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[RTCCIEUCLRTN I XTI EY Sl |nterpolating due to Lions

o Hilbert spaces X and Y, scalar products (-,-)x and (-, ")y

@ X C Y, X dense in Y with continuous injection.

Basic idea
The space X can be defined as the domain of an operator A, denoted by D(A), where A
is self-adjoint and positive definite in Y.

Roadmap for construction
@ D(S) is the set of all v € Y, such that the linear form

v — (u,v)x

is continuous in the topology induced by Y.

@ Hence S is defined and
(u,v)x = (Su,v)y

o S is self adjoint and positive.

o We can define A = S2 and we have

(u,v)x = (Au,Av)y
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[RTCCIEUCLRTN I XTI EY Sl |nterpolating due to Lions

Definition
The interpolation space is defined by

[X,Y]o:=D(A"?), 0<6<1

the norm in [X, Y]o is given by the graph norm of A*=°,

_ 1/2
(Hlly + 1A= uly)

Remark
o [X, Y]o = X (note: [[Aully = ullx)
e [X,Y]1 =Y (note: A° =1d)

@ A not unique, but:
If for two positive and self adjoint operators A1 and Az in Y with domain X, i.e.

D(A1) = D(A2) = X, we have D(A]~%) = D(A}~?) with equivalent norms.
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[RTCCIEUCLRTN I XTI EY Sl |nterpolating due to Lions

Construction of some S

Injection Z : X — Y (injective), with
@ Z(X) dense in Y, ie. Z(X) =Y.

@ continuous injection, i.e | Zully < c||ul|x.

Remark
@ 'Zu = u' (note that X C Y)
e Z71:Z(X) = X
e Z* : Y — X defined by

(T"w,v)x = (w,Zv)y, weY,veX.

e 77" : D(IZT*) — Y continuous, positive and self-adjoint.
o (ZI*)':R(ZT*)— Y
e ucR(IT*) = u€ R(T)=D(IZ ™)

Definition
We define the operator S by
S:=(z7°)*
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[RTCCIEUCLRTN I XTI EY Sl |nterpolating due to Lions

Recall

On the set D(S) the linear form v — (u, v)x is continuous in the topology induced by Y.
v

Lemma

@ ForS=(IT*)™', we have R(ZT*) C D(S) and
Yue RZITZ)VYve X: (T 'uv)x <c|Zvly

Q@ ueY:VYveX(ZT 'uv)x <c|Zvl]ly = ue R(ZIY).

Proof.

Q Since u € R(ZZ*), we have w € Y : u =TT w.
We have the following estimate

(71w, v)x = (T'w,v)x = (w,Iv)y < |wlly [Zv]v.
——

(=
@ Choosing v =7"1u € X yields
(ZZ*) tu,u)y = (T u, T u)x < cllully
hence u € R(ZZ™).
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[RTCCIEUCLRTN I XTI EY Sl |nterpolating due to Lions

Recall

The following identity holds

(u,v)x = (Su,v)y

where S is defined on D(S).

Lemma

For S = (ZZ*)™! we have the identity

Vu e R(ZZ™)Vv e X :

(I_lu, v)x = (Su,Zv)y

Proof.

Since u € R(ZZ"), we have 3w € Y : u =717"w.

For v € X we have

((ZZ*) 'u, Zv)y = (ZZ7) N ZZT")w,Zv)y = (w,Zv)y = (T*w, v)x = (Z "u, v)x.

O

v
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[RTCCIEUCLRTN I XTI EY Sl |nterpolating due to Lions

Properties of S = (ZZ*)™*
e D(S) is densein Y.
o self-adjoint on R(ZZ*)

(Su,v)y = (I_lu,l'_lv)x = (I_lv,I_lu)x = (Sv,u)y
@ positive on R(ZZ*):

(Sv.v)v = (T . T M)x = 27 = ¢|Z2 I} = elvl}

Based on spectral decomposition of self-adjoint operators.

We can define A = 52 = (II*)_%.

