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Matrix Function

Let M be a diagonalizable matrix
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Matrix Function

Let M be a diagonalizable matrix

A1
A
M=XDX' with D= 2

An

X non-singular matrix.
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Matrix Function

Let M be a diagonalizable matrix

A1
A2

M=XDX"" with D=
An

X non-singular matrix.
Let f be a scalar function well defined on the spectrum of M.
Set

(A1)

f(M) = XF(D)X~1 with  f(D) = (%)

f(M) is well defined.
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Inner Products
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Inner Products

Let X = (R",(.,.)x) be a Hilbert space with inner product

n

(X Y)x =D (ei €)xXiy.
=1
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Inner Products

Let X = (R",(.,.)x) be a Hilbert space with inner product

n
(X Y)x =D (ei €)xXiy.
ij=1
M is given by
M = (M,j) with M,‘j = (e,-, ej)x,
and we have

(X, ¥)x =y Mx = (Mx, ).
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Inner Products

Let X = (R",(.,.)x) be a Hilbert space with inner product

n
(X Y)x =D (ei €)xXiy.
ij=1
M is given by
M = (M,j) with M,‘j = (e,-, ej)x,
and we have

(X, ¥)x = yTMx = (Mx, ).
In general, M, symmetric and positive definite, defines

(x,¥)x = (Mx, y)

Hence, X = (R",(.,.)x) a Hilbert space.
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The Dual Norm

Let f € R".
For the dual norm
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The Dual Norm

Let f € R".
For the dual norm

(F.x)
f||x+ := sup
7l == sup 1oy
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The Dual Norm

Let f € R".
For the dual norm

(f, x)
f * L= SUp
I7llx- == sup 1
2 —1/2 2
2 <f7X> _ <f7M X>
= 17l = sUp 7 S (MM, M-172x)
2
(f,M~"/2x) —1/24 pp—1/2
= su = (M~/2f M~1/2f
U T xx) < )
= (M, f)
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The Dual Norm

Let f € R".
For the dual norm

(f, x)
f * L= SUp
I7llx- == sup 1
2 —1/2 2
2 <f7X> _ <f7M X>
= 17l = sUp 7 S (MM, M-172x)
2
(f,M~"/2x) —1/24 pp—1/2
= su = (M~/2f M~1/2f
U T xx) < )
= (M, f)

Therefore, X* = (R",(.,.)x~) is dual Hilbert space.
M~ represents dual norm.
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Sum and Intersection

Let My and My be symmetric and positive definite matrices
defining

(va)Xo:<M0X7y>’ (X7y)X1 :<M1X7.y>
Hilbert spaces Xy = (R", (.,.)x,) and Xy = (R", (., .)x, )-
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Sum and Intersection

Let My and My be symmetric and positive definite matrices
defining
(va)Xo:<M0X7y>’ (X7y)X1 :<M1X7.y>

Hilbert spaces Xy = (R", (.,.)x,) and Xy = (R", (., .)x, )-
Norms of Xy + X7 and Xo N Xj given by

2 o 2 2
X [5%+x, = x:'x?f+x1(||X°||Xo + [Ix1[l%,);

2 2 2
IX[Bxnx, = IX11% + [1x 11, -
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Sum and Intersection(cont.)

Associated with

(X7y)X0+X1 = <(I\/IO_1 + M1_1)_1X7.y>
(X, Y)xonx, = (Mo + M1)x, y) (1)
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Sum and Intersection(cont.)

Associated with

(X7y)X0+X1 = <(I\/IO_1 + M1_1)_1X7.y>
(X, Y)xonx, = (Mo + M1)x, y) (1)

Hilbert spaces Xy + X1 = (R”, (., .)x,+x,) and
XoN Xy = (Rn, (., ‘)Xomx1)'
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Sum and Intersection(cont.)

Associated with
(X7.y)X0+X1 = <(I\/’0_‘I + M‘I_1)_1X7.y>
(X Y)xonx; = (Mo + My)x, y) (1)

Hilbert spaces Xy + X1 = (R”, (., .)x,+x,) and

XoN Xy = (Rn, (., ‘)Xomx1)'
From (1) follows

(X Y)o+x) = (XY )xznx:
(X V) xonx)s = (X ¥)xg+x;
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Sum and Intersection(cont.)

