [Vt oy +

1
) ,
1 4 mlHVu ,hHL (9] PP
|20 [Tyl + 2 sllire)”) "

(cresp’) ¥ p
(3.24)

In a similar way, by testing (3.3) with vy, = w, —ugy € %(,IZ) one can obtain the
estimate

IVunll @) < MY(S, £, ugn, p, €). (3.25)

Next, we derive an estimate for the discretization error |u — wup|wir(q) in terms

of the discretization error |F(Vu) — F(Vuy)||12(). Using (2.21) and (2.10) we have
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that

L / |Vu — Vuy|” dz
0
|Vu — Vuh|p_2 "
" (IVul + [Vun|)
p—2
§C6/ |F(VU/) o F(VUh)|2 (E + |VU| + |Vuh|) —
Q cs (e + [Vul +[Vuy|)”

C
=—|F(Vu) = F(Vu)| 72
C3

:/ |Vu — Vuh|2 O" (|Vu| + |Vugl)
@ (3.26)

On the other hand, by first using (2.21]) and Holder’s inequality (2.6b)) in L2 (Q)
and L(3) Q) = L#(Q), and then (2.10) together with the triangle inequality in
L?(Q) and the estimate (3.10]), for all vy, satisfying ||Vup| 1) < MY for some M7 >
M7 (S, f,ugn,p,€), we estimate

1
IP(V0) = F(Von)liae) < — [ [Vu= Vol ¢ (Vul + [Von)) do

p—2

— </ Vu — Vvh|pdx) (/ e (e + |Vul + |Vvh|)pdx) ’
c Q (3.27)

c p 2
(190 e+ 119 ul vy + 1 90l lv) = vnliroge
—2
sc—(mm+Mf+Mf) = vnlfysnca)
5

Finally, by combining (3.7) with ( and we arrive at a near-best ap-
proximation result in terms of the seminorm |- \Wl,p @) For all v, € Vg(,]}? satisfying

Vs Loy < MY it holds

Co

|U — uh|lep(Q) S <_

1
P 2
©) R(T0) - F (T
3

, (3.28)
e\ ? 2 2 2
< (2) IR0~ B0l < Cilu = e

where
1 1 p—2
~5 cg\? 2 [ca\? 1 g ~\ 7
(S, foep ME) = (=) et (2)" (1005 e+ nf +207) 7 (3.29)

3 Cs

Proposition 3.4. Let ¢ satzsfy Assumptzon 1] and Assumptzon |3 with p > 2. Let
u € ng P(Q) be the solution of (2.24) and let uy, € Vg y, be the Galerkin approximation
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of u defined by (3.3). Then if we choose M{ = 2MY + Vgl e it holds

-

2

0= Wl < (2) IF70) = F(Tun)

3
C %3 . 2

<(2)' e it IR0 - PTG (3:30)
. o€V,

2

: D
Lp(Q)) mfk) \u — Uh’wl,p(g) y
’L)hGVgﬁ

S Cl (Qv f7 €D, 2Mig + ||vug»h

where MY (S, f,ugpn, p,€) is defined in (3.24), Cy is defined in (3.29), and ugy is a
fixed function from Vg(f;) (see Assumption )

Proof. First, observe that we can take the infimum over all functions vy, € Vg(f;) in the

first two inequalities in (3.28)) since those hold regardless of whether ||Vuy||zro) < MY
is satisfiesd (they follow from (3.26)) and (3.7))). Therefore, it is clear that

1
Ce \ 7 :
o= wleey < () IR0 - P

1 1
e\ ? 2 2 e\ P 2 . 2
< <_6) cr 1nf(k) [F(Vu) = F(Vup)[l72q) < (—6> c? inf [E(Vu) = F(Von) || 720
C3 vaVg,h C3 UhEVg(JL)
IVonll Lo @) <MY
2

<Cy (D 60 2M] + [Vugallio) — inf - Ju—onlfg)
UhEVg’h

IV or |l Lo () <MY

(3.31)
Now, it is left to show that
2 2
inf |u — vp| S ooy = Inf  |u—vp|f, (3.32)
thVg(‘I;) B wlr(Q) UhGVg(VI;) wbp(Q)
IVonllLp @) <MY
holds with the above defined Mf Obviously, we have the inequality
2 2
inf [u = Vnljyipq = Inf ) |u = Vnlfm ) - (3.33)

thVg(Fh) UhEVg(fCh
IVorll L ) <M{

Now, we want to show the opposite inequality to (3.33)). First, observe that the
following identity holds:

2 2 2
. T o . T . T
1nf(k) |u = Vnljp1p(q) = min mf(k) |u = Vnlf1m ) - 1nf(k) |u = Vnlf )
U;LGngh vheVg,h UhEngh
IVorll L@y <M{ IVorll e (o) >M7
(3.34)
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By using the triangle inequality in LP(§2) we obtain

ASHIN
BN

2
IV (u = o) l7o0y = (VORI Er@) = [Vullr@) ? > (MY 4+ [[Vugnllee)* (3.35)
for all functions vy, such that ||V, || rq) > M7. M?. On the other hand, again by applying

the triangle inequality in LP(§2) we ﬁnd

ASHIN)

2
inf |u = Vnl gy < lu—uy, h|W1 ri) < < (M{ + [|[Vugallre) (3.36)

UhEVg(f;L)
IVonlle oy <M7

Taking the infimum in over all functions v, with [|Vup||rr) > M; M? and com-
bining with ([3.36)) we ﬁnd

2 2
. P : p
1nf(k) u = Vnlfp1p ) < 1nf(k) |u = Vnljm ) - (3.37)
’L}hGVg’h vheVg,h
Vvnll e o) <MY Vvnll e ) > MY

Now, (3.37)) and (3.34) imply the equality (3.32]). ]

Remark 3.5. Note that in the proof of (3.27] - are only used Assumption |1 (which
ensures that the statement in Lemma m 2.4) holds) and the upper bound in ‘2 10f) to-
gether with the bounds (3.23) and (3.25)) on |Vu||rr) and ||Vus| e, respectively.
In order to show the bounds on ||Vul| ey and HVU}LHLP(Q) we have used also the lower
bound in . However, this can be avoided by letting the constant C depend on
|Vul|Lr) and on the constant MY > |Vl r (). Indeed, from the near-best approa-
imation result and the estimate one obtains that for all vy, satisfying
IVorl| ey < MY for some M{ > [|[Vul| 1o it holds

IF(Vu) = F(Vun)ll 20y < erlF(V) = F(Von)ll 2y < )l — valypaney s (3:38)
where

p—2

1
2
o= (%) (190 ¢ + [ Vulogey + 327) (3.39)
Cs

Then, repeating the proof of Proposition with MY = 2| Vul| o) + (| Vgl e
we see that (3.32)) still holds. Therefore, we obtain the near-best appmxz’matz’on result

|F(Vu) — F(Vup)| 1200) < ¢7 1nf HF(VU) F(Vup)|l 2 < Cf 1nf ]u — Unlyia) -

thV thV

(3.40)

where

1 p—2

Cy\? 1
C] = (0_4) (|Q|p €+ 3| Vu| r) + ||Vug’h”LP(Q)> L (3.41)
5
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3.1.2 Thecase 1 <p<?2

Homogeneous Dirichlet boundary condition: Let us first consider the case
g = 0 on 09. Setting v = w in (2.24) and using (2.9) and (2.10) together with
Holder’s inequality (2.6b)) and Poincaré’s inequality (2.6a), for all € > 0 we obtain

/ (e + V)2 |Vul do < / & (Vul) [Vul dz < Cpll ]l ooVl o,

Q
(3.42)

Next, using the reverse Holder’s inequality (2.6c) on the left-hand side of ([3.42)
together with the triangle inequality in LP(Q2) and the inequality (2.6e) with s =
2—pe(0,1) we find
||Vu||Lp(Q)
“llel loy + IVull7

from where it follows (if ||Vu||r() = 0, then the inequality below still holds)

< Cpl[fllw @lIVullLr@), (3.43)

Cellfllzr @)
C1C3

IVullzee) < (lelizotey + I19ll35) ) (3.44)

Considering the two possible cases (i) [|[Vullzr) < |l€llr) or (74) ||Vullzr@) >
€]l Lr (@), from (3.44]) we can derive the energy estimate

2Cp [Nl v 0

C1C3

=
|Vl ro) < max {||e||Lp(Q), ( ) } = M) (Q, f,p,e). (3.45)

Similarly, by taking v, = u, in (3.3 and repeating the steps above we find
IVunlle) < M3 (2, f,p.€). (3.46)

Nonhomogeneous Dirichlet boundary condtion: In the case where ¢ is not
identically zero on 0f, by setting v = v — u,, € VVO1 () in the weak formulation
(2.24]) we can obtain in a similar way to the case p > 2. We estimate appro-
priately the terms containing the solution u in . As in , we find with the
help of the reverse Holder’s inequality

||VUHLP
el o T HVUH

/ (V) V| de. (3.47)

