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@ Definition 1: Sobolev Spaces for k € Ny
WEQ) = {u € LP(Q) : [[ullwsay < oo}
where D%u is the weak partial derivative and,

1/p

lullwra) = Z HDQUHIZ,,(Q)

o<k

@ Interpolation spaces provide a concept of fractional-order
derivatives, extending the definition of Sobolev spaces.

Martin Vicek, Lawrence Mutimbu Real Interpolation of Sobolev Spaces



Real Interpolation of Sobolev Spaces Definitions
Theorem
Proof

@ We choose one definition of fractional order Sobolev spaces;

@ Definition 2: Sobolev-Slobodecki Spaces
(s € (0,1), k € No)

W,;(JFS(Q) ={ue W;(Q) : ||u||W,f+5(Q) < oo},

where

P — P ’DO‘U(X)_Dau(y)‘Pd d
e Y | [P mm axay.

@ We are concerned with p = 2 so that W;(Q) = H*(Q). For
the case k = 0, then H°(Q) = L»(Q).
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o Definition 3: E: W;(Q2) — WS(R") is an extension operator
if E is bounded and satisfies,

Eulg = u for u e W;(Q).

@ In the proof of the theorem we will assume equivalence of
norms of the interpolated spaces, a result which will be proved
later on.
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Let 0 < s < 1. IfQ has a Lipschitz boundary, then

W2 (Q) = W3 (Q), W, (Q)s.p

and the norms are equivalent.

Proof. We assume that the proposition is valid for Q2 = R". That
is:
WS (R) = W (R™), W (R
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If Q is Lipschitz, 1 < p < oo, then we have an extension operator
Es: W;(Q) — WA‘(R“) independent of k > 0.
Interpolating this operator we have,

”UHW;+S(Q) = HESUHW;‘*'S(Q)
HES“HW;+S(RH)7 Sobolev-Slobodecki spaces

IAIA

CllEsu equivalence of norms
1Es ull s ), wg1 ey, o €

IN

CHUH[WPk(Q),W,ﬁ‘“(Q)]S,p’ by exact interpolation
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NB: E; is defined for both WX(Q) and WX+1(Q).
Conversely, there exists an extension operator,

Eg : WETs(Q) — WETS(R") such that Egulg = u, Q a Lipschitz
domain. Then,

lullwr@)wir@y, = NEcUllws@ wir@).,

IN

1EG ull sy, w2 gy,

IN

CHEGu||WPk+S(Rn), equivalence of norms

IN

Cllul| Wit (Q)

As such, the Sobolev-Slobodecki norm is equivalent to the real
interpolation norm when Q is Lipschitz.

O
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Space HE(R")
Equivalance Theorem

Equivalence for Q = R"

H*(R") = HE(R").

HE(R") = [HAR"), HE(R")]. = [HO(R"), H(R")];.
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Space Hz(R")

Equivalance Theorem

Equivalence for Q = I

Fourier transformation

Definition (Fourier transformation)

Let u € LY(R™).
1 .
/ e >u(x)dx,

Properties:
e Isomorphism in L2(R"):
[P ax= [ jaoF ac.

Dou(€) = (i€)(¢).

o
o
B(x — x0)(€) = e P €D(x) ().



Space Hz(R")

Equivalence for Q = R" .
qa Equivalance Theorem

Space HZ(R")

HER") == {u € L2(R") : [[ulmgqan < o0}

gy = [ (1+16P) " lace)? d£>; SNC)

where

HE(R") = H5(R"), Vs € [0, 1].

00
/ t—2s—1 /
0 Jw]=1
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dwdt = as .

it
'Y 1




Space Hz(R")
Equivalance Theorem

H5(R") 2 [HO(R"), HY(R")]., Vs € (0, 1).

v
Lemma

For fixed real number Ag, A1 > 0, and for a complex number z is

Equivalence for Q = R"

)

ApA
. 2 2y AoAs 2
Lmin_ (Ao|zo|” + Ar|zi]") = Aot AL |

AoA1
Ao+A1

V.
Lemma

) t1—2s T
L dt=—" se(0,1).
/0 1+ t2 2sin(ms) 5E (@ 1)
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and that minimum is achieved when Agzg = A1z1 = z.




Concluding Remarks

Thank you for listening

0"\
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