Associated with

(X7y)X0+X1 = <(I\/IO_1 + M1_1)_1X7.y>
(X, Y)xonx, = (Mo + M1)x, y) (1)

Hilbert spaces Xy + X1 = (R”, (., .)x,+x,) and

XoN Xy = (Rn, (., ‘)Xomx1)'
From (1) follows

(X Y)o+x) = (XY )xznx:
(X V) xonx)s = (X ¥)xg+x;

Hence,

(Xo —|—X1)* = Xg ﬂX1* and (Xo ﬂX1)* = XS +X1*.
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Interpolation Theorem

Let T : R" — R with
ITxllv, < collxllx, @and [ Tx[ly, < ctlix|lx

where the norms ||.||x, and ||.||y, are the norms associated to
the inner products:

(x,¥)x = (Mix,y) and (x,y)y, = (Nix, y) for i=0,1.
Then,
I T vov, < max(co, o1)lIXlxpx-
and

| T vyny, < max(Co, C1)||X| x,nx, -
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Interpolation Theorem

Let T: R"” — R" with
1Ty, = iy (HyoHyo +yil%),
< _ X (\|Tx0||y0 + HTx1\|y1) (Particular decomposition)
S f+ (c ||X0||x0 + cElxl1%,);
< max(c§, cf) N (I1Xoll% + I1%111%,):
= max(c§. ¢7)||X|I5 -
L]

The proof of the second estimate is straight forward.
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Generalized eigenvalue problem:

Consider
My "Mix = Ax

My ' M; self adjoint and positive definite w.r.t (., .)x,-
{ei:i=1,2,...,n} is an orthonormal basis of eigenvectors with
(e,-, ej)xo = (5,']'.
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Generalized eigenvalue problem:

Consider
My "Mix = Ax

M; ' My self adjoint and positive definite w.rt (.,.)x .

0 " 0 0 0
{ei:i=1,2,...,n} is an orthonormal basis of eigenvectors with
(e,-, ej)xo = (5,']'.

Each vector x € R" can be written as x = }_7_; X;e;.
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Generalized eigenvalue problem:

Consider
My "Mix = Ax

My ' M; self adjoint and positive definite w.r.t (., .)x,-
{ei:i=1,2,...,n} is an orthonormal basis of eigenvectors with
(e,-, ej)xo = (5,']'.

Each vector x € R" can be written as x = }_7_; X;e;.

Then

n n
2 c2 2 c2
X%, =D _ %% and [Ix[%, = > \x’.
i=1 i=1
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Generalized eigenvalue problem:

Consider
My "Mix = Ax

My ' M; self adjoint and positive definite w.r.t (., .)x,-
{ei:i=1,2,...,n} is an orthonormal basis of eigenvectors with

(e,-, ej)xo = (5,']'.
Each vector x € R" can be written as x = }_7_; X;e;.
Then

n n
2 c2 2 c2
X%, =D _ %% and [Ix[%, = > \x’.
i=1 i=1

Moreover,

n

n
A.
2 .2 2 .2
XN %+x, = Z 1 +I)\iXi and [[x|[%,nx, = 2(1 + X"
i=1

i=1
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Justification

We justify the sum and intersection norms as
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Justification

We justify the sum and intersection norms as

The justification for intersection norm is forward.
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The norm |||

For each 6 € [0, 1], introduce a norm by

n

X115 =D A%P. (2)

i=1
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The norm |||

For each 6 € [0, 1], introduce a norm by

n

X115 =D A%P. (2)

i=1
Observe

[Ix[lo = lIxllx, and [Ix[l+ = [[x[[x;-
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The norm |||

For each 6 € [0, 1], introduce a norm by

n

X115 =D A%P. (2)
i=1

Observe

[Ix[lo = lIxllx, and [Ix[l+ = [[x[[x;-

So, we have introduced normed space Xy = (R”, ||.||o)-
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First representation of the norm ||.|

We have
(My MMy Y (M P ) = MMy Pey).
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First representation of the norm ||.|

We have
(Mg 2y M V2V (M P ep) = MM Pe).
Then
<(M0_1/2M1 M_1/2)9M1/26,, M1/ze,>
— (M) P e, My Pe)) = N5
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First representation of the norm ||.|