By applying Young’s inequality (2.6d)) with d5 > 0 we find

/

p
S5 Vel (CPI e
Cll fll o o | Vull o) < @ 5 - . (3.48)

P 55

Next, by (2.9) and (2.10) we have

@' (t) < coeat(e +1)P2 < cpeyt?™t for all t > 0. (3.49)
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Therefore, for the last term in (3.14) we obtain by using Hoélder’s inequality (12.6b))
and Young’s inequality (2.6d)) for some d, > 0

/¢,(|VU|)|VU9,h|d1’§ 1" (IVul) | o (o IVt pl| o) < cocall V™ | o o | Vitg al oy
Q
- (54HVUHIZP(Q) N (CQC4||VU/g’h||Lp(Q))p.

i (3.50)

ﬂ/
0y p

Now, we combine the above obtained estimates. If ||Vullr) < |l€]lzr(), then we
do not have to do anything more. If, on the other hand, ||Vu||r(q) > ||€[/r(), then

from ([3.47)) it follows

cic ,
Tl < [ (V) [Vl de (351)

Q

Combining (3.51)), (3.14)), (3.48) for d3 = (c1c3p)/8, and (3.50) for o4 = (¢1c3p")/8 we

estimate

/

p
(Crliflrm)” | (exesl Vugallnen)’
; |

Ci1C3
1 IVullio) < Cpll il o[ Vugnllre + 7 n
5317 pl (Lf D
(3.52)
From (3.52)) follows that
V| o) < M3(Q, f,ugn,p,€), (3.53)
where
MQ(](Qv fa Ug hy P,y 6) =
1 S5 (Coll ) s ( '\’
4 P P ( P LP,(Q)) 8»" CQC4||VU ’h”LP(Q)
(=) | ot Vil + LA a1 1)
€163 (cresp) v p! (cicsp) ¥’ p
(3.54)

In a similar way, by testing (3.3) with vy, = w, —ugp € VO(IZ) one can obtain the
estimate

||Vuh||Lp < MQ(Q f Ug.h, D, € ) (355)

Next we derive an upper bound for the discretization error |u — uy|y1» in terms
of the discretization error |F(Vu) — F(Vup)||r2()- Applying sequentially (2.21]) and

(2.10)), Holder’s inequality ([2.6b)) in L%(Q) and L( ) (©) (note that (p) = 2%1)) we
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obtain

/ |Vu — Vuy|” dx
0
2 1
2" ([Vul + [Vun|)

1
|F(Vu) — F(Vauy,)|” g A 3.56
(03) / (e + |Vu| + |Vuy|) 2 (3.56)

dx

:/ |Vu — Vu|” ¢" (|Vul + [Vuy|)

2—p
2

g() IP(V0) ~ F(Van) ey | [ (e [Vl + [Vl d

C3
Q
<NF(V) = F(Vr) [
In the last step of (3.56), we have used the triangle inequality in LP(€)) and the
bounds (3.53)) and (3.55)). Thus, the constant N; is given by

p(2—p) L
1 2 C 2
Ny (@, fotgpp, ) i= (1907 e+ 205 (—6> . (3.57)

C3

From here we arrive at
1
u—tnlyrp) < Ny FE(Vu) = F(Vug)l| 2. (3.58)
By combining (3.58|) with (3.7)), for all v, € V;](f,? it holds

|t = unlyrp0) <erNT (V) = F(Vop) || 2(0)- (3.59)

We now estimate the right-hand side of (3.59)) in terms of |u — vh|W1,p(Q). Using ([2.21))

and ([2.10) we have
1 '
IP(V0) = F(Von)laey < = [ [Vu= Vol ¢ (ul + [Vun)) do
1
:c_/ IVu — Vop|? " (|Vu| + |Vou|) [Vu — Vo, |* P da
5 Ja

- (3.60)
<C—4/ R 7 i ~d
s Jo (e + [Vl +[Vop|)*7

2-p
<C_4/ V- Ve p VUl Vo) 2
¢ Jo (e + |Vu| + [Vuil)

= _ p
o |u Uh|W1,p(Q) :

In this way, we arrive at a near-best approximation result in terms of the semi-
norm ||y, (q)-

Proposition 3.6. Let p satisfy Assumption[l] and Assumptzonl with 1 <p < 2. Let
u € ngp(Q) be the solution of (2.24) and let uj, € V h be the finite element solution
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defined by (3.3). Then the estimate
1

= unlysogey < IF(V0) = F(Van) 120 < erlIF(Va) — F(Von) 220
Np
1 (3.61)

1

cq\ 2 2

<c; (0_4) lu — vh|5[,17p(9) for all vy, € Vg(f;l)
5

holds with Ny (2, f, ugn,p,€) defined in (3.57).

Proof. By combining (3.58]), the near-best approximation result (3.7)), and (3.60]) we
obtain (|3.61)). O

Remark 3.7. Note that in the proof of (3.60) only the upper bound in 18
used. Therefore, if existence and uniqueness of the solutions v and uy, of (2.24) and
, respectively, are granted to us, then the last two inequalities in (3.61) hold by
requiring only Assumption [1] (which ensures that the statement in Lemma[2.4] holds)

and the upper bound in ([2.10)).

Remark 3.8. Notice that the near-best approrimation result was proved in
[32] under similar assumptions on the data and the nonlinear differential operator by
employing an approach from [J)]. On the other hand, the analogous result in the case
p > 2 that is proved in [32] is slightly weaker than (3.30). More precisely, in [32] it
1 proved that

2
lu — Uh|W1,p(Q) <C |u - []]—::u}{/}[/l,p(g) for p>2,

where the constant C' may depend on ||VIfu| o).

Remark 3.9. From (3.56) and (3.60) we can deduce the following pointwise inequal-

ities which are valid for any vy, € V;;,h) :

|Vu — Vu, [P < (?) |F(Vu) — F(Vo) [ (e + |Vu| + |th|)p(22_p) for a.e. z €.
3
(3.62)
and

IF(Vu) — F(Voy)? < 2—4 IV — VP for ace. x € Q. (3.63)
5

to the WP seminorm or the quantity |F(Vu) — F(Vuy)|.

Remark 3.10. All the results derived above remain valid if f € W= (Q). In
this case, all integrals of the form [ fwdzx for f € LF'(2) and w € Wy (Q) above are
Q

replaced by the duality product (f, w}W_l,p/(Q)XWé,p(Q). In this case, by using Poincaré’s
inequality (2.6a)) the estimates [ fwdz < Cpll fll 1w @llwll Lo in the proofs above are
Q

just replaced by the estimate
1
(fswhw o @pewir@) < Ifllw-rw @ llwllwieg) < (L+Cp)7 [[fllw-10 @I Vol o)

24



4 Convergence rates

4.1 Basic convergence rates under the assumption u € W(Q)

So far in the derivation of the near-best approximation results and
we have only assumed that u is the weak solution of (L.1]), i.e., that u € ng’p (Q). Let
us further assume that v € W (Q), with [ > 2. Then, setting v, = [fu in and
(3.61) with & > 1 — 1, and utilizing Lemma we obtain the following (suboptimal)
error estimates:

(1-1)2

lu — uh|W1,p(Q) Show for p > 2, (4.1a)
<

(I-1p

u = p|yrp) Sh2 for 1 <p <2 (4.1b)

where uy, € Vg(ffl) is the Galerkin approximation of u defined in (3.3)).
Similarly, setting v, = Ifu in (3.30) (or in (3.40)) and in (3.61]), and utilizing again

Lemma (3.1 we obtain the bounds

|F(Vu) — F(Vuy) |12 S ' for p > 2, (4.2a)
IF(Va) = F(Vup)|| 2o Sh 20 forl<p<2, (4.2b)

Remark 4.1. Note that the discretization convergence rates (4.1al), (4.1b), (4.2a)),
[-2b) hold for any € > 0 in Assumption[d

4.2 Improved convergence rates for the case 1 < p <2

In this section we will only focus on the case 1 < p < 2. From Section [£.1] it
becomes clear that one cannot immediately obtain optimal convergence rates (see
(4.1b)) and ) just by using the near-best approximation result , even if
u was assumed to be in W'2(Q). Here, by optimal rate it should be understood
the convergence rate of the finite element approximation error in the corresponding
norm. In the case of the W!P-seminorm, we know that the approximation error

inf  u — vp[yy1(q) has a convergence rate min(k +1,1) — 1 if u € WP(Q), but the

VhEVg h
rate that can be inferred from (3.61)) (see for k =1 —1) for the discretization
error |u — uply1,(q) is only (min{k + 1,1} — 1)p/2. Likewise, the rate that can be
directly inferred from (3.61)) (see for k = 1 — 1) for the discretization error
|F(Vu)=F(Vuy)| 12(0) is (min{k+1,1} —1)p/2. However, in what follows, we will see
that the convergence rate of those discretization errors can be improved if u € W' (Q)
with p > p. In particular, we will see that if p > 2, then the approximation error
inf ||F(Vu) —F (V)| 12(q) converges with a rate min(k+1,7) — 1. This is done by

”UhEVg,h

modifying the derivation of the approximation error estimate (3.60)) in Section m
under the assumption € > 0. Consequently, thanks to the near-best approximation
result (3.7)), the discretization error in the F-quasinorm converges with the same rate.

