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ABSTRACT. The topic of this report is taken from our presentations in the
seminar Interpolation Spaces and Applications in Numerical Analysis at the
Institute of Computational Mathematics, JKU Linz. The report deals with
preconditioning, Jackson’s and Bernstein’s inequalities in Sobolev-Slobodecki
spaces and multilevel representation of the H*-norm. The subject matter is
taken from lectures of Bramble. Moreover, the reader is referred to have a look
at [2] and [4] for more details.

1. PRECONDITIONING

1.1. Existence and uniqueness of a variational problem. We consider the
variational problem: Find u € H}(£2) such that

(1) alu,p) = (f,¢) Ve € Hy(Q) =V
for a given f € (H}(R2))* = H~1(Q). In the following, we assume that the bilinear
form

a('a')5V0 X%HR

is symmetric, Vp-elliptic and Vg-bounded, which guarantees the existence of a unique
solution of the variational problem (by the Lax-Milgram theorem).

1.2. Galerkin approximation. Let M, C H}(Q) be a finite dimensional sub-
space. Then we have the following Galerkin scheme: Find u; € M}, such that

a(un,en) = (f,n) Ve € My =: M.
Let {%}z‘:m be a basis for M. Inserting the representation

dim Mh

Up = E Ui P
i=1

into the equation above leads to

dith
Z Uia(@i,(,@j) = <fa <pj>7 .7: 17dith

=1
Ahyh = ih’

where A, has the entries a(yi, ¢;), w, the entries u; and f, the entries (f, ;).

1.3. Spectral condition number and preconditioning. Due to our assump-
tions on the bilinear form a(-, -), our matrix A, is symmetric positive definite and we
get the following (basis dependent) condition number by choosing a nodal FE-basis:
Amax(4,)
k(A ) =condy(A ) = ——=2" = O(L™2).
(4,) 4,) = Sty = o
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Other approach: Define the symmetric positive definite (SPD) operator Ay, : M} —
Mj; by

(Anun, on) ) = alun, on)  Yun, on € My
and the (basis independent) operator condition number is

= o =007

1.4. Properties of a preconditioner. Let B;l : Mj — M, be another SPD
operator. A “good preconditioner” should have the following properties:

e the action of B;l on M} is “cheap”
e the condition number k(B; ' Ap) << r(Ap)

Two extreme cases:
. Bgl = Iy - cheap, but the second property is not valid
e B, ' = A;' - we have that x(B; 'A,) = k(1)) = 1, but that’s not cheap
In the following, we will use the notation: A; = A, B, = B.
Proposition 1. Suppose there exist constants c1,co > 0 with
(2) c1(Bv,v) < (Av,v) < ¢o(Bv,v)  Yv € M.
Then k(B~YA) < ca/ey.

2. PRELIMINARIES
2.1. Geometry and Mesh. Bounded domain 2 C R? (here d = 2)
Family of meshes {7} }ren with meshsize hy,
e Triangulation with triangles

: : : maxy hy
e global quasi uniform (i.e gk < c)

e nested dyadic refinement
(3) 1278 < hyp <27k
Familiy of nested finite element spaces { M}, }ren
My CMyCMsC...CMyC...CHY(Q) =V
where each space M}, corresponds to S,}Lk (set of continuous, piecewise linear func-
tions).
3. JACKSON’S AND BERNSTEIN’S INEQUALITIES IN SOBOLEV-SLOBODECKI

SPACES

Let {Qk}ren be a family of Lo-projections, where Qy, : La(Q2) — My, and Qy, is
defined by
(4) (Qru, or)o = (u; @r)o,  Vor € My, Yu € La(9).
Additionally, it should be valid

(Qru, or)o = (u, 0x), Vor € My, Yu e V™,

where we have the notation || - [lo = [| - || z,(@) and (+,-)o = (-, ") Lo ()-

Lemma 1. For the sequence {Q;}ien of La-projection operators we have the fol-
lowing properties:

(1) Qru e My
(2) QrQj = Q;Qk = Qumin{k,j}
(3) 1Qkll =1
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Proof. We have to distinguish three cases: For u; € M;, we have Q;v; = v; € M;
and therefore Q;Q;v = Q;v for all v € Lo(Q). In the case j < k we have M; C Mj.
Then Qv € M; C My, and QrQ;v = Q;v. In the case j < k we have

(Qk’l},’l)j)o = (’U,’Uj)o, V’Uj c Mj
and therefore

(QrQjv,vr)o = (Qjv,vk)0 = (v,vk)o = (Qrv,vk)o, Vi € My C M;.
The last property follows from

