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Simple 1D ODE

@ Consider the following BVP

—u'(x) = f,(x), xe€(0,1)
{ U(O) = U(1) = 07

where f,(x) = x°, f, € Lp(0,1) fora > —1/2.
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Simple 1D ODE

@ Consider the following BVP

—u'(x) = f,(x), xe€(0,1)
u(0)=u(1)=0,
where f,(x) = x°, f, € Lp(0,1) fora > —1/2.
@ Exact solution:
X — Xa+2

u(x) =

a2 +3a+2
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Simple 1D ODE

@ Consider the following BVP
—u'(x) = f,(x), xe€(0,1)
u(0) = u(1) =0,

where f,(x) = x°, f, € Lp(0,1) fora > —1/2.
@ Exact solution:
X — Xa+2

u(x) =

a2 +3a+2

@ Let
V = Hl(0,1) = {v € H'(0,1) : v(0) = v(1) = 0}

1 1
ueV, / u'v dx :/ fodx, YveV
0 0
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Finite Element Method

@ The weak formulation is
ueV, a(uv)=Lv) YveV (1)
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Finite Element Method

@ The weak formulation is

ueV, a(uv)=Lv) YveV (1)

@ Existence of a unique solution is guaranteed by the
Lax-Milgram Lemma
@ Partition the domain I = [0, 1] into N parts as
O=xp<xi<..<xy=1
- The points x;,0 </ < N are called nodes,
- The subintervals I; = [x;_1, xj], 1 < i < N are called
elements

Denote h; = x; — x;_1 and the mesh parameter
h= maxi<ij<n h,‘
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Finite Element Method

@ The weak formulation is

ueV, a(uv)=Lv) YveV (1)

@ Existence of a unique solution is guaranteed by the
Lax-Milgram Lemma
@ Partition the domain I = [0, 1] into N parts as
O=xp<xi<..<xy=1
- The points x;,0 </ < N are called nodes,
- The subintervals I; = [x;_1, xj], 1 < i < N are called
elements
Denote h; = x; — x;_1 and the mesh parameter
h= maxi<ij<n h,‘
@ Approximate solution will be sought in the space
Vh={vhe V: ), € Pi(1;),1 < i < N}: note that, given

the properties of the Sobolev space H'(I), we also have
Vp € C(T)
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FEM Continued

@ For the basis functions we choose
fori=1,...,N—-1

L X < X<
Xjii1—X .

Pi(x) = %7 Xi < X < Xitd,
0, otherwise.
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FEM Continued

@ For the basis functions we choose
fori=1,...,N—-1

X_;,(I.H, Xi1 < x <X

Xjii1—X .
Pi(x) = Ho XS X< Xigts s
0, otherwise.

@ The basis functions V}, = span{¢;,1 < i < N} are linearly
independent.
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FEM Continued

@ The FEM thus becomes:

1 1
up € Vh, / (u},vlh)dx —/ favth, Yup € V/-,
0 0
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FEM Continued

@ The FEM thus becomes:

1 1
up € Vh, / (u},vlh)dx —/ favth, Yup € V/-,
0 0

@ The variational formulation is:
up € Vi, a(up,vp) = £(vp) Yop € Vy (2)

which, using the representation u, = EI’L Zi¢;, can be
transformed to the linear system

N 1 ;
ZZ// ((/5;-?5})0')(:/ fopidx, 1<i<N
=1 70 0
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FEM Continued

@ The FEM thus becomes:

1 1
up € Vh, / (u},vlh)dx —/ favth, Yup € V/-,
0 0

@ The variational formulation is:
up € Vi, a(up,vp) = £(vp) Yop € Vy (2)

which, using the representation u, = EI’L Zi¢;, can be
transformed to the linear system

N 1 ;
ZZ// ((/5;-?5})0')(:/ fopidx, 1<i<N
=1 70 0

@ This system can be rewritten as Au = b, where

- u=(z,...,2zy)7 is the vector of unknown coefficients,
-b= (]51 f¢>de,~-,]g fon—1dx, f01 fondx)T is the load
vector
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Stiffness Matrix

° Entries1of the stiffness matrix can be calculated as
Aj = o (¢i¢/)dxi
Using the formulae
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Stiffness Matrix

° Entries1of the stiffness matrix can be calculated as
Aj = o (¢i¢/)dxi
Using the formulae

We obtain for the stiffness matrix

otherwise.

R =1
a(¢ia¢j): “h ’I_j|:1s
0,
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The Discretization Error

Lemma (Céa)

Let the bilinear form a: H' x H' — R be continuous and
coercive. Then the solutions u € H' and up, € H} of the
continuous and discrete variational problems satisfy the relation

[u = upl[pr < Collull- 3)

Idea of proof.

@ Use Galerkin Orthogonality a(u — up, vi) = 0, Yvp, € H,,

e Coercivity of a, i.e. a(u, u) > ~||ul%,, Vu € Hy,
0<~y<C<ox,

@ and continuity of a, i.e. |a(u, v)| < C||ul|y1||V||4Yu, v € H;
[
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The Discretization Error (Cont.)
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The Discretization Error (Cont.)

Theorem

Let u € H?(Q) and uy, be the solutions to the continuous and
discrete variational equations respectively. Then for the
interpolation error satsfies

U = Unllp1(@) < Crhllull (- (4)
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The Discretization Error (Cont.)

Idea of proof.