Assumption 4 (Additional assumption on the p-structure of ). The inequality
(2.10) in Assumption [2[ holds with € > 0.
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4.2.1 Convergence rates for v € W'(Q) with p > p and | > d/p

We make the following additional assumption on the regularity of the weak solu-

tion u of (2.24)):

u € WH(Q) for some p > p and [ > 2. (4.3)

Let Assumption {4| hold and let u satisfy (4.3). We distinguish two cases. First, let
2 > p > p. Then, by using (2.21]) and (2.10)) we obtain

1
IP(V0) = (Vo)) < = [ [Vu= Vol ¢ (ul + [Vun)) do
1 _ _
:—/ IV — V| " (|Vu| + |Vou|) [Vu — Vo, |* P de
» 2P
- / Vi — Vo[ — =Vl (4.4)

(e + |Vu| + | Vo, |)*”
5 (€ + [Vl + |Vou|)* 7

- h

@ Ja (e + |Vu| + |Vou|)* "

Cy 1 B )
Sc_eﬁ*p |u _ Uh|€[/1,ﬁ(g) for all vy, € Vg(,h)a

and taking the square root we directly obtain

1 1
ca\*( 1\ 2 k
|[F(Vu) = F(Vop) | 2 < (6—5) (613_—;:) lu — vhlwlﬁﬁ(ﬂ) for all vy, € Vg(’h).
(4.5)
Suppose that [ — d/p > 0. In this case W'?() is embedded in C°(Q) and the inter-
polant of Ifu is well defined (one can also make use of interpolants for low regularity

solutions, e.g., Scott-Zhang). Setting v, = Ifu in (4.5), then using Lemma and
combining the result with the first two inequalities in (3.61)) we obtain for £ > 1 —1

u = unlwin) S IIF(Vu) = F(Vun)|l2@)

1 1
€y \? 1 \2 2 _pye, B
5 HF(VU) — F(VI,’;U)HLz(Q) < (C_5> (Eﬁ__p) Cz‘?zt,ﬁ,l,ph(l 1% ‘u’a/lﬁﬁ(ﬂ)'
(4.6)
On the other hand, when p > 2 it is easy to see that
IF(Vu) = F(Vun)|f2) S IF(Vu) = F(Von)|[72q)
1
< —/ |Vu — Vop|* " (|Vu| + Vo)) d (4.7)
Cyq 1 k
< — P lu — vh|12/V1,2(Q) for all v, € 1/'g(7h)
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Again, by taking v, = IFu in (4.7)), then using Lemma and combining the result
with the first two inequalities in (3.61) we obtain for k > —1

[u—unlyrog) S 1F(Vu) = F(Vu) |2
< k Cq : 1 2 -1
~ HF(VU) — F(V]hu>HL2(Q) S 0_5 62__17 Cint,2,1,2h ]u|W12(Q) .
(4.8)

4.2.2 Convergence rates for v € W' (Q) with p>1and [ > 1+d/p

Here we make the following additional assumption on the regularity of the weak
solution u of (2.24) (for u being in € W *(Q)):

u € WH(Q) for some p > 1 with [ > 2 and [ > 1+ d/p. (4.9)

In this case, since | — 1 — d/p > 0 from the Sobolev embedding theorem (see Theorem
4.12 in [1]) we have that u € W1°°(2). This means that the analysis presented below
also covers cases where p < p. For example, if d = 2 and [ > 3 we can have any p > 1
and any 1 < p < 2. Next, if d = 3 and [ = 3 we can have any p and p such that
1.5 < p < p in addition to the cases where p > p from Section m (see Example
in Section . If d =3 and [ > 4, then our analysis covers allp > 1and 1 < p <2 as
well.

Let Assumption 4| hold and let u satisfy . Again, we distinguish two cases.
First, let 2 > p > 1. Then, by using we have

1
IF(V) =~ PVl < oo [ V0= Vol (Vul + [V do

1 _ i
— —/ IVu — VP " (|Vu| 4+ [Vup]) |Vu — Vo [P da

- 4.10)
Vu — V> ™7 |
<= /|Vu—Vv P [V = Vun 7T
(e + |Vu| + [Vup|)"™"
5 k
S 2 ju— Uh|W1p(Q) |u Uh|%;yfoo(g) for all vy, € V:a(,h)

Cy 62 P

By setting vy, = Ifu in 14.10‘ , then using Lemma and combining the result with
the first two inequalities in :3.61; we obtain

[ = unlyogy S IF (V) = F(Vur)| 20 < IF(Vu) = F(VIu)l| 20

1 1
cy \ 2 L \2 2 =p B 2-p U=1-d/p)2-p) 252
S (C_5> (62p) Cmtpl o |u|WlP Cmtoolph 2 |U|Wl75(Q) (411)

1
Cq 1 \2 2 -1+4-4
=|— — | C? 02 h Uy .
<C5) (62_1)) int,p,l,p " int,00,l,p ‘ |WP Q)

If p > 2, it is easy to see that
u = unlyrp) S IF(Vu) = F(Vun)| 2@

~Y

S IF(Vu) = F(VIu)|| 20

1 1
a2/ 1 \2 -1
< (E) <€2—p> Cint,202R [l -
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We can summarize the expected convergence rates from Section [4.2.1] and Sec-
tion [4.2.2) in the following theorem.

Theorem 4.2. Let ¢ satisfy Assumption [1| and Assumption |4 for some 1 < p < 2.
Let us further suppose that Assumption holds. Let u € ng’p(Q) be the solution of

(2.24) and let uy, € Vg(’lz) be the Galerkin approzimation of u defined by (3.3)).
o Ifuec WH(Q) withp>p and |l > d/p, then for k >1—1
|u = unlyyrpi) SIF(Vu) = F(Vug)| 120

. ; (4.13)
<|F(Vu) — F(VIFu)|| 20y < Co(e)h™ 100511}
o IfuecW'(Q) withp>1andl>1+d/p, then fork >1—1
[u = unlyrp) SIF(VY) = F(Vuy)| 2@
WLr(Q) (@) ) (4.14)

SIF(Vu) — F(VIFW)|| 20y < Cs(e)h! s =50},

The constants Cy(€) and Cs(e) diverge as e — 0. More explicit expressions for these

constants can be found by comparing to and (4.8), and ([4.14) to (.11
and .
Remark 4.3. e Note that the estimate (4.13)) agrees with the estimate . Indeed,
from Theorem [4.9 it follows that if u € W*2(Q), then the convergence rate in (4.13)
is the optimal O(h') for Py finite elements. On the other hand, from Remark
follows that F(Vu) € W'2(Q) and thus is also valid giving the optimal O(h')
convergence rate.

e Also, notice that the estimate given in Proposition s valid for any
1 <p< oo and e >0, whereas the estimates in Theorem are deriwed under the
assumption 1 < p < 2 and ¢ > 0. However, at the cost of the additional assumption
on €, Theorem [{.9 also gives the convergence rates for the case of higher regularity
on u and higher order polynomial spaces. In particular, it gives optimal convergence
rates when u € WH(Q) with | > 2 and polynomial spaces P}, with k > 1 — 1.

Remark 4.4 (Optimal rates in the case p > 2). We should also emphasize that
according to the estimate in the case where p > 2, one immediately obtains
the optimal O(h') convergence rate if u € W??(Q). The estimate also gives
optimal convergence rates O(h'=1) in case of higher reqularity on u, i.e., u € W ()
and higher order polynomial spaces. Moreover, this estimate is valid for any p > 2
and any € > 0 in Assumption [1].

On the other hand, Assumption |2 combined with the equivalences imply
that F 1s locally Lipschitz:

[F(a) - F(b)| < v¢"(la] + |b]) [a — b]

1 (4.15)
< (cale+|al + |b|)p_2)2 la—b| foralla, bcR%

Now, if d € {2,3} and u € W2P(Q) with p > d (i.e., Vu € [W-(Q)]?), from
Theorem 1 in [25)] applied to each component of the vector function F = (Fy, ..., Fy)
it follows that F(Vu) € [Whr(Q)]" c [WY2(Q)]". This means that for p > d our
result again agrees with the estimate (3.9)) derived in [21).
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5 Numerical examples

In this section, we present a series of numerical examples which confirm the pre-
dicted convergence rates, given in Theorem More precisely, we consider for
¢ and A as in Example |1| in Section with a prescribed solution u = |z|”, z =
(x1,...,24) for some v > 0. In this case, the regularity of the solution depends only
on the parameter 7. It can be checked that v € W'(Q) if and only if v > | — %.
For a given parameter v and a differentiability exponent [ we denote by p the limit
summability of the solution w, given by p = d/(l — 7).

