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Viscoplastic models and finite element schemes for the
hot rolling metal process
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Abstract. In this work, pure viscoplastic models and their finite element discretization employed for the
hot rolling method of plate metal forming are discussed. The derivation of the viscoplastic flow rule and the
relation between the stress-strain rates are presented. The associated equilibrium system of the deformation
problem is completed by describing the form of the inlet/outlet boundary conditions as well as by introducing
the contact conditions and a viscoplastic friction law. The system is discretized using the continuous finite
element method where classical penalty terms are used for incorporating the boundary conditions and the
contact conditions. The use of a viscoplastic friction law requires an estimation of the friction parameter
which is obtained through the derivation of stability estimates for the finite element scheme. Numerical tests
are performed and their results compared in order to investigate the effect of the strain sensitivity parameter
on the behavior of the plate velocity and on the magnitude of the interfacial stresses

Key words: hot rolling, metal forming, pure viscoplastic models, Norton-Hoff laws, contact-friction interface
conditions, finite element discretizations, friction parameter, boundary constraints, penalty terms

1 Introduction

In recent years, there has been a growing interest in the use of accurate mathematical models and
numerical methods for describing and simulating the rolling metal forming process, i.e., the process
of the plastic deformation of a metal plate passing through a pair of rotating rolls, [10], [13], [16],
[17], [18]. During the rolling process, the thickness (height) of the metal plate is decreased while
its length is increased. The rolling technique for metal forming involves many phenomena such as
nonlinear plastic deformation behavior, large strain rates and depends mainly on the friction and
contact boundary conditions. The development of efficient and accurate finite element methods
for studying these problems is an interesting subject that has attracted many scientists.

In the work [37], viscoplastic models were used and the frictional stresses were computed
using a thin layer of elements across the interface. An investigation using rigid-plastic finite
element methods and employing different friction laws in the rolling process of metal forming
was carried [19], and in a later work [12], rigid-plastic models were used including the variation
of the rolling coefficient across the interface. In the study presented in [25], viscoplastic strain-
stress relations were applied by assuming two different friction models. A series of numerical tests
were performed for computing the tangential and normal stress on the interface points. In recent
years, other kind of models and many other different finite element methodologies have been
proposed. Mesh free finite element methods for slightly compressible rigid-plastic models have
been applied for simulating plane strain rolling problems in [34]. Hybrid Eulerian-Lagrangian
finite element formulations for discretizing rigid viscoplastic models have been discussed in [27]
and [29]. In [27], a numerical investigation of the rolling problem was presented by performing
several tests using different values for the radius and the velocity of the rollers. In the recent work
[30], elastoplastic-models and Augmented Lagrangian techniques have been used for discretizing
the contact and the frictional conditions. In addition, the authors proposed an optimal control
problem for achieving the desired shape of the plate. Rigid-plastic finite element schemes with
efficient and fast nonlinear solvers were developed and analysed in [35].
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2 Toannis Toulopoulos

The motion of the plate is mainly governed by two equations, the constitutive equation and
the continuum equilibrium equation. The constitutive equation provides a relationship between
the stress and strain rate (deformation rate) [24], [2], [31]. In many metal forming processes, the
elastic effects are weak and viscoplastic constitutive relations are introduced for describing the
problem, which lead to an Eulerian descriptions with the velocity components as the unknowns.
Here, we consider a pure viscoplastic (Norton-Hoff) model, such that the constitutive equation
has the form o = a(é,,)é where o is the stress tensor, &,, is the effective viscoplastic strain
rate, a(t) = t™ ', m > 0 is a power law function, and ¢ is the strain rate tensor. In our model,
the inertia effects are ignored. This constitutive equation is similar to the non-Newtonian fluid
flow problems [7] and helps in relating the stress components to the strain-rate components. The
associated formulation allows a direct imposition of the plastic flow incompressibility constraint,
i.e., the divergence free condition of the velocity field, [6], [10].

The equilibrium system formulates the balance between the external and the internal forces. The
finite element discrete analog of the equilibrated equations results in a (nonlinear) system, with
the velocity and the pressure on the nodal mesh points, which are functions of time, as the un-
known quantities. Having computed the solution for the system, we can update the configuration
using an explicit time-stepping scheme. Finite element schemes for flow formulations were pre-
sented with different time-stepping schemes for thin-sheet-forming processes in previous studies,
see, e.g., [23], [36].

As mentioned above, the rolling deformation process is a complicated problem and cannot be
treated easily via numerical calculations, even though the whole numerical computation is driven
to a steady-state. One reason for this is the strong nonlinearities that appear in the model. Apart
from the nonlinear terms that appear in the constitutive law, nonlinear inequality constraints
also arise on the contact interface due to the imposition of bilateral contact conditions (non-
penetration constraint) and due to form of the friction laws. Another reason is related to the
changing of the contact interface points. The contact interface is not constant and pre-defined,
but changes with the time evolution of the problem since the plate moves between the rollers.
Consequently, after every time step, we need to re-determine the contact interface and the points
that live on it. We note that the points located before the entrance of the roller gap are mov-
ing with a lower velocity than the rollers, while the points after the roller gap are moving with
higher velocity. This change of the plate velocity brings about analogous inlet/outlet boundary
constraints (inequalities). Different techniques exist for incorporating these boundary constraints.
Here, we employ the penalty term technique [21], [9]. Furthermore, due to the velocity change of
the plate, the tangential friction stresses, T, change direction. The location of the neutral point,
where the relative velocity between the tangential plate and the roll are equal, i.e., the point
where T, changes direction, is not a priori known. However, it “moves® through the initial time
steps and finally becomes fixed during the steady-state computations.

Another important point in rolling problems is the modeling (and discretization) of the interfacial
friction phenomena between the rollers and the metal plate. Due to the complexity of the rolling
process, simplified friction laws, such as Coulomb’s law, are not appropriate and thus, more ad-
vanced friction laws must be used for obtaining accurate results (see, e.g., [5] and the references
therein). The use of an appropriate friction law is important for simulating the problem because
the friction forces play a crucial role in driving the metal plate into the roller gap and conse-
quently influences the behavior of the deformed plate. In this work, viscoplastic type friction laws
are used which are compatible with the viscoplastic constitutive equation (see the form of the
friction stress vector T, in (2.29a)). These types of laws have been used in many works, showing
better results compared to other more classical friction laws (see [5], [20]).

We apply a continuous finite element method for the discretization of the problem, where the
interface friction conditions are consistently adapted in the discrete variational form. The bound-
ary and the non-penetration constraints are enforced by introducing penalty terms. For this, we
construct a set of nonlinear penalty functions that are added in the equilibrium system and are
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Viscoplastic models and FE schemes in hot rolling 3

activated when the inequality constraints are not satisfied [9]. The convergence properties of these
penalty terms are not investigated in this work.

