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1.1 Intermediate Spaces and Interpolation

1.1.1 Intermediate Spaces

We are concerned with the construction of Banach spaces X intermediate be-
tween two Banach spaces Xy and Xi, each embedded in a Hausdorff vector
space X. Let || - || x, denote the norm in X;, i = 0, 1. In addition, X, N X; and
Xo+ X1 ={u=ug+uy:ug € Xo,u; € X1} are Banach spaces with respect to
the norms

lullxonx, = max{[|ulx,, [[ullx,}
lullxpex, = _inf {fuollx, + lullx,}
=up+ui

and XoﬂXl —>Xl —>X0+X1, for i = 07 1.
Below, we show only the proof of the triangle inequality of the || - || x,+x, norm
and that the space Xy + X; is indeed complete.

Proof. Triangle inequality
lutolxex, = inf {follx, +herllx,)
=wo+w1
inf  {lJluo + vollxy + [[ur +v1llx, }
u=ug+ui
v=v0+v1
inf{|luo + vollx, + [[ur +v1llx, }
inf{([uollxo + l[vollxo + lluallx, + [[vallx, }
inf{[luollx, + [lurllx, } + nf{{lvoll x, + [lo1llx,}, since the

infimum is taken over two different spaces

IAIA

1wl xo+ 3, + 1Vl x0+x,



Proof. Completeness, c.f [2].
We first assume that {u,}neny C Xo + X7 Cauchy and,

o0
>t xox, < 00

n=1

Then, considering the decompositions u,, = u + u) such that,

sl xo + lunllx, < 2l xo+x,

We see then that,

[e%S) 0o
Do luplixg < oo Y luglix, < oo
n=1 n=1

We use the lemma,

Lemma 1. Suppose that X is a normed vector space. Then X is complete if
and only if

oo

D llunllx < oo,

n=1

implies that there is an element u € X such that

N
|\u—ZunHX—>O, N — o

n=1

Since X;, i = 0,1 are complete, then by lemma 1, we know that > u?,
converges in X;, i = 0,1 respectively. If we let u® = >"uY and u! = > !l and
u=u’+u', then

N N
lu = wnllxorxs = I+ ut =78+ ub)llxerx,
n=1 n=1

N N
<l =Y uplixg + llut =D unllx, =0, (N — o0)
n=1 n=1

Then, Y u, converges in Xy + X; to u = Xy + X; complete. O

The Banach space X is intermediate if the embeddings above exist.



1.1.2 The K norm
For each fixed ¢ > 0, the functional K(t;u) defines a norm in Xy + X as,
K (t;u) = inf{||uol|x, + tlu1llx, : v =wuo + u1,uo € Xo,u1 € X1}
equivalent to | - || x,+x,- We also have that,
min{1, £} Jull o x, < K () < max{L, t}ull x, x, (1.1)
For 0 <a<band 0 < 6 <1, we have,

[uollxo + ((1 = 8)a + 6b) [us ]| x,
= (1 =0) ([[uollx, + allurllx,) + 6 (lJuollx, + blluallx,)
> (1-0)K(a;u) + 0K (b;u)

so that K (¢;u) is a concave function of &.

If u € Xg N Xy, then for any ¢ > 0 we have K(t;u) < |Ju|lx, and K(t;u) <
tlullx, -

1.1.3 The K-method

If0<f<landl <gq < o0,let (Xo,X1)o,qx denote the space of all u € Xo+X;
such that the function ¢ — ¢ =% K (t;u) belongs to L = L9 (0, 00; %)

Theorem 2. If and only if either 1 < ¢ < co and 0 < # < 1 or ¢ = co and
0 < 6 < 1, then the space (Xo, X1)s,q:x is & non-trivial Banach space with norm

% (4- Ve
llullo,g;x = (fo (t QK(tQU»q %) I ifl1<g<oo
- €88 Sup0<t<oo{t_0K(t;U)} if g= o0

Furthermore,

[ullo,q:
Ul xo+x;, < "
|| ” o+X1 ||t_9m1n{1,t}\

< ”uHXoﬁXl (12)

Ll
So the embeddings,

XoNX1 — (Xo, X1)g,g.x — Xo+ X

hold, and (Xo, X1)g 4.k is an intermediate space between X and X;. Otherwise
(XOaX1)07q;K: {0}, (1e f#=0orf= 1)

Proof. With the usage of the fact that:

1 < 1
/*<oo<:)a<1 / — <o a>1
o 1* 1t



we can easily prove that function ¢ + ¢t =% min{1, ¢} belongs to L{ if and only if
6 and q satisfy the conditions of the theorem. Since (1.1) we have:

0,¢; K (1-3)

this means that if 3 u # 0 € (X, X1)g,4.x the conditions for § and ¢ must be
satisfied.
On the other hand we have following estimates:

[£=° min{1, £}z flullx,+x, < 67K (85 u)]

LY L1 = ||U|

K(t;u) < ullx, < max{|lullx,, [ullx,}
K(t;u) < tllullx, < tmax{|ullx,, ullx,}
From whose immediately:
K (t;u) < minf{1, ¢} max{]|ulx, [|u]x, } = min{1, t}{ullx,nx,
So, we get following estimate:

lullo.gre = It K (tw)l| e < [1#7° min{1, ¢}

Ll u”XoﬂXl (14)

This means that if the conditions for # and ¢ are satisfied every element of
Xo N X; belongs also to the space (Xo, X1)g,q;x. Because we assume that the
intersection X(NX; is non-trivial, and also the space (Xo, X1)g,q;x is non-trivial
when the conditions are satisfied.

