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Intermediate Spaces

Banach spaces Xp and Xj with norms || - ||x. in X, i = 0,1
Intersection Xy N Xi: Banach space wrt the norm
”u”Xoﬁxl = maX{HUHXo’ HUHX1}

Algebraic sum Xo + X1 = {u=up+ u1 : up € Xo, 11 € X1}:
Banach space wrt the norm

lullxo+xa = inf {lluollxo + [lusllx }

XonNXy — X;j— Xo+ Xq fori=0,1

Definition

A Banach space X is called intermediate between Xy and Xj if
there exist the embeddings

XoN Xy — X — Xo+ X
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The J and K norms

Equivalent norms to || - ||x,nx, and || - || xp+x;:

J(t; u) = max{|lullx,, tl]ullx }

K(t;u)= _inf {[luollx, + tlluzllx, }
=up+up

u

for each t > 0 fixed are continuous and monotonically increasing
functions with

min{17 t}HUHXoﬁXl < J(t; U) < max{l, t}||u||XoﬁX1 (1)
min{L, thlullxo e < K(t0) < max{L thlullxoex,  (2)

t
K(t; u) < min{1, g}J(s; u) (forue XonNXy,t,s>0) (3)

J(t,u) is a convex function of t

Monika Kowalska Interpolation Spaces - The J-method



Intermediate Spaces and Interpolation Intermediate Spaces and the J and K norms

The K-method
A Discrete Version of the K-method

The K-method

If 0 <f<1and 1< g < oo we denote by
(X0, X1)0,q:x
the space of all v € Xy + X7 such that the function
t — tK(t; u)

belongs to LY.
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Theorem

If and only if either1 < g<o00,0<f<lorg=1,0<6<1,
then (Xo, X1)o,q:x is a nontrivial Banach space with norm

1
oory—0 . dt\ g .
lullo,q:x = (Jo K (t: Hg]th)q ’f_l <g<oo
€ss supg<rcoott "K(t;u)}  if g =o0.
Furthermore,

[ull6,q:K
min{L, t}{| s

lullxo4x < T < [lullxorx (4)

so that

Xo N X1 — (Xo, X1)p,q:k — Xo + X1

Otherwise (Xo, X1)9,q:x = {0}
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A Discrete Version of the K-method

Theorem

For each integer i let

Then u € (Xo, X1)s,q:x if and only if the sequence

{277 Ki(u)}2 o

belongs to the space £9. Moreover, the ¢9-norm of that sequence is
equivalent to ||ul|g,q:k -

Proof motivation (for 1 < g < oo):

21+1

ulld o = /0 C (0K (8 ) Z / K (5 )
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The J-method

If0<6<1and1<g< oo we denote by

(X0, X1)0,4:4

the space of all v € Xy + Xi such that

u:/ooof(t)dtt

for some
f e L1(0,00;dt/t, Xo + X1)
having values in Xp N Xj and such that the real-valued function
t—t 0t )

belongs to L{.
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Theorem

Ifeitherl < g<oo,0<f<lorg=10<6<1, then
(Xo, X1)0,q:s s @ nontrivial Banach space with norm

lullo.gis = inf 11E~*J(8 F(D)les,

where S(u) = {f € L1(0,00;dt/t, Xo + X1) : u = [;° f(t)%}.
Furthermore,

lullxox < 1E70 min{1L, t}]] o l|u ullxonx,  (5)

so that

XoN X1 — (X(),X]_)@}q;_] — Xp + Xi.
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Theorem - Proof (1)

Proof of ||lul|x,+x, < [|t77 min{1, t}HLi/HUHQ’q;J:

Let f € S(u). By (2) and (3) with t =1 and s = 7 we have

() lxo+x < K(1, f(7)) < min{1, %}J(ﬂ f(r)). (6

By the triangle inequality (|| - || x,+x, is @ norm), by (6) and if
% + % = 1, by Holder's inequality it follows

* dr < 1 dr
Jullxor < [ 1F o S < [ min{t, Thtr A
0 T 0 T T

e 1 dr
| min1, 2y st ) S
. 1 _
< 7 min{L, >0 1608 ()
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Theorem - Proof (II)

The inequality holds for all f € S(u) (hence also for the infimum of
them). Together with setting 7 = % in |7 min{1, %}HLT' which is
finite, if 8 and q satisfy the conditions of the theorem, we have that

0

lullxo+xe < &7 min{L, e} o [|ullo,q:0-

Proof of |[t=¢ min{1, tH, o [lul

0,g:0 < llullxonx:
Let u € Xo N X1. Let ¢(t) > 0 satisfy |[t7%¢(t)||,e = 1. By

Holder's inequality it follows

/OO o(r)min{1, 1397 = /OO (1) 07" min{1, 13 &
0 T T 0 T T

_ . 1 : 1
< lr o) g ll7” min{L, =}l,¢ = 7" min{L, Z}||,& < oo
T * T *
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Theorem - Proof (III)

o(t) min{1, 1

i1 = Jo~ o(r) min{1, 1 ar o

then f € S(u) and
¢( )min{L, 1}

J(t; f(t)) = fo Ty min{L, L 1 dTJ(t; u)
¢(t) [ull
< fOOO o(1) min{l&}% XoNX1s

which follows from (1) since max{1, t} = (min{1,1})~1. Hence,
o _ 1. dr
| om)min{l, 2= JIEAE) < e()llvlenx (7)



The J-method The J-method
A Discrete Version of the J-method

Theorem - Proof (V)