The neutral point is a singular point for the viscoplastic friction law and simple regularization
techniques are applied by adding a small perturbation constant in the friction law. In order to
compute the tangential friction stresses, it is necessary to estimate the value of the associated
friction parameter (denoted by a; in (2.29a)). For some simplified problems, laboratory exper-
iments can usually provide a good estimation of this parameter. In general, its value depends
on several quantities such as temperature, surface roughness, material properties, etc. Specific
results on the estimation of the friction parameter for hot rolling are difficult to obtain due to the
nature of the rolling process [5]. In the current work, an estimation formula of the parameter is
provided through a proof of giving stability bounds for the problem. In the numerical examples,
the coefficient as is computed at every time step using this estimate. The new update is used for
the next time step computation.

A numerical investigation of the rolling process is presented by performing an extensive series of
numerical simulation tests. We investigate the variations of the relative velocity and the values
of the normal /tangential stresses with respect to the sensitivity strain parameter.

The remainder of this paper is outlined as follows: the derivation of the viscoplastic constitutive
law is discussed in Section 2. Issues related to the variational formulation of a simple deformation
problem and the contact-friction conditions are also discussed in Section 2, thus preparing all the
necessary concepts required for modeling the rolling problem, which is given in Section 3. The
procedure of finite element discretization along with the steps followed for estimating the friction
parameter are also given in this section. Several numerical tests performed for a numerical study
of the rolling problem are presented in Section 4. The paper closes with the conclusions given in
Section 5.

2 The model problem

2.1 Preliminaries

We use a standard notation throughout this work. Let (2 be a bounded Lipschitz domain in
RY d = {2,3}. For a differentiable function ¢ : 2 — R the gradient at x = (z1,...,24) is
the vector Vo(z) = (85—;33), ce a;’T(j)). We denote by LP(2), p > 1, the Lebesgue space of mea-

surable functions ¢ : 2 — R such that [, |¢(2)|” dz < co endowed with the norm ||¢||r(0) =
1
(fQ |p(z) [P dx) ?. Let @ = (o, ..., qq) be a multi-index of non-negative integers oy, ..., oy with

degree |a| = 2?21 a;. For any «, we define the differential operator D* = 9/0x7" ...0/0xz}*, and
denote the standard Sobolev spaces by

W () = {¢ € LF(2) : D*¢ € LP(12), for all |a| < (}, (2.1)

endowed with the following norms

1
[6llwes2) = ( Z HDaéb”ip(rz))p-

0<|e| <t

where the derivatives in (2.1) are considered in the weak sense. The definition of the spaces in (2.1)
is naturally extended to the vector value functions ¢ = (¢4, ..., ¢4). For simplicity, we denote the
associated spaces by W*?. We refer to Ref. [1] for a complete description of the Sobolev spaces.
For a later use, we define the vector space

V= W4 (), with¢ > 1,p=m + 1, (2.2)
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4 Toannis Toulopoulos

where m is the exponent parameter in the viscoplastic model, see (2.20).
Let p > 1, we define its conjugate ¢ by the relation % + i = 1. We recall Holder’s and Young’s
inequalities

o

that hold for all ¢; € LP({2) and ¢o € L(f2) and for any fixed ¢ € (0,00), [1]. We shall use
the summation convection, according to which repeated indices indicate a summation from 1 up
to the dimension of the involved vectors. We will frequently use the double contracted product
between tensors, namely A: B =}, ; A;;B;;, which results in a scalar. The double contracted
product defines an inner product between tensors.

<||P1llr(2)l| 2]l La(2y and ’/ D102 dx
Q

€ 1
< = p - d 2.3
> pH¢1HLp(Q) + q€H¢2HLQ(Q)7 ( )

2.2 Notations

Let the set £2 C RY, d € {2, 3} be the (reference) configuration of a body consisting of a viscoplas-
tic material. We are interested in describing the deformation of the body subjected to body forces
f and surface tractions, T, which are applied to a part of the body surface. As usual the displace-
ment of each point x € {2 is denoted by u = (uy,...,uy) and the components ¢;; of the linear

(infinitesimal) strain tensor & produced by u are given by &;; = 1 ( oor T o ), with 1 < # 5 <d.

The components of the velocity v = (vq,...,v4) of the material points at a certain time ¢ are
defined by v; = dgf and the components of the strain rate tensor € are given by
) 1,0v;  Ov;
€ij = —( L 4
2 alL‘j (’9%

), with 1 <i#j <d. (2.4)

Here we suppose, see next sections, that there exist a viscoplastic potential ¢ := ¢(€) such that
the stress-strain constitutive relations can be derived by

v(€)

A 2.5
UJ 3% ( )

where o;; are the components of the stress tensor o. In the deformation problems here the
hydrostatic pressure has very little effect and the strain rates and the associated stresses are
deviatoric. We introduce the deviatoric stress tensor s := o + PI with P = étrace(a), which has
a trace equal to 0 and the same principal directions as o. Also, we note that we consider small
strain cases and the linear strain tensor can be split into an elastic part €, and a plastic part g,,
lLe., € =€, + €.

2.3 Plasticity criterion and stress-strain relations

It is known from the studies of small strain plasticity problems [4], that the materials after being
subjected to a stress o beyond the yield stress o, they have plastic deformation behavior, which
means that permanent deformations of the material exist when we return back to the unstressed
state. The behavior of the materials before reaching the yield stress point oq is elastic without
the evolution of plastic strains. In a general situation when a stress tensor o is defined on a point
x of the material, we would like to have a criterion in order to verify if the related stresses are
below oy (elastic region) or above oy (plastic region). Mathematically this means that we need
to formulate an inequality constraint that will depend on the stresses ¢ and oy. Below we give
this inequality and also derive the basic equations in plasticity, i.e., yield condition, flow rule,
stress-strain relation, following the von Mises viscoplasticity framework, see e.g., [2], [4], [26]. Let
us consider the principal - axial stress case for d = 3 and define
1

Jy = §5ij3ij> (2-6)
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Viscoplastic models and FE schemes in hot rolling 5
where s;; are the components of s defined by

0

1
s=10 o4— 5(011 + 099 + 033) (2.7)
0

Using the above relations, we introduce the von Misses plasticity yield function, [4],

D=

&(o,00) = (3J2 (s(a))) — 00 = 0Ocf — 00, (2.8)

where we let 0,5 := V/3+/Ja(s(0)) to be the effective stress. Based on (2.8), we define the plasticity
surface &€ = {o : ®(o,00) = 0}. A stress o such that @(o,0) < 0 lies in the elastic domain
and for a o € £ a plastic deformation can occur. We note that here we focus on the solution of
purely viscoplastic problems, and hence we neglect the elastic strain component in the additive
decomposition of the strain rate tensor € = €. + €, i.e., we set &, = 0.