The problem is posed on the domain = (=L, L)¢ with L = 0.5 for d = 2 and
L =04 for d = 3. Here, we note that for the above defined solution u the boundary
data is not in the local FE space on the boundary 02 and thus Assumption [3| is
not satisfied. However, this does not affect the convergence rates obtained below. In
fact, to be precise and satsify Assumption 3| one can consider the function u(z) =
Y(z)u(z) = P(z)|z|" instead of u = |z|”, where 1 is a smooth functionf] in  with
Y(z) = 0 on 0N such that 1 is either uniformly positive or uniformly negative in
a neighborhood of 0 € R?. The problem is solved using local polynomial spaces P;
with £ = 1, k = 2 and k£ = 3. The nonlinear algebraic system resulting from (3.3)) is
linearized by applying a simple Picard iterative method and the final derived linear
system is solved by a Jacobi preconditioned conjugate gradient method with a very
high accuracy. Every example has been solved by applying several refinement steps
on structured meshes with hs, hey1, ..., starting from hy_q = av/d with a = 0.1 for
d =2 and a = 0.4 for d = 3. The numerical convergence rates rf are computed by
the formula

In(es_1/es)

F
=d
"D In (ns/ns_1)

, with e; = [|[F(Vu) — F(Vup,) | 120, (5.1a)

and compared with the corresponding interpolation rates rf given by

In (es—1/es)
In (ns/ns_1)’

where ng is the number of nodes at mesh refinement level (MRL) s. The rates are
given in the respective tables below. When the calculations are not feasible because
of computational reasons related to memory, the corresponding entries in the tables
are left empty.

F_
r; =d

with e, = [|[F(Vu) — F(VI; )| 120, (5.1b)

Remark 5.1. Notice that if p is the limit summability exponent of u for some fized
I and 7y, then u does not really belong to the space W'P(QQ), but rather to the space
WHP=9(Q) for any 0 < & < p — 1. Nevertheless, the predicted convergence rates in
(4.13) and (4.14) should be computed with the limit value p. In order to be precise, we
will write u € W=9(Q) for all § such that 0 < & < p — 1 instead of just u € WHP(Q)
in the tables below.

Because we are going to study the behavior of the convergence rates and check
the validity of the theoretical approximation estimates, we add below a proposition
which introduces a condition on 7 in order F(Vu) € [W4(Q)]*, ¢ > 1 for u = ||

2An example of such a function for the domain Q = (—A,A)¢ is for example (z) =
cos(F521) . .. cos(55Za)-
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Proposition 5.2. Let u = |z, e > 0 and 1 < p < 2. If F is given by (2.18)), then
for any fized q¢ > 1 it holds F(Vu) € [Wl’q(Q)]d for all v satisfying
2qg — 2d
> pq + 29 '
pq

Proof. We first compute the weak gradient of u by using the absolute continuity (AC)
characterization on lines for Sobolev functions (see Theorem 10.35 in [22]):

(5.2)

"
|
We have F(Vu) := (F1(Vu), ..., Fy(Vu)), where

Vu=~lz (5.3)

p=2 8 1\ B2 —
F(Vu) = (e + [Vu)' T o= = (e+y]a]™) T ylal 22 i=1,....d  (5.4)

Gxi

Since p < 2, we can estimate

[F(Tu)| S Ja =070, (5.5)
By using spherical coordinates, it is easy to seeE| that if
—2 d
v=1+(y-1) (p—2 ) > =7 (5.6)

then F;(Vu) € L1(2). The last condition is equivalent to v > 1 — (2d)/(pg). Now,
we proceed with the weak derivatives of F;(Vu), i = 1,...d, for which we also use
the AC characterization of Sobolev functions:

OF(Vu) _ (p—_ 2) (e+712™) T 2y = D la P iy
0$j 2

p—2
et yla™) T iy =) o i, (5.7)
+(e+y]a ™) T[22 S;; =11+ I, + I.

From (5.7) it is clear that 2% (V" will be in L%(2) as long as I, I5, I3 are in L%(2).
We have

0| < 22 OD0F) L) S a0 V0F) ) < a2 0o00E) L (5.8)

Finally, Iy, I, and I3 will be in L(Q2) as long as the following conditions are satisfied

2y — 34 (y—1) (1’;4) >—§, N 24 (y—1) (E) -4 5o

2 2 q
From (5.9) we obtain
2q — 2d
> Pq + 29 '

o (5.10)

]

1 1
3For any d, using spherical coordinates, we have [ |z|dz ~ [ p®p¢~tdp = [ p*+d-ldp < o0
B(0,1) 0 0
ifand only if a +d — 1 > —1, i.e., if and only if a > —d.
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Example 1. d =2, uc W'P9(Q) 1=2 p=1.2, and p<p < 2.

The first numerical example is a simple test case validating the theoretical con-
vergence rates for [ = 2. Here, the parameter p in Assumption [2] is equal to 1.2.
We perform two groups of computations corresponding to v = 0.35 and v = 0.7,
where for the first case we get p ~ 1.212 and for the second p ~ 1.538. The expected
convergence rates in this example are given by the estimate . The values of the
rest parameters are given in the first lines in Table [l The numerical convergence
rates r5 and I for several levels of mesh refinement are given in Table [Il They are
in a very good agreement and also agree with the theoretically predicted estimates
given in Theorem 4.2

u € WH=(Q) withu = |z|", e=1,p=1.2,d =2, hg = 0.1/2

5 =035 S =07
ho =2 =2
51212 5~ 1.538
hy =18 k=1 | k=2 [ k=3 k=1 [ k=2 [ k=3
Expected rates 75 and rf’
B = F ~0.606 [ B = F ~0.769
Computed rates rf and rf’
rh r¥ rh r¥ rh r¥ B rF rh r¥ rh r¥

s=0 - - - - - - - - - - - -
s=1 1| 0.554 | 0.618 || 0.606 | 0.597 || 0.621 | 0.632 || 0.792 | 0.792 || 0.847 | 0.847 | 0.844 | 0.853
s=2 | 0.563 | 0.609 || 0.598 | 0.590 || 0.610 | 0.619 || 0.782 | 0.782 || 0.823 | 0.823 || 0.821 | 0.829
s=3 | 0.572 ] 0.606 || 0.597 | 0.591 || 0.606 | 0.614 || 0.781 | 0.781 || 0.813 | 0.813 || 0.810 | 0.818
s=4 1 0.580 | 0.605 || 0.599 | 0.594 || 0.606 | 0.611 || 0.783 | 0.783 || 0.809 | 0.810 || 0.806 | 0.814
s=5 | 0.586 | 0.605 || 0.601 | 0.598 || 0.606 | 0.610 || 0.787 | 0.787 || 0.809 | 0.809 || 0.805 | 0.812
s=26 | 0.592 | 0.606 || 0.603 | 0.601 || 0.607 | 0.610 || 0.791 | 0.791 || 0.809 | 0.810 || 0.806 | 0.813
s=7 1| 0.596 | 0.607 || 0.605 | 0.604 || 0.608 | 0.609 || 0.795 | 0.795 || 0.810 | 0.811 || 0.807 | 0.811
s=28 | 0.600 | 0.607 - - - - 0.798 | 0.798 - - - -
s=9 | 0.603 | 0.608 - - - - - -

Table 1: Example f} Convergence rates 75 and rf for the errors ||[F(Vu) —
F(Vuhs)HLz(Q) and ”F(VU) - F(VI}I;U)HLZ(Q)

Example 2. d =2, uc W'P9(Q) 1€ {34}, p=12, and 1 <p < 2.

In the second example, we consider problem (|1.1)) with p = 1.2 in Assumption .
As a first step, we are interested in examining the behavior of the convergence rates for
prescribed solutions v with higher differentiability and a limit summability p > p. We
perform two groups of computations which correspond to two different values | = 3
and | = 4 for the differentiability. Thus, for the first group we chose v € {1.35, 1.7}
which gives p &~ 1.212 and p =~ 1.538, respectively, and for the second group we
set v € {2.35, 2.7} with p ~ 1.212 and p ~ 1.538, respectively. The numerical
convergence rates are computed using the estimate given in (4.14)).

