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Notations

Hilbert spaces
H® Sobolev-Slobodecki space of order s

Scalar products
(s)s = (s ')H’(Q)
(’7 ')0 = ('v ')Lz(ﬂ)

Norms
I lls =1 - [[He()
I llo=1I"lla@

Duality product

<‘7'>
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Geometry and Mesh

Bounded domain Q C RY (here d = 2)
Family of meshes {7 }ken with meshsize hy

@ Triangulation with triangles

. . . max; hk
o global quasi uniform (i.e ming e <c)

0 a2 K< h < 27k (e.g. dyadic decomposition)

Familiy of nested finite element spaces { Mk }ken
MiCMCMsC...CM,C...

where each space M, corresponds to Sﬁk (set of continuous, piecewise linear functions).
Hence
M, C H¥*75(Q)

for any € > 0.
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Multilevel setting

L»-projection

Family of L>-projection {Qx }ken
Qx : L2(Q2) — My and Qy defined by

(Qru, or)o = (U, or)o,  Yeou € My, Yu € L2(Q)

Recall
o Quu e My
0 Q@i = QQk = Qmin{j, k}
o [|Q«ll=1

Lemma (Jackson's (approximation) inequalities)

(I = Qc)ullo < chillulls, Yue H(Q)
for0 <s<2.

Note: ||(/ — Q«)ullo KZ£° 0 even for u € L.

Lemma (Bernstein's (inverse) inequalities)

llulls < ch®llullo,  Vuk € Mi
for0<s < 3.
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An orthogonal decomposition of L,

Definition
D := @1
Dy = Qx— Qr-1, k=2,3,...
We have
Q@ Dyu e M
@ Dy D;j =0 for k # j.
© DDy = Dy.

Q@ Dy is self-adjoint
Dy is an orthogonal projector wrt (-, -)o.
Lemma (Orthogonal decomposition of L2(£2))
0 L2(Q2) = > yen Ok, with O = {¢ : ¢ = Dru,u € L2(Q)}
° u=73 nDkuin Lr-sense.
o [lullg = Xyen 1Dcull§, Vu € La(R)
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Multilevel setting

A version of Jackson's and Bernstein's inequality

Lemma (Approximation properties)

|Dkullo < chillulls, Vu € H(R)
for0 <s<2.

Proof.

I Dicullo = [(Qx — Qu—1)ullo = I(Qk — QxQk-1)ullo < |Q«IIII(/ — Qk—1)ullo
< cshizallulls < 2°hillulls

Indeed, choosing u = Dyv € H*() for 0 < s < 2

[Divllo < chi||Divlls, Vv € H(Q)

for0§s<g.
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Multilevel setting

Inverse inequalities

Lemma (Inverse inequalities)

IDiulls < chi®[|Diullo,  Vu € L*(R)
for0 <s< 3.

Proof.
Apply Bernstein's inequality for Dyu € M.
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11 = € a1 2l
Extension of inverse inqualities
Adjoint space for H®:
e H™® :=(H*)"
o norm ||ul|—s = sup ¢ e %

Combining Jackson's and Bernstein's inequality.

Lemma (Extended inverse inequalities )

IDyulls < ch*[|Diullo,  Vu € L2(Q)

for |s| < 3.
Proof.
Let t > 0.
D, D, Dyu, D,
1Deull e = sup Lk #) g (Detn9do - (Dith Diglo
eert  elle eert  |lelle eent el
1Dl

< sup

| Dicullo < chi||Diullo
pert |lolle
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E——————————uTEeve facthing
Recall: Spectral representation (see Meth.- SE 05)

There exists a symmetric positive definite operator A, such that
[[ull2 = [[Aullo-
Eigensystem (\;, pi)ien of A,
Npi = Xip;.
where \; € R" and {¢;} orthogonal and complete in Ly, hence
u= Z(u, wi)opi Nu= Z Ai(u, ©i)owi
ieN ieN
Hence, we have the representation for 0 < s <2

(u,v)s = D N (u, @1)o(v, ¢i)o

keN

lull? =D AFI(w, @i)ol?

keN

This characterization can be extended to the case |s| < 2.
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11 = € a1 2l
A nice inequality
Lemma

(u,V)s < Nlullstellvlls—e,  Yu,v e H(Q)
for|s+¢| < 3 ande > 0.

Proof.

Spectral representation

'+7€ §—¢E
(U, V)s = Z)\ls(u7 (Pi)O(V,(Pi)O = Z)\: : (U, 4,0:')0)\,' z (V,(Pi)o
ieN ieN
< oA ol [0 A5E (v i)l
ieN ieN

= llullstellvils—<

Example: Choosing s =0 and € = t, we have for [t| < 2
(u, v)o < lullel[v]-e
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Multilevel setting

Multilevel representation of the H® norm

Multilevel operator B*:

BS = Z h;zSDk

keN

Theorem (Equivalent norm in H®)

For u € H*(Q)
e [lullf < (Bu,u)o < 7' ull3

for |s| < 3.
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Proof: main steps

© Representation
(B*u,u)o =Y b **|| Deull
keN
Tools: Projection D? = Dj

@ Spectral inequality
2 -2 2 2
allul? <D |Deulli < collull?

keN
Tools:

o Nice inequality
o Extended inverse inequality (includes approximation property)

o Schur Lemma
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Theorem
If s > 0, then

S h IOl inf &S Al

keN Token Yk | ken

The decomposition, that realizes the infimum is essentially u =", . Dxu
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BPX (Bramble Pasciak Xu) preconditioner

H®-bounded and H*-elliptic operator A
allull < (Au, u)o < ca|ul?

Spectral inequality:

(B u,u)o < (Au,u)o < c2(B°u, u)o
for |s| < 2.
Condition number:

K(B) A < 2

doesn't depend on the mesh parameter h.
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BPX (Bramble Pasciak Xu) preconditioner

Inverse Operator

Theorem (Inverse Operator)

(B '=>_heD

keN

Proof.

(B)'B* =" hh;*DiDj=> Dp=1

keN jeN keN
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BPX (Bramble Pasciak Xu) preconditioner

Finite element space

Let uy € M,y with J >> 1.

We have
uy—uy =0, for k> J
Dyuy = uy— Qu_1u; =
ety = Qruy — Qu_1uy {Dku_[. for k < J
Theorem
J
allul? <Y hEIDewlls < colluyll?, Vuy € My
k=1
Realization
o Exercise

@ see Steinbach for the H! case
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