Having defined the plasticity criterion (2.8), we proceed to express the plastic flow rule, i.e.,
the particular form of the plastic strain rate tensor €,. The derivation of the plastic flow rule
is based on the principle of the maximum work: given a stress o which verifies the plasticity
criterion, o € &, and its associated strain rate tensor €,, then for every other stress o such that
?(o,00) <0, we have

0:€,<0:¢, (2.9)

where the double contracted product between tensors has been used. Based on (2.9), we can
conclude that €, must be proportional to the exterior normal g—f on the £

. 0P : 0P
€, = A5—, oOr componentwise ¢g,;; = )\W’
ij

2.10
e (2.10)
where the scalar parameter A determines the plastic rate, for more details we refer to [4],[2].

Note that (2.10) specifies the form of €, and the direction of the plastic flow through the term

0P
—. By (2.7) we have that

oo’
5 d—1 2 £
Sij — == UHl1=)7=m=n
il FEAR B 2.1)
mn - == e = m=n
d =3 J

Now recalling (2.8) and that o.; = \/g ||s|| after performing few computations we can show that

, O Doep sy 311 3 s \/§ .
= — — — (28, — i) = Y] = =Ny, 1< , <3,
= By Z G5 90\ 27s] 3% ZS )=V 2T ot =)=
i i Ji it
(2.12)

where n = (ny, ng, ng) is the outward normal vector on £, and its principal directions n;, i = 1,2,3
coincide with those of s. The flow rule results in

3 s 3
S O . Y 2.1
&= M2 \/;“’ (2.13)
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6 Toannis Toulopoulos

and by (2.13) we immediately have that A = \/gHé:pH := &.p. On the other hand, we have that

3
the stress s satisfies the plasticity criterion (2.8), thus of = 02, = o5 S and then by (2.10)

and (2.13) we get that

. ) 3 1 3 (Eep
Epij = 5617\/j—5ij = _<_)Sij7 (2.14a)
2 \/ga() 2 (o))

or in tensor form

e, = §<”ép”)s. (2.14b)

Remark 2.1. In many metal plasticity models, the history of the plastic deformation must be
taken into account. It is usually defined using the effective plastic strain €., = fOT Eep(t) dt, where
€¢p 1s the effective plastic strain rate, which is defined in the previous analysis. The effective plastic
strain is often used to characterize the inelastic properties of the material, [2], [4].

Remark 2.2. An evolution of the plastic strain rate can be accompanied by an evolution of the
strength of the plastic threshold, og. The increase in the plastic threshold after its initial value is
called work hardening. The hardening behavior of the material generally depends on the history
of the plastic deformation. In this case, oq is taken to be a function of the effective plastic strain,
i.e., 09 1= 0y(eep) and the plasticity criterion (2.8) takes the form &(s,09) = 07 — 0§(eep). The
analytical form of oy(e.,) is determined by rheological tests, see the discussion in [22] and [4].

Remark 2.3. As a continuation of Remark 2.2, we note that for the stresses where o,y is less than
the flow stress op(ecp), the behavior of the physical problem is elastic. When the effective stress
oes reaches the value of oy (e,p), the strain rate partly contains a plastic strain rate.

2.4 The viscoplastic constitutive law

It has been well verified through experimental observations that in hot metal plastic deformations
the stress-strain relation is appropriately described by using power-law rules, i. e., the stress tensor
exhibits a power-law dependence on the strain rate tensor (Norton-Hoff viscoplastic constitutive
relations), [10], [24]. In several cases in the derivation and in the further analysis of the models of
metal forming problems, the introduction and definition of the plasticity yield surface £, which
separates the elastic form the plastic domain, see (2.8), is not necessary. For example, in many
metal forging procedures at high temperatures the values of oy are very small, and the metals
behave as flowing under week stresses. Consequently we can consider oy to be zero or can neglect
oo from the formulation of the model. Thus, Norton-Hoff viscoplastic models with oq = 0 are
widely used, [6], [24], [10]. In their uniaxial form the flow rule is given by

o=K|p|™, (2.15)

where K > 0 is a temperature dependent material parameter and the coefficient m > 0 is the
strain rate sensitivity coefficient.

We extend the notions of the previous paragraph and denote by €,, the viscoplastic strain rate
tensor and define the effective viscoplastic strain by

) 2, ) 2
Eup =\ 5EupiiCopij 1= §||€vp||, (2.16)
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where the summation convection for the repeated indices has been used. Now the von-Mises based
multi-axial generalization of (2.15) has the form, [4]

m—+41

Oop = K33 &, (2.17)
and recalling (2.14) we have that
3y . : 3y
Evpij = 52—:;031-]-, or in tensor form &,, = 5;’;5. (2.18)
Inserting (2.17) into (2.18) we get
. 1-m
3Gy V3 amg (2.19)

S = 2[3%em 2K 7

where we can finally obtain a multidimensional generalization of the Norton-Hoff type viscoplastic
constitutive relation given in (2.15)

s=2K (V3,)" €y (2.20)

It should be noted that, by comparing the models of interest given in (2.14b) and (2.20), it can be
seen that the stress multiplier consists of a non-linear function of the effective viscoplastic strain
rate €,,, which follows a power-law rule, and essentially relates the stress variations to the strain
rate. This multiplier corresponds to a viscosity term, [7], which for m = 1 is equal to 2K (linear
relation). In the numerical computations, the regularized form

m—1

s=2KV3" (2+2)7 ¢, (2.21)
is used for avoiding deviations with very small numbers.

Remark 2.4. We can see by (2.21 ) that the deviatoric stress tensor s can be derived by the

viscoplastic potential ¢ := mLH(\/gévp)mH, ie.,s= a‘zfp, see also (2.5).

2.5 Equilibrium equations

We recall the notations given in Section 2.2, and let {2 denote the bounded domain in the space
occupied by a viscoplastic continuum. The boundary 02 consists of two parts, I'p and Iy, i.e.,
02 = I'p U I'y, with |I'p| > 0. Let {2 be acted upon by an interior force f = (fi, fo, f3) and a
boundary force T = (T3, T»,T3) act on I'y. On the boundary I'p, the displacement u is fixed, e.g.,
u = 0, and consequently the point velocity is v = 0. The true internal stresses inside the body
are described by the symmetric stress tensor o. As mentioned in the previous sections we focus
on the problem of incompressible materials (note again that s = o + PI, with P := —étrace(a),
is deviatoric and trace(s) = divv = 0). We recall the vector space YV = W*P(£2), with¢ > 1,p =
m + 1, given in (2.2) and further define

Vop ={¢peV:divg=0,¢=00nIp} (2.22)

Using these notations, we can write the equilibrium of 2 at a time ¢ as,
/ s(v):&(¢p)dx — / PI:é(¢)dx — T -vdS = / f-ode, Vo cVop. (2.23)
Q 2 I'n Q

We neglect the volume forces, e.g., the inertia and the gravity forces, and set f = 0. Now,
we consider the hydrostatic pressure P as the Lagrange multiplier for enforcing the constraint
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8 Toannis Toulopoulos

div(v) = 0, and set the following saddle point problem: find the velocity v € Vp 1= {¢p € V :

¢ =0onIp} and the pressure P € LI({2) with ¢ = -£; such that

/s(v):é(qb)dx—/PI:é(qb)dx— T -¢dS =0,

£ 2 I'n (2.24)
/ div(v) Q dz =0,

2
for all € V and @ € L({2). We emphasize that the unknown v appears implicitly in (2.24) by
means of the tensor s, which is a function of the strain rate tensor €, which in turn is a function
of v. The pressure P is a Lagrange multiplier for the incompressibility condition div(v) = 0.