[Qrullo = 1Q7ullo < |Qk I Qrullo-

Lemma 2 (Jackson’s (approximation) inequalities). We have

(1) (I = @r)ullo < chilullz, Vu € H*(€)

(2) (I = Qr)ullo <1-lullo, Vu € Ly(2)

(3) I = Quullo < c*hillull2s,  Vu € H**(Q)
with H*(Q) = [L2(Q), H2(Q)]s, 0 < s < 1.
Proof. (1): We have

11 = Qr)ulls = (I = Qx)u, (I = Qr)u)o = ((I = Qr)u,u — Qruo
= (I = @r)u,u = wr)o < (I = Qr)ullollu = prllo

for all ¢ € My, where we have used (4). Hence

17 = @rJullo = inf Jlu— @xllo-

With ¢ being the interpolant of u, we obtam

inf — < ch?
Jinf =il < il

for all u € H%(Q), which proves statement (1).
(2): By (1) and taking ¢, = 0 € My, we get
I(I = Qr)ullo < inf lu—ppllo < flu—0[o=1-ullo
Pr €My

for all w € Lo(92).
(3): By applying the space interpolation theorem (for more details, see [1]) with
(1) and (2), we obtain

I(1 = Qr)ullo < 117°(chg)*[[ull2s = c* A |Jull2s
for all u € H?(Q).
Altogether, we have proven

11 = Qr)ullo < chi[lull2s

for all u € H*(Q) with 0 < s < 1. O

As next, we want to prove Bernstein’s inequalities. For that, we need an impor-
tant tool: the convexity inequality.

Lemma 3 (Convexity inequality). For Xo C X C X; with X = [Xo, X1]spx we
have

lullx < espllullillullk,, Yue X!
with

1
1 p
Csp = (pS(l—S)) 1<p<oo
1 ,p = 00.
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Proof. Proof for 0 < s < 1,1 <p< oc:

lal = Nl xop,

o dt
:/ TPEKP(tu)—
0 t
¢ s dt >
= t? Kp(t;u)7+ t P KP(t;u)—
0 @

* dt e dt
S A A
0 «

[0 oo
= [Cerrtaul, + el
0 e

1
p(l—

dt
t

1
(1—s) P — P
o ul, s P llull’,

Choose « such that
P i, = a7 ullk,

Hence, a = ”Z”;“ . Inserting « into the inequality before leads to
1
1— _
Hu”p < 1 (HuHXo)p( ¥ Hu”P + i (|U||XO> e Hu”P
A p(l =) \ul i [[ul| x, o
(1— 1-
- - )H all3, ™l + || ||”< lul%,
-
ps( ooy el
1
— fulx < (5isy) " Iulli lulls, Vo€ X
The proof for p = oo is analogous and is left to the reader. O

For proving Bernstein’s inequalities, we need the logarithmic convexity inequality
with X = Lo(Q) and X; = H'(Q), i.e.

Lemma 4 (Logarithmic convexity inequality).
lulls < esallullo™*llulli, Vue H'(Q)

thh 08,2 == m.

Here, H*(2) = [Lo(Q), H'(Q)], and
[ull2 = NullFre ) = llullf + D (1Dul3,
|a]=1
where s=1+Fand 0 < 8 < % Now, we can prove Bernstein’s inequalities.

Lemma 5 (Bernstein’s (inverse) inequalities). There exists a constant ¢ > 0 such
that
llulls < chy*llullo, VYu e My
for0<s< %
Proof. Case 1: 0 < s < 1:

For s = 1, we use a statement from the lectures of Numerical Methods for Elliptic
Partial Differential Equations, i.e.

lullr < chytullo, Yu € My.
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Together with the logarithmic convexity inequality from Lemma 4, we obtain

lulls < esallulle™ llull}
< esallullo™ (i llullo)®
< es20 Ry lullg™ ullf
= chy*[lullo
with a constant ¢ > 0.
Case2: 1 <s<1+ [ with0< < 3:

It is to show that we have for all piecewise constant functions over each triangle in
T

wllg < chy,?[lwllo-

The norm is defined by
fulla = [+ K 6wy
0

with

K2(tw) = ot (o= ol + o]f)

(for more information, see Seminar 01 and Seminar 02). Now, we have to consider
the two limit cases, i.e. ¢ around zero and ¢ around infinity. For that, we split the
integral into two integrals.