Since the regularity of the solution is high we perform computations using k£ = 2
and k = 3, satisfying £ > [ — 1. The values of the rest parameters and the expected
convergence rates are given in Table 2l The computed convergence rates and the
related interpolation rates are shown in Table 2 We note that despite the use of high
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order polynomial spaces the convergence is suboptimal due to the regularity of the
solution. In any case, we observe that the numerical convergence rates take values
very close to the predicted rates for all mesh refinement levels, and this validates the
theoretical results.

uw€ Wh=(Q) with u = |z|", e=1,p=1.2,d =2, hg = 0.1/2

v=135 vy=17 v =235 v =27
ho =3 1=3 1=4 =4
p~1.212 P~ 1538 p~1.212 P~ 1.538
hy =12 k=2 [ k=3 k=2 [ k=3 k=3 k=3
Expected rates r5 and r¥
rb=rF =135 [ rb—rF =17 | v =rF =235 || 5 =rF =27

Computed rates r5 and rf

F Ia F F F F Ia a F F
D T D T D T §5) T D T L») T

s=0 - - - - - - - - - - -
s=1 | 1.381 | 1.385 || 1.396 | 1.393 ||| 1.691 | 1.695 || 1.752 | 1.766 ||| 2.460 | 2.458 2.797 | 2.798
s=2 1.346 | 1.349 || 1.357 | 1.354 || 1.671 | 1.672 || 1.715 | 1.724 ||| 2.406 | 2.406 2.740 | 2.741
s=3 | 1.332 | 1.334 || 1.340 | 1.337 ||| 1.666 | 1.668 | 1.701 | 1.706 ||| 2.379 | 2.379 2.714 | 2.714
s=4 | 1.327 | 1.329 || 1.334 | 1.331 ||| 1.669 | 1.670 || 1.696 | 1.699 ||| 2.365 | 2.365 2.702 | 2.703
s=25 1.327 | 1.328 || 1.333 | 1.331 || 1.675 | 1.675 || 1.695 | 1.697 ||| 2.357 | 2.357 2.698 | 2.698
s=06 | 1.329 | 1.330 || 1.334 | 1.332 ||| 1.680 | 1.681 | 1.696 | 1.697 ||| 2.354 | 2.354 2.697 | 2.697
s=7 | 1.332|1.333 || 1.336 | 1.335 ||| 1.685 | 1.685 - - - - - -
s=8 | 1.335 | 1.335 - - 1.689 | 1.689 - - - - - -
s=9 | 1.337 | 1.338 - - - - - - - - - -

Table 2: Example 2} Convergence rates rh and rf for the errors [|F(Vu) —
F(Vuhs) ‘LQ(Q) and HF(VU) — F(VI,’fsu)HLz(Q)

Next, we present computations for the case where p < p and | > 1+ d/p with
p = 1.2 for all computations. For these test cases, the approximation estimates are
given by . We show two tests where the values of the related parameters are
{y=12,1=3,p~ 1111} and {y = 2.2, 1 = 4, p ~ 1.111} respectively. For both
test cases the limit summability is p ~ 1.111 < p. The computations have been
performed using local polynomial degree k = [ — 1 of the finite element spaces. The
numerical convergence rates are presented in Table [3] We observe that the rates are
determined by the reduced regularity of u and are suboptimal with respect to the
polynomial degree k. For both computations the discretization error rates are in a
very good agreement with the associated interpolation rates and are in agreement
with the theoretically predicted rates.
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u € WHP=9(Q) with
u= |z, e=1,p=12,d=2, hg=0.12

ho 1=3 1=4
p~1.111 P~ 1111
hs = 10 k=2 k=3

Expected rates rg and rf

F _ . F _ F _ F _
rp=r; =12 rp=r; =22

Computed rates rg and rf

R
s=0 - - - -

s=1 1.238 | 1.239 2.303 2.301
s=2 1.204 | 1.204 2.252 2.251
s=3 1.188 | 1.188 2.227 2.226
s=4 1.180 | 1.180 2.213 2.213
s=5 1.178 | 1.178 2.207 2.207
s=6 1.178 | 1.177 2.203 2.203
s=7 1.179 | 1.178 2.201 2.201
s=8 1.180 | 1.180 2.200 2.200

Table 3: Example 2} Convergence rates rf and rf for the errors |[|F(Vu) —
F(Vuhs) |L2(Q) and HF(VU) - F(VI;?SU)HLz(Q).

Example 3. d =2, uec W'»=9(Q) 1€ {2,3. 4}andp=1.5, 1 <p < 2.

In this example, we investigate the behavior of the convergence rates for high
differentiability of v and p > p. We have performed three groups of computations
for [ € {2,3,4} setting v € {0.7,1.7,2.7} respectively. The corresponding value of
p for all tests is p ~ 1.538. The discretization error is computed for p = 1.5 in
Assumption [2 The convergence rates are displayed in Table [l We can observe that
the convergence rates r5 are in a very good agreement with the corresponding rates
r¥'. and coincide with the expected convergence rates. This test also verifies the
theoretically predicted estimates in Theorem It is worth pointing out that the
convergence rates 5 and r¥ do not depend on the parameter p. This can be seen
from Theorem and also can be observed numerically by comparing the results for
the second and third groups of computations to the computations corresponding to
v = 1.7 and v = 2.7 in Example 2]
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u € WH=9(Q) withu = |z|”, e =1, p=1.5,d =2, hy = 0.1/2

v=0.7 v=1.7 v=27

ho 1=2 1=3 1=4
p A~ 1.538 p~ 1.538 p~ 1.538

hy =10 k=1 [ k=2 [ k=3 k=2 || k=3 k=3

Expected rates rf and rf’

rE =rf ~0.769 H‘ rE=rf =17 H‘ rE=rf =27

Computed rates r5 and rf

F F F F F F F F F F F F
§>) T §>) T "D T §>) T "D T D s

s=0 - - - - - - - - - - - -
s=1 | 0717 | 0.751 || 0.808 | 0.811 || 0.810 | 0.815 || 1.734 | 1.738 || 1.785 | 1.783 ||| 2.813 | 2.811
s=2 | 0.725 | 0.746 || 0.785 | 0.788 || 0.785 | 0.790 || 1.700 | 1.703 || 1.736 | 1.735 || 2.747 | 2.748
s=3 | 0.732 | 0.747 || 0.774 | 0.776 || 0.774 | 0.778 || 1.688 | 1.689 | 1.714 | 1.714 || 2.718 | 2.718
s=4 | 0.739 | 0.750 || 0.769 | 0.772 | 0.770 | 0.773 || 1.685 | 1.686 | 1.705 | 1.704 ||| 2.705 | 2.705
s=>5 | 0.745 | 0.753 || 0.768 | 0.770 || 0.768 | 0.771 || 1.686 | 1.687 || 1.701 | 1.701 || 2.699 | 2.700
s=6 | 0.750 | 0.757 || 0.768 | 0.770 || 0.768 | 0.771 || 1.688 | 1.689 || 1.699 | 1.699 || 2.696 | 2.698
s=7T7 | 0.755 | 0.760 || 0.769 | 0.770 || 0.769 | 0.771 || 1.691 | 1.691 | 1.699 | 1.699 || 2.696 | 2.697
s=8 | 0.758 | 0.762 - - - - 1.693 | 1.693 - - - -

s=9 | 0.761 | 0.765 - - - - 1.695 | 1.695 - - - -

Table 4: Example [3| : Convergence rates r5 and rf for the errors |F(Vu) —
F(Vuhs) ‘LQ(Q) and ||F(VU) — F(VI}I;U)HLQ(Q)

Example 4. d =2, u € Wl’f’_(s(ﬂ), 1€ {2,3,4},p > 2.

In this collection of numerical results we set v € {1.2,2.2, 3.2} with corresponding
values for the differentiability parameter [ € {2,3,4}, and with a limit summability
p = 2.5 for all test cases. The problem (.1 is solved with the parameter p taking
values 1.2 and 1.5 in Assumption [2] For each value of the differentiability parameter
l € {2,3,4} we solve the problem using polynomial spaces with &k = [ —1. The results
are presented in Table . The convergence rates of the discretization error rf are
almost identical with the corresponding interpolation rates rf', and very close to the
expected rates given by (4.13)). We point out that for all groups of computations, the
convergence rates are optimal with respect to the polynomial order. This is expected
since for each case we have k =1 — 1 and p > 2 (see (4.13))).

It is worth noting that the test corresponding to the parameter v = 1.2 is per-
formed with the same solution u = |z|” as the one used in the first test in Ta-
ble Bl The difference is that in Table B the solution has been chosen such that
u € WhP(Q) with differentiability I; = 3 and a limit summability p; ~ 1.111,
whereas the same solution u here is considered with the regularity W?2(Q) with
differentiability I = 2 and a limit summability p, = 2.5. Notice that in both cases
we have v = 1.2 = [} —d/p; = ly — d/p,. Similarly, the solution u = \xﬂzm lies in
both spaced]] WP (Q) with [} = 4, p; ~ 1.111 and in W272(Q) with I, = 3, py = 2.5.
By comparing the convergence rates in Table |3| and Table |5 (or just comparing the
rates predicted by Theorem for v € {1.2,2.2} and p = 1.2, it can be seen that
the increase of the polynomial degree from k € {1,2} to k € {2,3} offers only 0.2
increase to the convergence rates. Therefore, for a given regularity of the solution u

4This can also be seen by using the Sobolev embedding theorem.
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one can decide based on Theorem which is the appropriate polynomial degree &
in order to get the highest accuracy per degree of freedom.