2.6 Contact between two bodies

Following the above formulation, we consider the friction contact problem between two viscoplas-
tic bodies, which can undergo a finite deformation. The two bodies in their initial (reference)
configuration are given by (2, and (2, with (2; C R?, i = 1,2. The associated boundaries 92; are
divided into three disjoint parts: (i) I g), where the displacements are prescribed, (ii) I’ ](\f), where
the stresses are prescribed, and (iii) the common contact part I'c, where contact conditions will
be defined. We assume | Fg) |> 0 for ¢ = 1,2. On I'¢, we define the normal vector ns in the
direction towards the interior of £25,. We use the subindex ¢ = 1 or ¢ = 2 to denote the restriction
on the associated domains (2 or {2, respectively. The stress vectors on I are given by

T1 = 01 1119, Tg = 09" (—nlg). (225)

Both stresses act on the contact area I'. and are opposite by obeying the principle of action and
reaction, i.e., Ty = 01 - njp = —03 - ny; = —T5. Each of the stress vectors T;, i = 1,2 can be
decomposed with respect to njs into a normal T;, and a tangential component T'; ., [32], for
example for i = 1

T1,n = (Tl 'n12)n127 T1,T =T, — (Tl : 1’112)1112- (2-26)

The scalar o,, := 0'71L =T; -nj3 < 0 (in compression) is the normal stress, and the tangential
vector T; » ( orthogonal to njy) is associated with the friction forces on ', [32]. On the interface
I'c, we define the velocity difference Av = v; — vy and the relative slip velocity

vy = Av — (Av - npo)ngs. (2.27)

Along the contact interface I'c the bodies can not interpenetrate, i.e., £, N2 = (). The continued
bilateral contact between (2, and (2, without penetration is usually expressed by Av-n;5 = 0. In
view of this, during the numerical computations, we have to take into account the conditions

Gn = Av-nyp =0, (2.28a)
o, < 0, (2.28b)

across the contact area . Several methods have been presented in the literature for incorporating
the contact constraints (2.28) in the variational form and in the finite element discrete analogue,
see, e.g., [21], [32], and the references therein. Here, we will apply the penalty method, where an
extra term is introduced to penalize the velocity of having a normal penetration component.

Remark 2.5. Note that for the two normal stresses o = T -nj3 = —(0y - Ny1) - Ny = (05 - Nyy ) -
ny; = o> holds. By this condition we can also infer that o} = o2, which indicates that the normal
interface stresses are compressive, and so this requires o} < 0, compare with (2.28b).

Remark 2.6. The sticking (frictionless) contact conditions are Av = 0 and (62:ny1)+(01-115) = 0.
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Viscoplastic models and FE schemes in hot rolling 9

Frictional contact In general, for deriving a relation which can describe in an complete way
the interfacial friction phenomena and the friction tangential stresses T, apart from the normal
stress and the relative tangential velocity, one must also take into account some other physi-
cal parameters, such as temperature, surface roughness, interaction of chemical processes, etc,
which are often described in micro-scales. It is clear that the mixing and the interrelation of all
these quantities will lead to a complicated model. In simple practical applications the classical
Coulomb’s law, which includes the normal stress and the relative velocity, or Tresca’s law, which
includes a constant shear strength, are usually used, [20], [5], [32], [2]. For the purposes of this
work, we introduce a nonlinear friction law that is compatible with (2.20) (without threshold),
which describes the tangential effects and can be considered as a generalization of Tresca’s law.
Accordingly we let

T, = —a;K|v,|" 'v,, (2.29a)

where ay is a friction parameter, which is estimated below, and K is a material parameter which
can be dependent on stain hardening, see (2.15). In this case the interface conditions are completed
by adding the bilateral contact condition (2.28a).

3 Application to strip rolling

As we mentioned in the previous sections, the hot strip rolling process is very important and
most commonly used technique in engineering metal-forming, since it is used for the design of
rotating machine parts, gears, ball bearings, etc, [10], [8], [15], [18], [33]. In the flat rolling process
the thickness of a flat metal plate (strip) is reduced by passing it between two counter-rotating
cylinders (rollers) which have a fixed distance, as shown in an illustration in Fig. 1(a). For an
analysis of rolling problems we refer to [16], [15], [33]. We use the relations and the forms that
were derived in the previous section for describing the rolling process. In our study the metal
plate is the viscoplastic material that occupies 2; and the rollers are the rigid tools {25. We take
advantage of the X-axis symmetry of the problem and consider the upper half of the problem,
see Fig. 1(a). We focus on deriving the problem formulation for the case of having maximum
length of the contact interface I¢, and setting symmetry boundary conditions along the X-axis.
A schematic illustration of the boundary parts of 02, with the associated boundary conditions
is given in Fig. 1(b). Since all the quantities below are related to the deformation of the plate,
i.e., {21, we remove the corresponding index from their notation.

3.1 The boundary value problem for the rolling contact

During the rolling process, the metal plate is moving between the two rollers and the tangential
friction forces that exist across the interface I drive the plate in to the gap. At the inlet points,
i.e., points on the left vertical boundary I7,, see Fig. 1(b), the velocity of the plate v;, is lower
than the tangential velocity of the rollers. As the plate moves in to the gap of the rollers, it
is compressed and this increases its velocity due to the conservation of mass. At the neutral
point, Peurar On o, the relative velocity is v, = 0 and finally the plate exits the roller gap
with velocity vy, which is greater than the velocity of the rollers, see Fig. 1(b). Since additional
elastic phenomena are ignored, these remarks lead to the following constraints on the boundary

v ( - nin) S |Uroll,7'| on an and V- (nout) Z ‘UT‘O”,Tl on Fout, (31)

where |Ul,qu - is the measure of the tangential velocity of the roller. We apply penalty method
techniques, [11], [9], for treating the boundary constraints given in (3.1), the bilateral contact
constraint in (2.28a) and the constraint for preventing the vertical motion on the free-stress
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boundary parts denoted by I} in Fig. 1(b). For a function f : £2; U {2, — R we define [f(:v)}+ =

max{ f(z),0} and introduce the penalty functionals

7, (v) = 2 / v ) = (O] ) s (3.20)
Vo) =25 [ (v )+ [Orl) ) s (3.20)
W (v) = 122 /FG ([Av - nef? — Tol] ,)* ds, (3.2¢)
Upy(v) = ’%/FO (v-np)*ds, (3.2d)

where Vin, Youts Yoo and 7, are the penalty parameters (their values will be specified later),
N;,, Ny, N and np, are the normals on the associated boundary parts, and the tolerance 7ol ~
1.E—05. In (3.2) the boundary parts Iy, and Iog are the free-stress boundary parts with points
(x,y) such that Iy, = {(x,y) € It : < Tpeutrai point } a0 Tog := {(z,y) € Io : T > Tpeutral point }-
Thus, utilizing (2.24), (2.29a) and (3.2) we can express the following penalty formulation for the
rolling problem: find v and P such that