(a) t around infinity:

oo LS
[rrmtewwa = [T e el 2l
hi R vEHH (D)

o0
< / 1720 g 2
h

by choosing v = 0 in the last step. Hence,
% 2p—1g2  ap1 2 L2, 19
CER )t < [ P it wll? = Sk )2
b R, 20

00,93 —2
So, [t K2 (tw)dt < chy 7 ||wlf3.
(b) t around zero:
We have a look at the integral

hi
/ t=2 K2 (4 w)dt.
0

The aim is to find a proper v € H'(Q) such that K?(¢;w) is around 0, for ¢ around
0. For that, we take a fixed triangle 7; and define, for ¢ < hy, a smooth function ¢;
on () as follows:

0 ,zemwn

diz) = { 1 dist(z,07;) > t.

Then, |V¢;| < ct~! with a constant ¢ > 0. We take

v = Z¢zwa
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where w is piecewise constant and v € H'. Then, we have

fwo=vly = [ o=oPdo= [ w-owfs

< [ - oPuPdr< [ 1ol

i k3

= Imilllwlli ) < chatlwlf -,

and
[0l En = 0, + 1VOIZ, 0

= giwll7, () + VS0l

<1l + [ et 2delulf

i
< ||w||2Lz(n‘) + Chkt—lllwniw(ﬂ)'
So, we have

Kitw) = b (=l +2]0)

< (lw = vl + Pl )

3

for our choice v =", ¢;w, and therefore

K2(tw) <Y clutlwl} iy + S (w0l + clit ™l )

= chi hitlwlll iy + 62 Y (lwlL, ) + chy Bt wlZ )
% %

< ChﬁltHwH%Q(Q) + 2 (Jlwl|7, o) + Chzzlt_lan%z(Q))
= chi w7, ) + P lwllF, ) + chy tHwl?, o
< chi'twl|?, ) + by Hlwllg, @) + by tlwlz, g
because t < hy and hy, <1< h,;l. So, t2 < hyt < h;lt. Altogether, we obtain

K2 (t;w) < chy 'tllwll, o)

and
hk hk
/ t=20 K2 (4 w)dt g/o t720 7 eh M |w||3dt
0
hi
:ch,jl/ t=2Bdt|w|)?
0
1
_ —1 1-2p3 2
= el r gttt
and so

hi
/ t=2P VK2 (tw)dt < chy 20 ||lw)|2.
0
Now, we put the two integrals from (a) and (b) together and get

00 hi
/ t‘25—1K2(t;w)dt+/ 2 KA (fw)d < chi w3
Ry 0

and finally,
lwlls < ehilllwllo,
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with a constant ¢ > 0 for all piecewise constant functions w. This proves our
statement of case 2 and hence, together with case 1, we have proven the whole
lemma. (|

Remark 1. Altogether, we have that
M, € H3?7¢(Q)
for any small € > 0, but My ¢ H%(Q)

4. MULTILEVEL REPRESENTATION OF THE H®-NORM AND PRECONTIONING

We introduce another family of Lo projectors, that turn out to be more suited
since they impose an orthogonal splitting of the space Lo(2).

Definition 1.
Dy =01

Dy, ::Qk_Qk}—h k:2737

Lemma 6. For the sequence {Dy}ren of Lo projection operators we have the fol-
lowing properties:

(1) Dku S Mk
(2) DpDj =0 for k # j (orthogonality property).
(3) DDy = Dy, (projection property).
(4) Dy is self-adjoint in L*(Q), i.e (Dyxu,v)o = (Dgv,u)o.
Proof. Since Qru € My, and Qp_1u € My_1 C My, we have Dyu = Qpu — Qp_1u €
Mj,. The projection property follows from

Di = (Qr—Qr-1)> = Qf — Qr1Qkr — QrQr—1 + QF_,
=Qk — Q-1 — Qr—1+Qr—1 =Qk — Qr—1 = Dy.

Next without loss of generality we assume k > j.

DyDj = (Qr — Qr-1)(Q; — Qj—1) = QuQj — Qu—1Q; — QrQj—1 + Qr—1Q;—1
=Q;—Q; —Qj—1+Q;—1=0
Finally we have
(Dru,v)o = (Qru, v)o — (Qr-1u,v)o = (Qrv, w)o — (Qr-1v,u)o = (Dkv, u)o.
O
Hence we can conclude, that Dy, is an orthogonal projector wrt (-,-)o. Using
this family of orthogonal projectors Dy we can give an orthogonal decomposition
of LQ(Q)
Corollary 1 (Orthogonal decomposition of Lo(£2)). We have
(1) L2(Q2) = > 1en Ok, where Op = {¢ 1 ¢ = Dyu,u € Ly(Q)}

(2) u= ),y Dru in Ly-sense.
(3) ullg = Xpen IDrullg,  Vu € La(2)

Proof. First we observe by evaluating a telescoping sum that Z?Zl Dru = Q.
Hence we have

k
k—
lu =" Dyullo = [lu = Qxullo == 0
j=1
Furthermore from the orthogonality property we conclude

lullg = 11> Dyulld = > (Dju, Dyu)o = > (Dju, Dju)o = > [|Djul3.

jEN JEN kEN jEN jEN
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Furthermore we can prove corresponding approximation and inverse inequality
in terms of variants of Jackson’s and Bernstein’s inequality for the orthogonal pro-
jectors Dy.