We have
(Mg 2y M V2V (M P ep) = MM Pe).
Then
<(M0_1/2M1 M_1/2)9M1/26,, M1/Zej>
— (M) P e, My Pe)) = N5
Implies

n

. —1/2 —1/2\0p1/2 pg1/2
Z/\:e 7= (M / Mi M, / )HMO/ X, Mo/ X)
i=1
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First representation of the norm ||.|

We have
(Mg 2y M V2V (M P ep) = MM Pe).
Then
<(M0_1/2M1 M_1/2)9M1/26,, M1/ze,>
— (M) P e, My Pe)) = N5

Implies
n
N —1/2 —1/2v0 0 g1/20 pg1/2
Z/\? 2 = (M, / Mi M, / )HMO/ X, Mo/ X)
i=1

||.||x, associated norm to the inner product

(X, ¥)x, = (Mpx, y) with My = MY2(My 2 My M V12)0 M) /2,

Hilbert space X = (R”, (.,.))x,
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Second Representation of the norm

Let 6 < (0,1).
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Second Representation of the norm

Letd € (0,1).
Then, from equation (2), definition of ||.|| x,, and identity

00 t7(20+1) 0 oo g1-26 0
/ ﬁdt:)\l / 1 2dS:)\iCQ,
o T+1t72) 0 +S
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Second Representation of the norm

Letd € (0,1).
Then, from equation (2), definition of ||.|| x,, and identity

00 t7(20+1) 0 oo g1-26 0
/ ﬁdt:)\l / 1 2dS:)\iCQ,
o T+1t72) 0 +S

(Substitution rule for s = /\;t)

Abiy D. Zeleke and Bahru T. Leyew Interpolation in R"



Second Representation of the norm

Letd € (0,1).
Then, from equation (2), definition of ||.|| x,, and identity

00 t7(20+1) 0 oo g1-26 0
/ ﬁdt:)\l / 1 2dS:)\iCQ,
o T+1t72) 0 +S

(Substitution rule for s = /\;t)
where

™

= 2sin(fr)’
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Second Representation of the norm

Letd € (0,1).
Then, from equation (2), definition of ||.|| x,, and identity

o 4—(20+1) 0 o120
/ tdt:)\?/ S ds—)\909,
0 0

1+ t2\" 1+ 82
(Substitution rule for s = /\;t)
where
Cr — T
™ 2sin(or)’
Then

$—(20+1)

n
2 1 o2
IxIf, = 3205 = ¢ Z/ T
1=

o 1
=cr t(29+1) 7'\2dt
b /o Z1+1r 2)\-T X
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Second Representation of the norm (cont.)

n n

Z t/\/ A2
1+t2)\‘1' 1+t2)\

— (M + 2M ) x,x)

_ 2 2
- quxr;gX1(r\xOr\xo +Exl,)
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Second Representation of the norm (cont.)

n n

Z t/\/ A2
1+t2)\‘1' 1+t2)\

= (M +t72M; 1) Tx, x)
B 2 2
= X:'xﬂ]ix1(”x"”xo + k)

Therefore,

IXIB = —1/0 @D K (1 x)2dlt
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Second Representation of the norm (cont.)

n n

= x:lxr;Ln(HXOHXO + 12 xq ||§(1)
Therefore,
XI5 = ¢ /OOO DK (t x)2dt
with

. _ ; 2 2 2 \1/2
K(tx) = it (bl + )2,
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Interpolation Theorem (cont.)

Theorem
Let T : R" — R™ with

ITxllv, < collxllx, @and [ Tx[ly, < ctlix|lx;

where the norms ||.|| x. and ||.||y, are the norms associated to
the inner products:

(x,¥)x, = (Mix,y) and (x, y)y, = (Nix, y) for i=0,1.
Then, for Xy = [Xo, X1]o and Yy = [Yo, Y1]o, we have

1-0 0
ITxly, < co"crllxllx,-
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Interpolation Theorem (cont.)

o0
7%, =o' [ 2t int (el + Bl et

o0
1 /0 e int (1Tl + 21Tl )t

(Particular decomposmon.)

(e}
1 201 2
<qt [TeEt int (Gl + of el ),

C
—de;" [Te@ ot <||xO||§<0+(C;) £xs % et

X=Xp+

c 20 ] 0o
2 — —20—1 . 2 2 2
_ (CO) G [ s it (Il + Il

2

X=Xo+Xq
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Thank you!
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