u € Wh=9(Q) with u = |2”, e =1, p = 2.5, d = 2, hg = 0.13/2
} =12 v =22 v =32
10 [=2 =3 1=4
p=12 p=15 p=12 p=1.5 p=12 p=1.5
i F=1 F=1 k=2 k=2 k=3 k=3
Expected rates rf and r¥
b =rf=1 H‘ rh=rf =2 H‘ rp=r1 =3
Computed rates rf and rf
rh rf rh rf rh rf rh r¥ rh r¥ k| oF
s—ol - _ _ _ _ _ - - - _ - -
s=110.963 | 0971 || 0.967 | 0.977 || 2.051 | 2.056 ||| 2.066 | 2.068 ||| 3.119 | 3.121 ||| 3.126 | 3.126
s=210.961 | 0.966 || 0.965 | 0.971 || 2.010 | 2.013 ||| 2.019 | 2.021 ||| 3.045 | 3.046 ||| 3.048 | 3.049
s=31 0.964 | 0.968 || 0.968 | 0.972 || 1.993 | 1.995 || 1.999 | 2.000 ||| 3.010 | 3.011 ||| 3.012 | 3.013
s=410.969 | 0.972 || 0.972 | 0.975 || 1.988 | 1.988 ||| 1.991 | 1.992 || 2.995 | 2.996 || 2.997 | 2.997
s=25|0.97510.977 ||| 0.977 | 0.979 ||| 1.987 | 1.987 ||| 1.989 | 1.990 ||| 2.990 | 2.991 || 2.991 | 2.992
s=61 0.980 | 0.981 || 0.982 | 0.983 || 1.988 | 1.988 ||| 1.990 | 1.990 ||| 2.990 | 2.990 || 2.990 | 2.991
s="T710.984 | 0.985 || 0.985 | 0.987 || 1.990 | 1.990 ||| 1.991 | 1.991 - - - -
s=281 0.987 | 0.988 || 0.989 | 0.990 || 1.991 | 1.992 || 1.992 | 1.993 - - - -
Table 5: Example [ Convergence rates rf and rf for the errors [|[F(Vu) —
F(Vuhs) |L2(Q) and ||F(VU) — F(V],’fgu)Hp(Q)

Example 5. d=2,¢e=01,p<p <2

In this test we check the asymptotic behavior of the rates for small €. Since the
constants Cy(€) and Cs(e) in the estimates of Theorem 4.2 blow up as € goes to zero,
we can expect that for small € > 0 more mesh refinement levels are necessary in order
to observe the predicted (asymptotic) convergence rates. One can also expect that
for € = 0 the convergence rates will be strictly smaller than the corresponding ones
for positive e.

We perform two groups of tests for p = 1.2. In the first group the parameters
are {7y = 0.7,1 = 2, p ~ 1.538} and for the second group {v = 1.7, = 3, p ~
1.538}. In Table [f] the numerical convergence rates are compared with the associated
interpolation rates. We can see a good agreement between the interpolation rates
and the rates of the numerical solution. In general the computed rates in Table [¢]
agree with the theoreticallly predicted rates for € > 0, see Theorem [4.2 and also
agree with the rates obtained in Example |5l and Example [2| for the same values of the
parameters.
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u € WHP=9(Q) with
u=lz[",e=0.1p=12d=2, hy=0.1/2

v=0.7 v=17
ho =2 =3
D =~ 1.538 p =~ 1.538
hs = 0o k=1 k=2 || k=3
Expected rates rg and rf
ri =rf ~0.769 rb=rf =17

Computed rates rg and rf

bE ] F bl s | e
s=0 - - - - - -

s=1 0.758 0.791 3.835 | 1.581 || 5.673 | 1.619
s=2 0.771 0.788 1.563 | 1.563 || 1.715 | 1.595
s=3 0.779 0.790 1.559 | 1.566 || 1.595 | 1.598
s=4 0.786 0.794 1.575 | 1.580 || 1.613 | 1.614
s=5 0.792 0.798 1.596 | 1.599 || 1.633 | 1.634
s=6 0.798 0.802 1.617 | 1.618 || 1.652 | 1.652
s=7 0.802 0.805 1.635 | 1.636 || 1.667 | 1.667
s=28 0.806 0.808 1.651 | 1.652 || 1.678 | 1.678
s=9 0.808 0.811 - - - -

Table 6: Example 5} € = 0.1: Convergence rates rh and rf" for the errors ||F(Vu) —
F(Vuhs) |L2(Q) and ||F(VU) — F(V];fsu)nlg(g)

Example 6. d=2,¢=0,p<p <25

Here, we present a collection of several tests with € = 0 in Assumption [2| In this
case, we expect that the convergence rates will be no higher than those obtained for
positive € in Theorem 4.2 because the constants Cy(€) and Cs(e) diverge as € — 0.
We perform five two-dimensional tests where 7 takes values in {0.7,1.7,2.7,1.2,2.2}
respectively, and we use p = 1.2 in Assumption [2} In some of the previous computa-
tional tests we have used the same values of v but with e = 1 and so we can make a
comparison of the results. The results for € = 0 are presented in Table [7]

Remark 5.3. Note that for e > 0 in Assumption [, it follows from Proposition
see (3.9), that if F(Vu) € W22(Q) then we also have optimal O(h') convergence rates
for the quantities |F(Vu) — F(Vup)||12) and |F(Vu) — F(VILu)| 12 in case of
Py spaces. On the other hand, for u = |x|” we have seen in Proposition that if
v>1ford=2and~y >1—1/p for d = 3, then it holds F(Vu) € [W'2(Q)]" for
any € > 0. Thus, according to Proposition|[3.9 for such vy we expect convergence rates

rE =1 > 1 for polynomial degree k > 1.

Based on Remark [5.3] we can see in Table [7] that indeed for the tests with k£ > 1
the corresponding rates 5, rf" are greater than one, but are strictly smaller than the
corresponding rates obtained for the same tests for € > 0 (see, e.g., Table . This

also indicates the importance of Assumption [4]
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u € Wh=(Q) with u = |2|”, e =0, p=1.2,d = 2, hg = 0.1/2
v =0.7 vy=1.7 v =27 vy=1.2 v=22
ho =2 =3 l=4 =2 =3
7~ 1.538 5~ 1.538 5~ 1.538 p=25 p=25
he =3¢ k=1 k=2 k=3 k=3 k=1 k=2
Expected rates r5 and rf" are between the basic convergence rates
computed by (4.2b) and the improved convergence rates for € > 0 in Theorem 4.2
F _ F F _ . F F_ F F _  F
Tp =T < F _ F < D =77 Tp=T] Tp =77
e [2,0.769] psrp=rr s e [3p,2.7] € [z,1] € [p.2]
Computed rates rf5 and rf
rh r¥ rh ri rh ri rh r¥ rh rf rh ri
s=20 - - - - - - - - - - - -
s=1 |0.813| 0.813 || 1.684 | 1.513 || 4.871 | 1.521 || 6.153 | 2.162 || 1.056 | 0.951 || 5.293 | 1.804
s=2 | 0.803 | 0.803 || 1.467 | 1.467 || 3.698 | 1.471 || 3.604 | 2.091 || 0.948 | 0.949 || 2.598 | 1.757
s=3 | 0.801| 0.801 || 1.443 | 1.443 || 1.661 | 1.445 || 2.082 | 2.056 || 0.954 | 0.953 || 1.739 | 1.735
s=4 | 0.802| 0.802 || 1.431 | 1.432 || 1.436 | 1.432 || 2.038 | 2.038 || 0.959 | 0.958 || 1.719 | 1.724
s=295 | 0.805| 0.805 1.426 | 1.426 || 1.426 | 1.426 || 2.029 | 2.029 || 0.965 | 0.964 ||| 1.717 | 1.720
s=6 | 0.807 | 0.807 || 1.423 | 1.423 || 1.423 | 1.423 || 2.024 | 2.024 || 0.970 | 0.970 || 1.716 | 1.719
s=7 | 0.810 | 0.810 || 1.421 | 1.421 || 1.421 | 1.421 || 2.022 | 2.022 || 0.975 | 0.975 || 1.717 | 1.718
s=8 | 0.812 | 0.812 1.420 | 1.420 - - - - 0.979 | 0.979 - -
s=9 | 0.813 | 0.813 - - - - - - - - - -

Table 7: Example[6} ¢ = 0: Convergence rates 75 and ! for the errors |F(Vu) —
F(Vuhs)HLz(Q) and ”F(VU) — F(V]’ZU)H[}(Q)

Example 7. d = 3, u € W»=9(Q) 1€ {2,3}.

In this example, we investigate the behavior of the rates for € R%=3. We perform
four groups of computations where for each group the values of the parameters are
{v=02,1=2,p=12,p~ 1667}, {y=12,1=3,p=12p = 1667}, {y =
0.75,1 = 3,p = 1.2, p ~ 1.333} and finally {y = 1.1,1 = 3, p = 1.8, p =~ 1.578},
see also the second row in Table [§] The expected convergence rates for v = 1.2
and 7 = 1.1, i.e., for the second and fourth group of computations, are calculated
based on the estimate (4.14). The expected rate for v = 0.75, i.e., third group, is
given by since in this case the inequality | > 1 + d/p does not hold, but the
inequalities | > d/p and p > p are satisfied. Note that the parameters [ and p for
the first group corresponding to v = 0.2 satisfy the conditions in the estimate (4.13)).
However, based on Proposition we can easily see that for the particular solution
u = |z|” the following implication holds: If 1 < p <2 and v > (pq + 2q — 2d) /(pq),
then F(Vu) € [W(Q)]%. Thus, if d = 3, ¢ = 2, p = 1.2 we obtain that F(Vu) €
WL2(Q)] for v > 1 — 1/p ~ 0.1667. Now, by Proposition [3.2 it follows that the
expected convergence rate for v = 0.2 is r5 = rI" = 1 for both polynomial degrees

=1and k= 2.