Lemma 7 (Approximation properties). We have
[Drullo < chillulls,  Vu € H*()
for0<s<2.
Proof.
[Drullo = 1(Qk — Qe-1)ullo = [(Qr — QuQr-1)ullo < |QulllI(I — Qr-1)ullo

< cshi_qllulls < e2°hi[lulls

Indeed, choosing u = Dyv € H*(Q) for 0 < s < 3 we obtain a weaker result.
(5) [1Drvllo < chi || Dyvlls, Vo € H*(Q)

for 0 < s < % Note, that the structural similarity of (5) to the following inverse
inequality allows us to combine these two results in Lemma 9.

Lemma 8 (Inverse inequalities). We have
| Dyl < chi* | Dyullo, Vu € LX(Q)
for0<s< %
Proof. Apply Bernstein’s inequality for Dyu € M. O

Next we want to combine the approximation and inverse inequalities. Indeed
this means to extend the inverse inqualities stated in Lemma 8 to the case |s| < 3.
Therefore we have to introduce Sobolev-Slobodecki spaces for negative indices.

Definition 2. For s > 0 the space H™? is defined by the adjoint space of H?, i.e.
H™* = (H*)*. The associated norm is given by [|ul|—s = sup,¢ g+ %.

The next lemma is the combination of the inverse and approximation properties
of Dk

Lemma 9 (Extended inverse inequalities ). We have
[1Drulls < chi*[[Dyullo,  Yu € La(2)
for |s| < 2.

Proof. 1t remains to prove the inequality for negative s. Therefore let ¢ > 0.

D D Dyu, D
||DkuH—t: sup < kU,(P> = sup ( kua@)o _ ( kU, kSD)O
pert  |lell pert el pemt ol
D
< sup HkinOHDkuHo < chiy || Dyullo

pert el

Lemma 10. We have
(u,v)s < ullstellvlls—e, Vu,v e HS+E(Q)

for|s+e| <2 ande> 0.
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Proof. For this proof we have to recall the representation of scalar products and
norms in terms of the spectral decomposition of some generating operator. (For
details see e.g. Seminar 05, or the corresponding literature [3]).

Let A be the symmetric and positive definite operator defined by the equality

[ull2 = [[Aullo.

Since A is symmetric and positive definite, we have an eigensystem (\;, ¢;)ien of
A, where \; € RT and the {; }ien is orthogonal and complete in Ly(£2). Hence

u=>Y (ueopi Au=> Xi(u,@i)opi
€N i€EN
Additionally we also have a spectral representation for all 0 < s < 2

(uv U)S = Z )‘f(ua Sﬁi)O(U, 901')0

kEN
lull3 = A8l(
keN
This technique can also be extended to the case —2 < s < 0, leading to
Z A (u (v,0i)0, Vs <2.
keN

Now using this spectral representation, the proof can be done in a very easy manner.

s+a s—e

(,0)s = > X (000,000 = D A7 (u,0:)0N, % (v,0:)0
€N 1€N
oA @)ol?, [ AT (@ piol? = Nullsrellolls—
i€N ieN

O

Note, that Lemma 10 will also be used in a very specific regime. Choosing s =0

and € = t, we have (u,v)o < |lull||v||— for [t| < 3. This result also directly follows

by the definition of the dual norm ||v||_; = sup,c g« <\|UH> SUP,c gt (M)l)t“

4.1. The infinite case. By considering a weighted linear combination of the or-
thogonal Ly projection operators Dy, we define the multilevel operatof B?®

s . Z h];2SDk
keN

which induces an equivalent norm in the Sobolev space H?(€2).
Theorem 1 (Equivalent norm in H®). We have
Pllulls < (B*u,u)o < e [ull2,  Vu € H(Q)
for|s| < 3.
Proof. Representation: Using the fact that Dy is a projection, we easily obtain

(B*u,u)o = Y _ hy, > | Dyull3.
keN

Upper bound: For proving the upper bound, we are using the projection and
orthogonality properties of Dy, Lemma 10 for the special case (s =0’ and e = §”)
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and the extended inverse inequality for negative values.