' / s(v):é(¢)dx—/ PI:é((ﬁ)dx—/ Ty $dS — TT-czSdSJr/ T* - ¢ dS
! 0 IoUlin I'c Lout
—Yin [V ! (_nin) - |Uroll,7—|]+¢ "Ny dsS — 70ut/ [ — V- (nout) + |Uroll,r|}+¢ " Doyt dS
I;,Uloy, I'6utUIhr
— Yap / (v-np)e np dS — v, / [|Av - nc|* — Tolqub ‘ngdS =0,
) FC
/ div(v) Qdz =0,
\J o
(3.3)

21 for all test functions ¢ € V and @ € LI({2) where I U I, are the free stress boundary parts,

202 i.e., Tog =0, and T" on I,,; describes the free stress condition plus a penalty correction term that

203 prevents the points x € I,,; to move vertically (along Y-axis) to the main movement of the plate
along X-axis.

1Y-axis

’ _Rollers r

r v > 1,
oult, out roll.t
T: correction

X-axis, \
SYMMetry m m = =

—> Velocity, v,

Velocity, v, —»

Contact interface I,
Friction tangential stress, T,

Fig. 1. Schematic diagram of the rolling problem, (a) the rollers with the deformed plate and the X — azis symmetry line,
(b) the boundary parts on 9421 with the associated boundary conditions.
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Viscoplastic models and FE schemes in hot rolling 11

3.2 Finite element discretization

We use finite element methodology to discretize (3.3). Each domain (2, i = 1,2 is subdivided
into a collection T}, of (conforming) triangular mesh elements { K’} such that £2; = Ugcqs K. We

set T, = T} UT}. We define the mesh size h;i = 1,2 to be the length of the maximum edge of
K € T,. On each T, we consider the space V}, of continuous piece-wise polynomials of order ,
i.e,

V,;"K = {wp, v, € C°(02), vn|x € PH(K),K € T}}, (3.4)

where C" is the space of continuous functions and P* is the space of polynomials of order x. Let
{gb}}jy:’il, i = 1,2 be a corresponding basis of each V., which is defined through the N; nodes of
T}. Then, for every vy, € V;fﬁ we have

N;
Up = Zajd);(xay)a (35)
j=1

where a; are the related N; nodal values of vy, see details in [14], [3]. In view of (3.4) the discrete
analogue of (3.3) is: find vj, 1= (v1, v2) € V; . X V)i and P, € V}!; such that

(
[ stosear- [ RIs@)d- [ Toegdst [ Ti,eds
.Ql _Ql FC Fout
—Yin [Vh . (_nm) - |Uroll,TH+¢h -y dS
I Ulpr
_/Youtf [ — Vp (nout) + |UT‘O”7TH+¢h * Nout dS
FoutUFOR
— %0/ (Vh . npo)q,’)h ‘np,dS — %C/ [|Avh ‘ngl? — Tol]+¢h ‘ncdS =0,
Io I'c
/ div(vy) Qp dx =0,
\J R

for ¢, == (d1n, p2n) € Vi, X Vi, and Q) € V3.

Note that different meshing of the contact '+ can occur through the nodes on 9f2;. We can have
matching mesh nodes and non-matching mesh nodes. For producing the finite element solutions,
we need to first identify the nodes that lay on the contact interface, and the rest nodes which are
located away from the contact area. In the most realistic cases with finite deformations, we prefer
to perform the computations without requiring matching mesh restrictions across . We note
here that the tangential velocities of the two bodies are not equal, and the domain (25 (roller)
has a fixed known tangential velocity. Due to the frictional shear stresses (2.29a), the variation
of the relative interface velocity v, and the conditions in (3.1), the mesh nodes enter and leave
I'c with different rates. The non-penetration of the bodies on 7 is enforced in the numerical
computations through the penalty terms related to (2.28a). In (3.6) the spaces V; . and V};; has
been chosen to satisfy the in-sup condition, i.e., in our numerical examples we set | = k — 1, [28].
The configuration is updated following an explicit procedure, (see Section 3.3 below).

3.3 Explicit time integration

As the material passes through the gap of the rollers the rolling becomes a steady state process.
We find numerically the steady-state solution by using an explicit time-stepping algorithm for
updating the configuration. The whole time period of the study of the problem, let say 7' = [0, x|,
is partitioned into small time increments [t,, t,11], tnt1 = t, + At with fixed time step At. In a
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12 Toannis Toulopoulos

sequential repeating procedure, we solve (3.6) at time ¢, and then using the computed velocity
Vi, we find (approximately) the new configuration (2, ., at t,4; by updating the coordinates

x"°% of the mesh nodes

node node
th+1 = th + Atvhvtn (37)

In (3.7) x?:ff are the new coordinates of the mesh nodes of (2, , which is going to be used as
the new reference configuration. The computations are being repeated for the next configurations
following the procedure described previously. We solve (3.6) on (2, ., and applying (3.7) compute
the coordinates of the mesh notes of (2, _,.

3.4 Implementation remarks

The final nonlinear algebraic system resulting from (3.6) is solved by using a simple Picard
iterative method of the type

for every time step t,, n =1,2,... solve (3.8a)
JU)UM =b(U!, U,py), for i=0,1,...,%ma0, (3.8b)

when ||U! — US| < 1.E — 05 set ULt .= ysotution, (3.8¢)

and move to the next time step, (3.8d)

where for every interior iteration i the vector U’ includes the unknown degrees of freedom of
vy, and Py, J is the linearized matrix which includes the non-linearities of (2.21) and (2.29a)
computed using the previous iteration U, b is the right hand side and U™ " is the final
solution for the time step t,. In the numerical tests we have set 7,,,. = 20, but as we approach
the steady-state the criterion in (3.8¢) is satisfied in less than 10 iterations.