The numerically obtained convergence rates for the four groups are presented
in the related columns in Table They are in a very good agreement with the
theoretically predicted rates given in Theorem [4.2] The numerical rates for v = 0.2
are also in a good agreement with the estimates given in Proposition [3.2]
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u € WH(Q) with u = [of", e = 1,d =3, hy = 043

p=1.2 p=12 p=12 p=138
L v=0.2 =12 v =0.75 vy=1.1
0 [=2 1=3 1=3 1=3
D~ 1.667 D~ 1.667 p~1.333 p = 1.57895
hy = o k=1 | k=2 k=2 k=2 k=2
Expected rates rf and rf
rE=rl'=1 rE=rF =17 || rE=rF = 1333 || rE =1 =16

Computed rates 75 and rf

F F F F F F F F F F
5] T D T s} T s} T D T

5 = -
s=1 |0.639 | 1.267 || 1.119 | 1.229 || 1.864 | 1.914 ||| 1.535 1.679 1.790 | 1.877
s=2 || 0.755 | 1.118 || 1.059 | 1.103 ||| 1.763 | 1.796 ||| 1.458 1.513 1.706 | 1.749
s=3 || 0.798 | 1.040 | 1.021 | 1.047 || 1.710 | 1.727 || 1.401 1.423 1.6564 | 1.674
s=4 1 0.827 | 1.000 || 1.002 | 1.024 || 1.682 | 1.690 || 1.366 1.376 1.623 | 1.633
s=5 | 0.850]0.979 | 0992 | 1.016 || 1.669 | 1.674 || 1.347 1.353 1.607 | 1.613
s=6 | 0.869 | 0.969 || 0.988 | 1.015 ||| 1.666 | 1.668 ||| 1.338 1.342 1.600 | 1.603
=7 | 0.886 | 0.966 - - - - - - - -

Table 8: Example [T} d = 3: Convergence rates rf; and 7! for the errors |F(Vu) —
F(Vuhs)HLz(Q) and ”F(VU) - F(V];fsu)nlg(g)

Example 8. Convergence rates for |[u — un|wir), p= 1.5, p = 1.538.

Below, we perform several computations for investigating the convergence behav-

ior of the error |u — uh\Wl,p(Q) and the corresponding interpolation error ‘u -1 ,’fu‘Wl,p Q)

The computatioanl rates are denoted by r,lj’p and r}’p , respectively, and are computed
using similar formulas as those in |) with [u —up|y.q) and ‘u - ]f]fu‘wl»p(a)'
While the convergence rates given in Theorem agree with the numerically ob-
tained ones for |F(Vu) — F(Vuy)||r2(q) and |F(Vu) — F(VIfu)|| 2@ in all the ex-
amples above, the rates for |u — uh|W1,p(Q) and |u — Itu Wis(g) Seem to be always
higher. The theoretical justification of this observation requires further investiga-
tion. During this example we perform three groups of computations where the val-
ues of the parameters for each group are {y = 0.7,1 = 2, p = 1.5, p = 1.538},
{y=17,1=3,p=15p=1538} and {y =2.7,l =4, p = 1.5, p = 1.538} corre-
spondingly. The theoretically predicted rates for these tests are given in Theorem 4.2
For each computation the problem is solved using polynomial degree k > [ — 1, and
thus we expect that the related convergence rates are determined by the regularity of
the solution. The numerical results are shown in Table [Ql We observe that for each
case the convergence rates r,ljp of the solution are very close with the corresponding
interpolation rates r}’p , i.e., the rates for the quantity ‘u -1 ,’fsu|W1,p Q)" Anyway, in
any test case we can observe that the rates are higher than the theoretically pre-
dicted rates given in Theorem We have observed the same behavior, i.e., higher
convergence rates than those for the error measured in the F-quasinorm (given by

Theorem for all of the presented tests above.
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u€ Whr=(Q) with u = |z|”, e =1, p= 1.5, d = 2, hg = 0.1V/2

v=0.7 v=17 v=27
ho =2 =3 =4
D~ 1.538 D~ 1.538 D~ 1.538
hs =12 k=1 | k=2 | k=3 k=2 | k=3 k=3
Computed rates 77 and 7
rgp T}-,p TBP T},p lejip r},p Tgp T},p rgp T}-,p TBP r},p
s=0 - -

s=1 | 0.840 | 0.901 || 1.090 | 1.099 || 1.105 | 1.107 || 1.974 | 1.971 || 2.187 | 2.165 ||| 3.020 | 3.006
s=2 1 0.858 | 0.898 | 1.063 | 1.067 | 1.068 | 1.070 ||| 1.935 | 1.933 || 2.103 | 2.101 ||| 2.944 | 2.945
s=3 | 0.874 | 0.903 || 1.047 | 1.050 || 1.049 | 1.051 || 1.921 | 1.920 || 2.069 | 2.068 ||| 2.920 | 2.920
s=4 1 0.889 | 0.910 || 1.039 | 1.042 || 1.040 | 1.042 || 1.919 | 1.918 || 2.051 | 2.051 ||| 2.914 | 2.914
s=5 1 0.901 | 0.918 | 1.035 | 1.037 | 1.036 | 1.037 ||| 1.922 | 1.922 || 2.042 | 2.042 || 2.915 | 2.916
s=6 10912 |0.925 | 1.033 | 1.035 || 1.033 | 1.035 ||| 1.928 | 1.927 || 2.038 | 2.037 || 2.891 | 2.921
s=7 10.921 | 0.932 || 1.032 | 1.034 || 1.032 | 1.034 ||| 1.933 | 1.933 || 2.035 | 2.035 ||| 2.900 | 2.927
s=28 | 0.929 | 0.938 - - - - 1.939 | 1.939 - - - -

s=9 | 0.936 | 0.944 - - - - 1.943 | 1.944 - - - -

Table 9: Examplelg Convergence rates Tgp and T}’p for the errors |u — uhs|W17p(Q)

and |u — [}]fsu‘wlap(ﬂ)'

6 Conclusions

In this work, existence and uniqueness results for a class of quasilinear elliptic
problems have been shown and an a priori error analysis for finite element discretiza-
tions has been derived. The error analysis utilizes the same quasinorm quantities
which are introduced in [2I] and made a step forward with respect to the interpo-
lation and the discretization estimates. The technique used in our analysis relies
on approximation error estimates in standard Sobolev W P-seminorms and therefore
can be applied to other finite element spaces for which such approximation results
are available. In particular, our analysis applies to continuous piecewise polynomial
spaces of higher order where the regularity assumptions are posed directly on the
solution u itself. The analysis showed that optimal approximation estimates in the
associated F-quasinorm can be also obtained for solutions u having higher regular-
ity, i.e., u € WH(Q) with [ > 2 and p > 2 in conjunction with P, finite element
spaces satisfying £ = [ — 1. It is worth pointing out that these convergence rates
do not depend on the parameter p in Assumption [2| but only on the regularity of
the solution u. The theoretical error estimates have been confirmed by performing a
series of numerical tests. The numerical rates and theoretically predicted rates were
in a very good agreement. Our numerical experiments also indicate that the regu-
larity conditions on u that guarantee optimal convergence rates cannot be relaxed.
More precisely, they show that for the case 1 < p < 2 (with p being the parameter
in Assumption [2) if u is not in W%(Q), then the convergence rates can be strictly
less than [ — 1 for polynomial spaces P, with £ = [ — 1. On the other hand, the
rates for the error |u — uh|Wl,p(Q) and |u — [,fu‘wl’p(m were found to be always higher
than the corresponding theoretically predicted and numerically validated rates for
the F-quasinorm. This is a point which needs further investigation. Also, further
work could be to investigate the relation between the F-quasinorm and other quasi-
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norms that can be inferred from functional type duality methods which have been
proposed in the literature. The derivation of a discretization error analysis for more
general quasilinear elliptic problems by following similar ideas seems to be also fea-
sible. These last subjects are going to be discussed by the authors in forthcoming
works.

Acknowledgments

This work has been supported by the project, COMET K2 In Tribology 872176,

and by the project LIT-2017-4-SEE-004

References

1

2|

13l

4]

5]

6]

17l

8]

19]

[10]

Adams R. A. and Fournier J. J. F. Sobolev Spaces, volume 140 of Pure and Ap-
plied Mathematics. ACADEMIC PRESS-imprint Elsevier Science, Amsterdam,
second edition, 2003.