D h P IDull§ = by * (D, D)o = by ** (u, Diuo

keN keN keN
= (u, 3 B Dyu)o < Jullo | S b Dyl -
keN keN
1 1
5 2
= [lulls (ll ZhﬁDkuH%s) = flulls | STID; 3" by Dyl
keN JEN keN
1
2
<clulls | 021D, S mi DR | = cllulls | Y0 82Dsh; w3
jEN keN jeN

clulls | > hy*(1D;ull3
JEN

Chanceling the squareroot term we obtain the upper bound.

Lower bound: For proving the lower bound, we use the decompositon of any Lo
function u = ),y Dru. Note, that this decomposition is orthogonal in L(£2), but
not in H*(€2). Furthermore we use Lemma 10, the extended inverse inequality and
the Ly orthogonality of Dy.

||U’H§ = (u’ u)S = (Z Dku?ZDju)s

keN jEN
=33 (D, Dju)s < 37 1Dgullve | Dyl
keN jEN kEN jeN

<30S b U Dgulloh; C Dyl

kEN jEN

hi\° —s —s

=cZZ(hj€) hy;* | Dwulloh || Djullo

kEN jeN
<> 275k p s Dyulloh; || Djullo

keNjeN

By denoting M = (My;)k jen with My; = 2—¢li=kl and v = (vk)ken with v, =
hy. || Dyullo, we proceed

>SS 27 Hhs | Dpullohy * | Dyullo = (Mo, v)e < ||M]|2vl
keN jeN

Here || - ||;z is the spectral norm given by ||[M|;2 = v/ Amax(MTM), which in-
deed is the appropriate matrix norm of the Euklidean vector norm, i.e. ||Az|;2 <
[IAll;z]|z||;z. Now from Schur’s Lemma [5, Lemma 13.17]

[ M|l < SUPZ | M|
ENjen

we obtain the final estimate. Using property (3) we can conclude that

sup g | Mp;| = sup g 9—cli =k
keN S keN S

Nl
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Evaluating the geometric series (¢ = 27¢ < 1 for £ > 0) yields

Zq\k Jl*ZqJ k+qu J <2Zq

kEN keN
This finishes the proof. U
The next theorem states, that the decomposition of Lo, that realizes the infimum
is essentially u = >, .y Dxu.

Theorem 2. If s > 0, then

S D~ k{z h—%nuuo}
kGN

keEN keN

Proof. Upper bound: Choosing the specific decomposition u; = Dyu.
Lower bound: For proving the lower bound, we first choose any decompostion

u:ZjeNu]
Zh 2s Dkuuo—ZZh 2s (Dru,uj)o

kEN keN jeN
<D h I Dxulollusllo = ZZ( ) hi*1Dxulloh;* us o
keEN jEN keNjeN

Analogous to the proof of Theorem 1, we can rewrite this double sum as a vector-
matrix-vector multiplication and apply Schur’s lemma. Hence

> ( ) hy[[Dxulloh;*[lujllo < (Z h;Z2SIIDkUI3> (Z hzzsllwcll(%)

kEN jeN keN keN

Chanceling the squareroot term we obtain the lower bound, since the decompostion
u was arbitrary. 0

For the inverse operator (B*)~! again a multilevel representation can be given.

Theorem 3 (Inverse Operator). The inverse operator (B*)~1 allows the represen-
tation

(B*)™' =Y h*Dy.
keN
Proof.

)"1B® = ZZh%h 2DD; = ZDk =71

keN jeN keN

d

By using Theorem 1, the multilevel operator B® is bounded and H ®-elliptic. The
inverse operator (B*)~! is bounded and H~* elliptic. In particular, the spectral
equivalence (2) is valid. Hence B?® can be used as a preconditioner resulting in
mesh-independent convergence rates in any appropriate iterative method.
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4.2. The finite case. Let u; € M; with J >> 1.

‘We have
uy —uy =0, for k > J

D = — Wi =
Ry = Qruy — Qr_1uy Diuy. for k<J

By considering a weighted linear combination of the orthogonal Lo projection op-
erators Dy, we define the finite multilevel operatof B®

J

B =Y hy*Dy
k=0

which induces an equivalent norm in the Sobolev space H?(€2).

Corollary 2 (Equivalent norm in M ;). We have

J
luill ~ > h (1 Dkusllf, Vur € My
k=1
for|s| < 3.
Corollary 3. If s > 0, then
J J
S Dl nf 9 Al
k=1 u:zkzl Uk k=1

Remark 2 (Realization). For the H*(Q)) case see e.g. [5, p. 315-319)
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