The value for the small constant €y in (2.21) is set to 1.E-04. In order to avoid a singular
behavior of the stress form (2.21), we solve the associated linear system in (3.6), by setting
m = 1, during the first iteration ¢ = 0 at the first time step ¢;, and then we use the corresponding
solutions to compute the entries of J(U%™") in (3.8b). The solution of the linear system provides
an initial guess for the velocity which is corrected during the next iterative steps of the scheme
given in (3.8).

Within the application of the finite element scheme (3.6) at every time increment, it is neces-
sary to know which nodes are in contact and which are on free stress boundary parts at every time
step. Having known the mesh nodes which are on I'c at t,, we need to find the points which are in
contact at the end of the time increment, i.e., after computing the new configuration using (3.7).
In fact this is mainly related to the position of the upper boundary points which enter or leave
from the contact zone. We suppose that the points which are or which are not on - remain in the
same state throughout the interior steps of the iterative procedure (3.8). The control for changing
the boundary characterization of the upper part of the boundary points is performed after the
node update obtained from (3.7). Due to the small variations of Av, - nc at the entrance/exit
contact points, we prefer to apply the geometric condition

if |lxpe% — I (xp°%)|| < 1.E — 05, then  x;° € I, (3.9a)
it [Jxpete — H(X?:ff)H > 1.F — 05, then x?:ff is a free stress point, (3.9b)

where I (X?:ff) is the orthogonal projection of x?:ff to the roll surface.

The interface I is approximated by linear elements and through this approximation large
overlap and/or gap regions can exist between the mesh points of the plate and the roller surface
(specially for coarse mesh tests). In order to avoid the existence of these large overlap/gap regions,

every ten time steps we apply a post-processing correction for the locations of the internal mesh
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Viscoplastic models and FE schemes in hot rolling 13

nodes of I, i. e., we correct the position of the nodes based on maximum distance function given
in (3.9a).

Due to the change in the boundary conditions on the last contact point M = (1,0.2) the
normal pressure can exhibit an oscillatory behavior. A post-processing correction is applied on
the elements after the last exit contact point in order to eliminate the oscillations of the normal
pressure.

The maximum distance function given in (3.9a) helps in defining the time step At. In our
computations we have chosen At = %C, where h¢ is the mesh size across I¢.

As the plate is driven out of the roller gap, the penalty functionals given in (3.2) are applied for
all the corresponding boundary parts of 02, which are formed after the rolling, see Fig. 1(b) and
Fig. 2(b). Since the neutral point P,c.r-o has no fixed location until reaches to the steady-state,
in our computations we specify Iy, and [yr with respect to the last contact point M = (1,0.2),
ie, Inp ={(x,y) € [y :x <1} and Iog := {(z,y) € [ : x> 1}.

The values of the parameters in (3.2) are given in the following Table 1

T =[0.75,0.775]
parameter|z € Iz ¢ I| Iin | Lout
0 25

S B o I 1 R R
Yoo | R - -
Voin - i =

7
Tvout - - e

Table 1. The values of the penalty parameters.

3.5 Stability bounds and an estimation of a,

The value of the friction parameter ay in (2.29a) is in general unknown. Below we try to give
an estimate for ay by providing stability bounds for the scheme (3.6). Consider (3.6) without
the introduction of the boundary constraints and free stress T = 0. We set m — 1 = p — 2,
with p > 1. Setting ¢, = v, and @, = P, in variational formulation (3.6), and recalling that
8 = 2K (V/3é.)™ e and T, = —a; K |v,|™ 'v,, we can obtain

/ K (V3éeg)P 26 : e dr + / as |Vis|P ? Vi - vids = 0. (3.10)
21 I'c
Using the decomposition vy, = vy, + Vp,, With v, ;- v, = 01in (3.10) we get
Crk(Eeq)P dx = — / ar [Vis” *Vis (Vir + Vi — Uponnr + Uponrr ) ds
I'c

== / ar |Vh,8’p72vh,s ' (Vh,s + Vion + Uroll,r) ds
I'c

I

= — (/ af |Vh,s|p ds + / af ’ths’pfzvh’s . (Vh,n + UTollﬂ-) dS)
I'c

I'c

= _/ af ’Vh,s’p ds +/ arf |Vh,s|p71’Uroll,T| ds — /+ ar ‘Vh,s‘p71|Uroll,T‘ dS,
I'c ~

e e

ds —2 /‘+ af |Vh,s|p71’Uroll,‘r’ d37

I'c

= _/ ar ’Vh,syp ds +/ arf |Vh,s’p71’Uroll,T
I'c I'c
(3.11)

where we used that vj, ; and U,y are parallel, and defined I} := {(z,y) € I'c : vis Upopr =
[Vis| |Upon,-|} and analogously I = {(z,y) € I'c : Vis - Upour = —|Vis| |[Upon-|}- Note that
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14 Toannis Toulopoulos

since vy, s and U,y , are parallel there exists a A : A(z), [A\| < 1 such that v, s = AU,mu,.
Furthermore note that on I'; it holds that |vj | < |Uyu-|. On the other hand the difference
Vi,r — Upoi,r across I (J{ is very small, and since p — 1 > 0, we then may suppose

VPP~ 0 on I (3.12)

Now, in (3.11) we apply inequalities (2.3) with p — 1 = §, and find

CK(éeq)pdxz/ ay (AP = AP Uy P ds

2 FC

(3.13)
_Cl,e/ [Vi,s|P ds — 02,6/ a (Ui - [P ds.

+ +

FC FC
Finally, we select the parameter ¢y in (3.13) sufficiently small, e. g., ¢a,c = 52— min {|A["7] — [A[P}

and obtain
. a . _
(o) dae + c1.. / VaalP ds > / U i {JAPY — (AP} Uron P ds. (3.14)
2 g re 2

The lower bound given in (3.14) seems not so convenient for estimating the parameter a. In view
of (3.12) we can consider that the corresponding integrals on 'y have negligible contribution to
the right hand side in (3.11). Thus based on that we omit these integrals through our computations
and using further the inequalities [3], 3=, Vil o) < § 3k Vil e (i) for vi, € Vi x V., and
(laf®> + [p]*)2 < 2¢7(|al? + [b]P), we deduce that

C . _
= / val? dz > / ay min {AP7Y = AP} U o | ds (3.15)
K VK T

Owing that |U,q,| is fixed, the magnitude of min {|A["~*| — |A["} can be estimated from the
values of |vy, ;| and |U,,y -| on the first touching mesh element in the gap entry. Note again that
we accept that v; . and U, are parallel across the touching element.

Remark 3.1. The relations (3.13) and (3.14) hold also for the continuous solution v of (3.3).

Remark 3.2. The relation (3.15) provides an estimation of a; by means of the discrete kinematic
energy and the measure |U, - |”.