Krasnosel’skii M. A. and Rutickii Ja. B. Convex functions and Orlicz spaces.
Translated from the first Russian edition by Leo F. Boron. P. Noordhoff Ltd.,
Groningen, 1961.

Dacorogna B. Direct Methods in the Calculus of Variations. Springer-Verlag
New York, 2008.

Tyukhtin V. B. The rate of convergence of approximation methods for solving
one-sided variational problems. I. Teoret. Mat. Fiz., 51(2):111-113, 121, 1982.

Ebmeyer C. and Liu W. B. Quasi-norm interpolation error estimates for the
piecewise lineare finite element approximation of p-laplacian problems. Numer.
Math, 100:233-258, 2005.

Kreuzer C. A convergent adaptive Uzawa finite element method for the nonlinear
Stokes problem. PhD thesis, Universit’at Augsburg, 2008.

Kroner D., Ruzicka M., and Toulopoulos I. Local discontinuous Galerkin numeri-
cal solutions of non-Newtonian incompressible flows modeled by p-Navier-Stokes
equations. Journal of Computational Physics, 270:182 — 202, 2014.

Kroner D., Riuzicka M., and Toulopoulos I. Numerical solutions of systems with
(p, §)-structure using local discontinuous Galerkin finite element methods. Int.
J. Numer. Methods Fluids, 76:855-874, 2014.

DiBenedetto E. Degenerate Parabolic Equations. Springer-Verlag Business Me-
dia, LLC, New York, 1993.

Ciarlet P. G. The Finite Element Method for FElliptic Problems. Studies in
Mathematics and its Applications. STAM Philadelphia, North Holland Publish-
ing Company, 1978.

40



[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

22]

23]

[24]

[25]

Brezis H. Functional Analysis, Sobolev Spaces and Partial Differential Equations.
Springer Sciences + Busniess New York, 2011.

Ekeland I. and Temam R. Convex Analysis and Variational Problems, volume 28
of Classics in Applied Mathematics. STAM, Philadeplpia, 1976.

Toulopoulos I. An interior penalty discontinuous Galerkin finite element method
for quasilinear parabolic problems. Finite Elements in Analysis and Design,
95:42 — 50, 2015.

Toulopoulos I. and Wick T. Numerical methods for power-law diffusion problems.
SIAM J. Sci. Comput., 39(3):A681-A710, 2017.

Kurdila A. J. and Zabarankin M. Convexr Functional Analysis. Birkhauser
Verlag, Basel, 2005.

Ambrosio L. and Dal Maso G. A general chain rule for distributional derivatives.
Proc. Amer. Math. Soc., 108(3):691-702, 1990.

Belenki L., Diening L., and Kreuzer C. Optimality of an adaptive finite element
method for the p-Laplacian equation. IMA J. Numer. Anal., 32(2):484-510,
2012.

Diening L., Kroner D., Ruzicka M., and Toulopoulos I. A local discontinu-

ous Galerkin approximation for systems with p-structure. IMA J Numer Anal,
34(4):1447-1488, 2014.

Diening L. and Ettwein F. Fractional Estimates for Non-differentiable Elliptic
Systems with General Growth. Forum Mathematicum, 20(3):523-556, 2008.

Diening L., Fornasier M., Tomasi R., and Wank M. A Relaxed Kacanov iteration
for the p-poisson problem. Numer. Math., 145(1):1-34, 2020.

Diening L. and Rizicka M. Interpolation operators in Orlicz-Sobolev spaces.
Numer. Math., 107(1):107-129, 2007.

G. Leioni. A First Course in Sobolev Spaces, volume 105 of Graduate Studies in
Mathematics. American Mathematical Society, 1st Edition edition, 2009.

Ainsworth M. and Kay D. The approximation theory for the p-version finite
element method and application to non-linear elliptic PDEs. Numerische Math-
ematik, 82(3):351-388, 1999.

Ainsworth M. and Kay D. Approximation theory for the hp-versionfinite ele-
ment methodand application to the non-linear Laplacian. Appl. Numer. Math.,
34:329-344, 2000.

Marcus M. and Mizel V. J. Complete characterization of functions which act,
via superposition, on Sobolev spaces. Trans. Amer. Math. Soc., 251:187-218,
1979.

41



[26]

27]

28]

[29]

[30]

[31]

32]

33]

[34]

[35]

[36]

37]

Ruzicka M. and Diening L.. Non-Newtonian fluids and function spaces. In NAFSA
8—Nonlinear analysis, function spaces and applications. Vol. 8, pages 94-143.
Czech. Acad. Sci., Prague, 2007.

Deuflhard P. Newton Methods for Nonlinear Problems, Affine Invariance and
Adaptive Algorithms, volume 35 of Springer Series in Computational Mathemat-
tcs. Springer Berlin Heidelberg, 2011.

Glowinski R. Numerical Methods for Nonlinear Variational Problems (Scientific
Computation). Scientific Computation. Springer-Verlag, Berlin-Heidelberg, 2
edition, 2008.

Glowinski R. and Marrocco A. Sur I'approximation per elements finite d’ordre

un, et la resolution, par penalization-dualite, d’une classe de Dirichlet non-
lineaires. RAIRO R-2, pages 41-76, 1975.

Glowinski R. and Rappaz J. Approximation of a nonlinear elliptic problem
arising in a non-Newtonian fluid flow model in glaciology. Math. Model. Numer.
Anal., 37:175-186, 2003.

Brenner S. and Scott L. The Mathematical Theory of Finite Element Methods.
Texts in applied mathematics. Springer, New-York, 2008.

Chow S.-S. Finite element error estimates for nonlinear elliptic equations of
monotone type. Numer. Math., 54(4):373-393, 1989.

Roubicek T. Nonlinear Partial Differential Equations with Applications, volume
153 of ISNM, International Series of Numerical Mathematics. Birkhduser Verlag,
2005.

Barrett J. W. and Liu W. B. Finite element approximation of the p-Laplacian.
Math. Comp., 61(204):523-537, 1993.

Barrett J. W. and Liu W. B. Quasi-norm error bounds for the finite element
approximation of a non-Newtonian flow. Numer. Math., 68(4):437-456, 1994.

Liu W.B. and Barrett J. W. A further remark on the regularity of the solutions
of the p-Laplacian and its applications to their finite element approximation.
Nonlinear Analysis: Theory, Methods and Applications, 21(5):379 — 387, 1993.

Liu W.B. and Barrett J. W. Higher-order regularity for the solutions of some
degenerate quasilinear elliptic equations in the plane. SIAM J. Math. Anal.,
24(6):1522-1536, 1993.

42



Latest Reports in this series

2009 - 2018
[-]
2019
2019-01 Helmut Gfrerer and Jifi V. Outrata
On a Semismooth* Newton Method for Solving Generalized Equations
2019-02 Matus Benko, Michal Cervinka and Tim Hoheisel
New Verifiable Sufficient Conditions for Metric Subregularity of Constraint Sys-
tems with Applications to Disjunctive Programs
2019-03 Matus Benko
On Inner Calmness*, Generalized Calculus, and Derivatives of the Normal-
cone Map
2019-04 Rainer Schneckenleitner and Stefan Takacs
Condition number bounds for IETI-DP methods that are explicit in h and p
2019-05 Clemens Hofreither, Ludwig Mitter and Hendrik Speleers
Local multigrid solvers for adaptive Isogeometric Analysis in hierarchical spline
spaces
2020
2020-01 Toannis Toulopoulos
Viscoplastic Models and Finite Element Schemes for the Hot Rolling Metal
Process
2020-02 Rainer Schneckenleitner and Stefan Takacs
Convergence Theory for IETI-DP Solvers for Discontinuous Galerkin Isogeo-
metric Analysis That Is Explicit in h and p
2020-03  Svetoslav Nakov and Ioannis Toulopoulos

Convergence Estimates of Finite Elements for a Class of Quasilinear Elliptic
Problems

From 1998 to 2008 reports were published by SFB013. Please see
http://www.sfb013.uni-1linz.ac.at/index.php?id=reports
From 2004 on reports were also published by RICAM. Please see
http://www.ricam.oeaw.ac.at/publications/list/

For a complete list of NuMa reports see
http://www.numa.uni-1linz.ac.at/Publications/List/

April 2019

June 2019

October 2019

December 2019

December 2019

February 2020

May 2020

May 2020


http://www.sfb013.uni-linz.ac.at/index.php?id=reports
http://www.ricam.oeaw.ac.at/publications/list/
http://www.numa.uni-linz.ac.at/Publications/List/

	Introduction
	Preliminaries and problem formulation
	Notations and known inequalities
	Properties of the given functions
	Weak formulation

	Finite element approximation
	Near-best approximation results in the W1,p seminorm
	The case p2
	The case 1<p<2


	Convergence rates
	Basic convergence rates under the assumption uWl,p()
	Improved convergence rates for the case 1<p2
	Convergence rates for uWl,() with p and l > d/
	Convergence rates for uWl,() with 1 and l>1+d/


	Numerical examples
	Conclusions