Since H'(0,1) c C[0, 1], we can define an interpolation
operator I, cont. piecewise linear function, which coincides
with v at nodes as vj(x;) = v(X)).
Therefore,
@ infy,cy, [|[U— up||g < ||u— Ipul| i (Interpolation error).
@ Focus on Interpolation error and to get the convergence
result use the following steps
@ Localization of the error on subdomains(Partitions),
@ Transformation of the subdomains onto the unit interval,

© Calculation of the local Interpolation error,
© Inverse transformation back to subdomains.
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Interpolation theorem

Theorem (An Exact Interpolation Theorem)
LetT : Xo+ Xi — Yo+ Yq be linear operator with properties

1Ty, < collXllx and || Tx|ly, < ciix]lx, ,

let be either0 <0 <1and1<qg<ooor0<6<1andqg= .
Then for Xy = (Xo, X1)0,q;K and Yy = (Yo, Y; )G,Q;K

1Ty, < ¢~ cTlixllx, - (5)
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The Problem:

Define T : H' — H' by Tu = u — uj then using equation (3) ,
(4) and the interpolation theorem, we have:

lu— unll < o~ CTA||ull - (6)
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The Problem:

Define T : H' — H' by Tu = u — uj then using equation (3) ,
(4) and the interpolation theorem, we have:

lu— unll < o~ CTA||ull - (6)

For our model problem the exact solution can be approximated
as:- u(x) ~ xo+2

1 1 —5.
|Xo¢+2|2dXZ 2045 & > 5,
0 00, else.

1 1 —3.
xe12dx = § Zats @~ 2
0 00, else.

1 1 1.
xePax = { zE 0> 7
0 00, else.
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The K Method

The solution:
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The K Method

The solution:

Equivalent to: v := u'(x) = x7 for y = a + 1

7{ €lp, a>F;
H ac(F 7]
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The K Method

The solution:

Equivalent to: v := u'(x) = x7 for y = a + 1

XW{ELQ, a> 3
1 3 1
gH, ac(3z, 7]

Now we need to find 6 so that x” € HY for y € (=3, %) . x7 € H°

if
/0 h t~COHNK(t v)2dt < oo
with
K(tv)? = V:ivr;LW(IIVoIIi + &|viE,).
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The K Method

The solution:

Equivalent to: v := u'(x) = x7 for y = a + 1

XW{ELQ, a> 3
1 3 1
gH, ac(3z, 7]

Now we need to find 6 so that x” € HY for y € (=3, %) . x7 € H°

if
/0 h t~COHNK(t v)2dt < oo
with
K(tv)? = V:ivr;LW(IIVoIIi + &|viE,).

We know K(t; v) < [|v||L,-
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K-Method(cont.)

we focus on

1
/ t~@COHNK(t; v)2dt < oo
0
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K-Method(cont.)

we focus on

1
/ t~@COHNK(t; v)2dt < oo
0

Decompose v(x) = vp(X) + v4(x) for e € (0, })

Vo(Xx) = max(x? —&7,0)
vi(Xx) = min(x7,e7)

1 1
IvollZ, + £l I, :/o |Vo(X)20’X+l‘2/0 (v ()2 + vy (x)[2)ax

2 2
a(te) = 7%52’7—5-1 _ 2’}7/7_11.262’7—1 +C
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K-Method(cont.)

Minimize g(t; ) over ¢.
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K-Method(cont.)

Minimize g(t; ) over ¢.

/

R
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K-Method(cont.)

Minimize g(t; ) over ¢.

/

g'(te) = 22y + 1)y 2y 2R21-2 _

v+ 1
gives
Dy
=@ 1y - O
2
g//(t; 6) _ 4(2:::::;:)'7 627—1 - 2,72(7 _ 1)t2€2'y—3 > 0.
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K-Method(cont.)

Minimize g(t; ) over ¢.

/

g'(te) = 22y + 1)y 2y 2R21-2 _

v+ 1
gives
R
=W 3G 1) it
2
g”(t; 6) _ 4(27 + 1)'7 627—1 B 2,72(7 o 1)t2€2'y—3 > 0.
v+1

Therefore

2y
+1)

2
(C1 t)2'y+1 o ’771.2(01 t)2'yf1 +C= C2t2’y+1

Il;lfg(t;s): 5 2y — 1
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K-Method(cont.)

Minimize g(t; ) over ¢.

g'(te) = 22y + 1)y 2y 2R21-2 _

v+ 1
gives
R
=W 3G 1) it
2
g”(t; 6) _ 4(27 + 1)'7 627—1 B 2,72(7 o 1)t2€2'y—3 > 0.
v+1

Therefore

2y
+1)

2
(C1 t)2'y+1 o ’771.2(01 t)2'yf1 +C= C2t2’y+1

Il;lfg(t;s): 5 2y — 1

Hence
K(t;v)? < Cot?o 3,
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Application of Interpolation theorem

Then

1 1
/t—(29+1)K(t;v)2dt</ 20+ gt < oo,
0 0

if2la-0+1)>-1=0<3+a
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Application of Interpolation theorem

Then

1 1
/ t~COHNK(t; v)2at </ 20+ gt < oo,
0 0
if2la-0+1)>-1=0<3+a
This implies
o+1 0 3
v(x) =x eH,f0r9<§+a,
— u(x) = x*T2 € H3 1 fora e (—g,—%).
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Application of Interpolation theorem

Then

1 1
/t—(29+1)K(t;v)2dt</ 20+ gt < oo,
0 0

if2la-0+1)>-1=0<3+a
This implies

v(x) = x>t e H for g < o o,

2
3 1
— u(x) = x*T2 € H3 1 fora e (_5’_5)'
Then we can estimate the error as h — 0 in
U — Upllr < C3 O CLR? ||| 0. (7)
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Thank you!
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