Remark 3.5. In the numerical examples we estimate ay by (3.15), where the integrals [, |v, [P dz
are computed numerically using the values U, of the previous iteration, see (3.8), and setting
Cs = 2P,

Remark 3.4. Applying similar computations as above and using (2.3) we can obtain the upper
bound

/ Cr(Eeq)? dx + 0175/ ag |vps|" < 0278/ ag |Upon-|P ds. (3.16)
2 FO FO

4 Numerical examples

In this section, we perform numerical examples for the steady state rolling problem. Note that
due to the symmetry of the problem with respect to X —axis, we consider only the upper half of
the problem. The radius of the roll is R = 0.6m and the center is the point Cio = (Xyou, Yron) =
(1,0.8). The initial length of the metal plate is L = 4m ( —3 < z < 1) and the maximum
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Viscoplastic models and FE schemes in hot rolling 15

height H = 0.25m (0 < y < 0.25), respectively. The contact interface consists of the points
I'o = {(z,y) : 0.760208428 < & < 1, 0.2 < y < 0.25, and ((z — Xpou)? + (y — Yoou)?)? = 0.6}.
Therefore, the thickens of the plate at the entrance is 0.25m and at the exit is 0.2m. An illustration
of the initial configuration of the problem with the touching zone and uniform mesh for the plate
are shown in Fig. 2(a). In order to examine the convergence of the numerical solution and the
mesh-independency, the problem is solved using four different uniform meshes. The corresponding
mesh sizes with the associated abbreviations are listed in Table 2. The meshes are separated into
three groups: C'1 and C'2 are the coarse meshes, M1 and M2 are the middle meshes, while F'1
and F'2 are the fine meshes. The mesh size refers to the mesh size of the boundary elements, say
h, that are in contact with the interface of the initial configuration. For every mesh-test case, we
start the computation having a maximum length of contact, Fig. 2(a), and use a fixed time step
At =%

During the first initial computations we set m = 0.2 and the angular velocity for the roller, i. e.,
the rate of change of angle with respect to time, is = Z per second. In the last examples we solve
the problem using m € {0.15,0.25} and 6 = 5, and compare the associated numerical results.
The evolution of the deformation is depicted in Fig. 2. The results have been computed using the
C2 mesh, see Table 2. Fig. 2(b) shows the deformed (after the rolling) and the undeformed (before
the rolling) parts of the plate at the half computational time. In Fig. 2(c) the velocity vectors
with the associated mesh in the contact region are plotted, from which, the sharp variation of
the velocity near the first touching mesh element of the roller entry can be seen. Fig. 2(d) shows
the deformed plate with the distribution of the magnitude of the stress-rate o,y = K 3%“5'%, see
(2.16). From the figure we can see that the highest values of o,y are in the area of the entrance
touching point Py, = (0.76,0.25), where the velocities have sharp variations.

The plastic deformation starts near the contact area and becomes greater at the following points.
It is maximum at the exit point (z = 1,y = 0.2), where the permanent deformation is created.
The variation of the viscoplastic strain rate measure ||€(¢,) |7, := [, 2, 2K (3¢up)", p = m~+1, with
respect to time for m € {0.15,0.2,0.25} is shown in Fig. 3(a). In Flig. 3(b) we present the time
variation of the relative velocity measure ||v4(t,)||7, == |, 1. [vs(ta)[P ds. It should be noted that
for all m test cases shown in Fig. 3 the same At step size has been used. From the two graphs,
we can see that the variations for all test cases show a periodic behavior with a stable amplitude.
We can thus consider that the computation has reached the steady-state. As can be seen from
the figure, the variation of v, for the case of m = 0.2 and m = 0.25 has similar behavior, with its
maximum value occurring on closed time steps.

Meshes
Name C1l C2 M1 M2 F1 F2
Mesh size h|5.02E-03|4.2E-03|3.7E-03|3.01E-03|2.7E-03|2.02E-03
Table 2. The test meshes with the corresponding mesh sizes.

Example 1, m = 0.2, 0 = %. In the first example, we start by presenting a short numerical investi-
gation related to the convergence of the numerical results while refining the mesh. We have solved
the problem using the meshes given in Table 2 successively. In Fig. 4(a) we plot the variation of
the velocity component vy on the upper boundary points including the interface points. As we
mentioned above, the velocity vy is almost zero at the points before the touching entry point Poyen
of the roller. In a small area after P, the velocity vy increases sharply (in absolute value) and
then decreases progressively (decreases almost linearly) reaching zero at the last interface point
at the exit. As is expected, the coarse meshes cannot capture the sharp gradient of vy efficiently
whereas the middle and fine mesh solutions appear to capture them. The solutions of middle and
fine meshes have the same behavior without any remarkable differences between them, as can be
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Fig. 2. (a) The initial configuration with a coarse mesh and the touching line, (b) the deformed configuration and the
associated mesh at half computational time, (c) focus on the contact area and the velocity contours, (d) the final deformed
plate and the distribution of the stress-rate measure.
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Time variations of ||é(t)||fp
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Fig. 3. Example 1: (a) The variation of the strain rate measure with respect to time, (b) the variation of the relative velocity
measure with respect to time.
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18 Toannis Toulopoulos

seen from the plots close to Piych.

The variation of v; for the upper boundary has been plotted in Fig. 4(b) from which a good
agreement of the numerical solutions is observed. The mesh points before entering into the con-
tact region have a fixed velocity v;, which is reduced in a small zone close to Piyucn, compare to
Fig. 4(a). After passing through this zone, the points accelerate and leave the contact region with
higher velocity.

The variation of v, at the upper boundary points for the different meshes are shown in Fig 4(c).
Note that for points outside of I'c the computation of v, is not appropriate. For the initial points
at the contact interface the velocity of the plate points is smaller than the velocity of the roller
interface points, and thus, we have the negative values of v,. As the plate moves forward its veloc-
ity increases and finally becomes higher than the velocity of the roller. In any mesh test case the
relative velocity at the exit points is not so high. We can observe that all the numerical solutions
have the same behavior in general. The numerical solution corresponding to the F'2 mesh captures
the variations of v, in the neighborhood of P, in a better manner. At the neutral point the
relative velocity between the roller and the plate is zero. The exact location of this point is not a
priori known, but it takes its final position at the steady-state. From the numerical computations,
the location of the neutral point has been estimated close to the point Ppeyurqr = (0.818,0.22754).
Fig. 4(d) shows the plots of the relative velocity solutions in a region close to the neutral point.
We can observe that all numerical solutions of v are zero in the area of the neutral point.

From a comparison of the graphs above we can say that the numerical solutions computed using
the middle and the fine meshes can efficiently capture the variations of the velocity, they have
similar behavior, which is not essentially improved when we move to fine meshes. Thus we can say
that the middle and fine mesh solutions can provide quite accurate results. In the figures given
below, as representative examples, we show only three numerical solutions computed using the
associated C'2, M2 and F'2 meshes.