Moreover estimates (1.3) and (1.4) show that embeddings (1.2) hold.

Now, we prove that ||-||g,¢;x is a norm. Because it is easy to see that ||u||g ¢ x > 0
and |aulls,q;x = |a||ullg,q;x We only have to prove that the triangle inequality
is satisfied.

e For the case 1 < ¢ < oo we use that K(¢;u 4+ v) < K(t;u) + K(t;v) and
Minkowski inequality to get:

1
q

dt

llu+vllo,qx = (/Ooo(teK(t; u—+ v))qt>

q

< ( /0 S K ()t + /O St v))th>

([t ([ eneors)”

= llullo.gix + llvllo,qx -
e For ¢ = oo:
€8S SUPg<yc oo it VK (L u +v)} < €88 SUPgoyeoo it O K (£ 1) }ess supgo,c oo {t K (t;0)}.

O

According to [1] the space (Xo, X1)g,q;x is complete under the norm || - ||g,q:x-



1.2 Interpolation theorems

Theorem 3 (Interpolation theorem I). Let T : Xy + X7 — Y + Y37 be a linear
operator with properties

1Tzl < collzllx, and 1Tzlly; < erllzlx, -
Then
[Tz [lvo+v, < max{co, c1}||zllx+x, (1.5)
and
1Tz]lvyny, < max{co, c1}2| xonx, - (1.6)
Proof.
1.
||T£U||y0+y1 = T _lnf {”yO”Yo + ||y1||Y1}
T=Yo+Y1
< inf {||Twolly, + [|[T21llv: }
T=r0+T1
< inf Aeollzollx, +erllzallx, }
T=xo+T1
<max{co,c1} inf {|lzollx, + lz1llx,}
r=xo+T1
— max{co, e1 Hlelx+x -
2.

1Tz||vony, = max{[|Tz|ly,, [Ty, }
< max{col|7| x,, c1 |l x, }
< max{co, 1 } max{||zol|x,, |71 x, }

= maX{COv Cl}Hx”X()ﬂXl .

O

Theorem 4 (An Exact Interpolation Theorem). Let T : Xo+ X7 — Yo+ 11
be a linear operator with properties

IT2l[v, < collzllx, and [Tz[y, < ellzlx,

let either 0 < # < land 1 < g< oocor0 <6 <1andq= oco. Then for
Xo = (Xo, X1)g,q;x and Yy = (Yo, Y1)g,q:K

—
1 Tz|ly, < g clllz]x, - (L.7)

Proof.



e 1 <g<
00 q
dt
.18, - | (t ’ {||yo|y0+t||y1|yl}) <
0

o0 q dt
< [T mg {|Txo||yo+t||Tx1||yl}) "
0 T=T

o0 0 q dt
< [ nt (el et )
0

e’} 1 q dt
et [ (e int Qlaollx, + el )

0 T=x0+T1 Co t

Co °° _ ? ds
—d () " (570t Gl + sl }) 2

r=xo+x
a5 equxnx
2]

e g =00
[Ty, = ess suPg< oo {” inf  {{lyollv, +t|y1||y1}}
Tx=yo+y1

< s supocica {77 _int (ITaul, + T ) |

< s supncpene {170 _nE (ol + el

_ 1
—< ess sucpcee {100t (ool + Ll }

x

0 —0
— (& -0 (4 a
—a(2) esssupo<t<m{t (2) x;cnfx{||xo||x0+00t|x1||xl}}

06 —0 :
= el supycpo {570 _int (looll, + sl

-0
=y Izl x, -

O

Definition 5. Let { Xy, X} and {Yj, Y1} be two interpolation pairs of Banach
spaces. Let X and Y be intermediate spaces of {Xy, X1} and {Yp, Y1} respec-
tively. We say that X and Y are interpolation spaces of type 6, 0 < 0 < 1, if
every bounded operator T : Xg + X; — Yy + Y1, T bounded from X; into Y;
with norm at most ¢;, maps X into Y with norm c¢ satisfying

c< Kc(1 G)C(f, (1.8)

where constant K < 1 independent of T. We say that the interpolation spaces
X and Y are ezact if inequality (1.8) holds with K = 1.

Remark 6. According to theorem 4 the spaces Xy and Yy are exact.
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