By the definition of | - ||9,4.s and by (7) we have

(/ooo ‘“T)"“"{lai}df) ],

</ooo Hr) mind1, l}d) I CHONIE
=< ( /Ooo(t9<z>(r)|ru||xomxl)q‘f)‘l’

. o
_ ( / <t—%(t>)qt) lullxores = lullxonx

t

IN

because ||t ~?¢(t)| s = 1.
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Theorem - Proof (V)

By the converse to Holder's inequality, we get

1. dr

A

Il 0(r)

[e.°]
sup( [ o(r)mind1 =1}
0
o1 o
= ||T9m.n{1,;}|yd, =,_1 [t min{1, t}]|

and we have proven

Htia min{17 t}HLZ’HUH9,q;J < HuHXoﬂxl' u
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A Discrete Version of the J-method

Theorem

An element u of Xy + Xy belongs to (Xo, X1)s,q:s if and only if
u= Z?i_oo u; where the series converges in Xo + X1 and the
sequence

{2*’.9J(2’.; up) }2

i=—o00
belongs to ¢9. In this case

(o)

inf{||{27 002" u) o :u= D u}

i=—o00

is a norm on (Xo, X1)g.q.s equivalent to ||ullg q.,-
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Equivalence Theorem

If0<f<1andl < qg< oo, then

(X0, X1)0,q:0 — (X0, X1)0,q:K

and

(X0, X1)9,q:k — (X0, X1)0,q:-

Therefore,

(X0, X1)0,q:0 = (X0, X1),q:K

i.e. the two corresponding norms are equivalent.
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Equivalence Theorem - Proof (1)

Proof of (Xo,X1)97q;J — (Xo, X1)9,q;K:

Let u = fooo f(S)% S (X07X1)9,q;J-
Since K(t,-) is a norm on Xp + X1, we have that

tK(t;u) < t‘e/ooO K(t; f(s))é

S
& d
<t [ minfL, Sputsi ) S
0 S S

00 —0
:/0 (4) min{1,£}s—9J(s;f(s))§
= [t min{1, t}] = [t~ J(¢; F(1))].
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Equivalence Theorem - Proof (I1)

By Young's inequality for convolution, we obtain

lullogx =t K(t; )l
< e~ min{1, t}|pa [£70S(E; £(2))]1o
= Cyqllullo,q.s-
Proof of (Xo, X1),q;k — (X0, X1)s,q:s: using discrete versions of
the J and K methods.

Let u € (Xo, X1)s,q:k- By the definition of K(t; u), for each integer
i there exist v; € Xp and w; € Xj such that

u=vi+w and ||vi]lx, +2|wilx, <2K(2';u).
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Equivalence Theorem

Equivalence Theorem - Proof (I11)

Then {277||v;||x, } and {27792/ w;| x,} belong to ¢9 and have
¢9-norm bounded by a constant times ||ul|g q:k.
We have

0=u—u=(Viy1 +wip1) = (vi + w;) = (vig1 — vi) + (Wir1 — w;)

= Vigl — Vi = Wi — Wjy1.
Let u; = vj41 — v; for all integers i. Therefore,
Ujp = Viy1 — Vi = Wi — Wiy,

and {279u;||x, } € ¢9 and {277927||u;||x, } € ¢9 have £9-norm
bounded by a constant times ||ullg.q.k. So, {2770 J(2%; u;)} € £9
and has /9-norm bounded by a constant times ||ug,q:k-
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Equivalence Theorem - Proof (V)

Since £9 C ¢, {27079 ||w;||x, } is bounded even though
20(1=9) — o0 as j — o0. So, ||wj|x, — 0 asj — oco. Since

J
§ U = Wo — Wjt1,
i=0

the half series > "7° u;j converges to wp in X7 and hence in Xp + Xi.

Similary, the half series Z,_:l_oo u; converges to vp in Xg and hence

in Xo + X1. Altogether, the full series Y~7° __ u; converges to
vwt+wy=u in Xp-+ Xi,
and we have

Nullo,gis < caisers {270 (27 ui)}Hlea < Cllullo.q;k- L
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Interpolation Spaces

Let P = {Xo, X1} and Q = { Y0, Y1} be two interpolation pairs of
Banach spaces, let operator T : Xg + X1 — Yo + Yi be bounded
and linear with

| Tuilly, < Milluillx;, Vui€Xi (i=0,1).

If X and Y are intermediate spaces for P and @ and if every such
linear operator T maps X into Y with norm M satisfying

M < CM3OMY, (8)

where constant C > 1 is independent of T and 0 < 4 <1, then X
and Y are called interpolation spaces of type 6 for P and Q.

The interpolation spaces X and Y are exact if (6) holds with
C=1.1FXo="Yy, X1 = Y1, X=Y and T =/, then C =1 for
all 0 < 0 <1, so no smaller C is possible in (6).
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An Exact Interpolation Theorem

Let P = {Xo, X1} and Q = { Yo, Y1} be two interpolation pairs of

Banach spaces.

(a) Ifeither0 <0 <1, 1<g<o0or0<6<1,q=o0, then the
intermediate spaces (Xo, X1)a,q:k and (Yo, Y1)p,q:k are exact
interpolation spaces of type 0 for P and Q.

(b) Ifeither0<f0<1,1<g<o0or0<6<1,q=1, then the
intermediate spaces (Xo, X1)o,q:s and (Yo, Y1),q.s are exact
interpolation spaces of type 0 for P and Q.
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