Fig. 5(a) shows the plots of the tangential stress T, - n, over the contact area points. For
plotting reasons we devide the results with the number 1.3. From the figure, it can be seen that
small numerical oscillations appear close to the first touching point and close to the exit point
(0.2,1), due to the steep changes of the velocity and the boundary conditions. We can see that
the point where the numerical solution C?2 crosses the X-axis is located at x=0.83. It is located
a little further on the right than the point where the two other numerical solutions cross the
X-axis. The fine mesh related solutions cross the X-axis close to the neutral point. The normal
stress variations T,, - n over the contact points are plotted in Fig. 5(b). The solution related to
the F'2 mesh appears to capture the variations at the entrance points more sharply than the two
other solutions. For the next contact points, the behavior of the solutions is similar and for the
points after the P,c.:1 the normal stress variations are similar to the variations of T, -n,. Again,
we can see small spurious numerical oscillations at the entrance and exit points. It should be
noted here that during the numerical time step computations, the exact locations of the first and
last contact points are not fixed and are not a-priori known. These points may be located on the
boundaries of the edges or may lie in the interior. So during the computations, it is possible to
have mesh elements with one node on the contact line and the other on the free stress boundary
parts. This fact is a small reason for the generation of the spurious oscillations.

™

Ezample 2, m = 0.2, § = Z. The rolling plate deformation is affected by the radial velocity of
the roller, [16], [27]. To examine this we have solved the problem by setting m = 0.2, § = ¢ and
compared the produced solutions with the solutions of the previous examples. In Fig. 6(a) the
profiles of the relative velocities v, are plotted along the contact points for the mesh F'1. As is
expected the relative velocity corresponding to # = % is lower, almost double (in negative values)
than the velocity of the § = ¢ case. In Fig. 6(b) the profiles of the relative velocities are plotted
for the points close to neutral point P,cuiai. As can be seen from the figure, the neutral points
have the same locations for both test cases. The velocity of % is lower for the points on the left of
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Fig. 4. Example 1: (a) The variations of the v2 velocity component for all meshes, (b) The velocity vi for all meshes, (c)
The relative velocity v, for all meshes, (d) The relative velocity v, around the neutral point Pheutrar = (0.818,0.22754),
(vs =0).
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Fig. 5. Example 1: (a) The tangential stress T - n,, (b) The normal contact stress T, - n.



368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

20 Toannis Toulopoulos

Pcutrai, and increases after P,c...q by progressively double the values as compared to the velocity
of the 5 case. The variations of the normal stress T, - n and the tangential stress T, - n, along
the contact interface are shown in Fig. 6(c) and Fig. 6(d) respectively. As we expected the level
of the stresses related to the § = Z are higher (in absolute values) than the stresses related to

3
the 6 = £ case. It must be noted here that the numerical solutions of § = % show less spurious

6
oscillations at the first and last points on the contact line.

relative velocity vg
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Fig. 6. Example 2: (a) The relative velocities on the whole contact points for = T and 0 = E, (b) the variations of the

relative velocities in the neighboring of the neutral point, (¢) the normal stress T, - n, and (d) the tangential stress T~ - n-.

Ezample 3, m € {0.15,0.2,0.25}, 60 = 7. Rolling is directly affected by the material parameters.
In order to investigate this effect we have performed computations with different values for the
sensitivity coefficient of the strain rate by setting m € {0.15,0.25}. The computations have been
performed by keeping the same speed for the roller § = Z. The profiles of the corresponding
relative velocities for all the cases are given in Fig.7(a). For the points located close to the first
touching point, the relative velocity decreases (in absolute values) when we increase the exponent
m, see for example the m = 0.25 test case. For the points slightly to the right of the touching
point, v, increases by almost the same rate for all m-test cases. In Fig. 7(b) the variations of the
relative velocities close to P,cuirar are plotted. It can be seen that v, of the test case m = 0.15
grows faster than the other two cases and crosses the X —axis at a point which is located slighlty
more to the left of P,eysrar, (note here that Peyurq is the neutral point which corresponds to the
m = 0.2 test case). For the rest of the boundary points it remains greater than the other two
velocities. The relative velocity related to the m = 0.25 case crosses the X-axis at a point very
close to P,cuira and has a similar behavior to the relative velocity of the m = 0.2 test case.

Fig. 7(c) shows the normal stresses over the contact points. For the first points the normal stress
values of the m = 0.15 case are higher (in absolute value) than the other test cases. For the
rest of the points the stress curves have similar behavior with only small differences. The plot
line corresponding to the m = 0.25 case has less oscillations as compared to the other two lines.
Finally, the curves of the tangential stresses are given in Fig. 7(d). The values related to the
m = 0.15 case are higher (in absolute values) as compared to the other two cases. The position of
the neutral point has moved slightly on the left compared to the curves for the other two cases,
compare also with Fig. 7(b). As expected from Figs. 7(a) and (b), the behavior of the tangential
stresses for the m = 0.2 and m = 0.25 cases is observed to be similar.
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Fig. 7. Example 3: (a) the relative velocities for the three m—test cases, (b) the relative velocities close to neutral point,
(c) the normal stresses T, - n, (d) the tangential stress T - n-.

Conclusions

In this work, viscoplastic mathematical models for the hot rolling process of metal-forming are
described in detail under the assumption that elastic effects are negligible. After deriving the
basic constitutive law, the bilateral contact conditions and a viscoplastic type friction law are
discussed. The associated system of the equilibrium equations has been presented giving special
emphasis on the construction of the penalty terms that can incorporate the boundary constraints
of the inlet/outlet velocity as well the bilateral contact conditions in the system. A standard
finite element scheme with continuous Taylor-Hood polynomial spaces, together with an explicit
time approach for updating the configuration, have been applied for discretizing the equilibrium
system. Innovation in this work was the estimation of the friction parameter, as, through the proof
of stability bounds for the finite element scheme. Moreover, several important aspects, which arise
during the implementation of the algorithm for solving the rolling problems, are discussed. The
appropriateness of the whole approach has been investigated by performing several numerical
tests that concern the estimation of the position of the neutral point, the magnitude of the
normal /tangential stresses and the variations of the relative tangential velocity. The numerical
results show that the choice of the strain rate sensitivity coefficient and the roller speed affects
the magnitude of the normal and tangential stresses and the variations of the relative velocity,
but not essentially the position of the neutral point.

In many realistic contact problems with viscoplastic materials, more detailed modeling of the
interface friction phenomena and the dependency of the friction coefficient, as, on other variables
such as temperature and surface roughness is required. Moreover, more advanced finite element
methodologies and efficient implementation of the algorithm, for example, curved meshes in a
parallel environment for fast performance computing, is necessary for producing more accurate
numerical simulations.
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