Intermediate result

_1-6
2

[X, Y]e := D((ZT") )

Assumption

7 is a compact operator.
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[RTCCIEUCLRTN I XTI EY Sl |nterpolating due to Lions

Singular value decomposition of compact operators (spectral theorem)

Definition

Let Z: X — Y be compact. A series (on; Un, Vn)nen is called singular system, if

0 0,>0

@ (03, Un)nen is an eigensystem of Z7Z*
— I*”n

® Vn = T ua

Important properties
@ T up = onVn
@ Tvp = 0Onln
o {un}nen ONB for R(ZZ*) = R(Z)

® {Vn}tnen ONB for R(Z*Z) = R(Z*)

II*U:ZU,Z,a,,u,, (II*)féu:Z%un
neN neN Tn
o\ — (7)) sy — 128 Qn
(zz7) 1u=2—2un (zz7) = uzzﬁun
neN " nen 9n

where an = (u, un)y
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Norm representation

I uly = (@)% 0. (@27) T )y = (3 Toun > g un)y

nEN neN

Z ln (un,um)YZ(g;"m>2

n,me On neN

Interpolation space
In this context the interpolation space can be specified

(X, Y]o := D(A\*"%) = D((ZZ")~ ")

2
—9 Qp

neN

where u € Y has the decomposition u =3\ antn with an = (u, un)y.
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Interpolation in Hilbert spaces =110

Hol — L2
o Hilberspace X = Hg(0,1) o Hilberspace Y = L>(0,1)
o Norm: [[ul% = fol [Vul?dx o Norm: ||ul3 :f01|u\2dx
e ONB: (vn) = (F sm(mrx))nEN @ ONB: (un) = (\@sm(mrx))nEN

The injection T : H3(0,1) — L3(0,1)
o continuous (Friedrich's inequality: ||u|ly < c|lu||x)
o compact (Rellich Compactness Theorem)
o dense
Singular system
IVn = Vp = % 2sin(nmx) = onun

with o, = %

Interpolation space

[X,Y]o = {u eY AN T =) ((ryw)l*"ozn)2 < oo}
neN

with an = [ usin(nmx)dx for n = N.
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Interpolation in Hilbert spaces =110
1
H* — L2

o Hilberspace X = H(0,1) R o Hilberspace Y = L»(0,1)
o Norm: |lul% = fol |Vuldx + (foludx) e Norm: ||u||} = fol |ul?dx
o ONB: (v,) = (1 ‘/Ecos(nﬂ'x)) o ONB: (un) = (1,v2cos(nmx))

, X2
nr neN

The injection T : H*(0,1) — L?(0,1)
@ continuous (Sobolev norm equivalence theorem: ||ully < cl|u||x)
@ compact
@ dense

Singular system
1
Ivpn = Va = —V2cos(nmx) = opun and Zvo =1 = oouo
m™n

where 0, = L and 0o = 1.

Interpolation space

neN

[X,Y]s = {u €Y INTCully =ad+ ) ((mr)l*%zn)z < oo}

with a, = fol u cos(nmx)dx for n = No.
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Equivalence to the K-method

Kt u) = (luollZ + £l f3) 2

inf
u=ug+uy

Theorem
Let X C Y two Hilberspaces, X dense in Y with continuous injection and 0 < 6 < 1.

@ The interpolation spaces can identified.
X,;Ylo={u:uey, t7(0+%)K(t; u) € L*(0,00)}

@ The norms are equivalent.

oo
lull¥ + I ul5 ~ Jlully +/ £ GOV K(t u)? dt
0

Remark R
The same holds for K replaced by K

K(t;u):= _inf ([Juollx + tljus]lv)
—uo

u uy

Note: ([luoll% + t*[|usll¥) < (luollx + tllually)® < 2 (luollk + £ uall3)
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Equivalence to the K-method

Proof (sketch).

We have the representation

K(tu)? = inf (Juolx + *lwll¥) = inf ([[Auoll¥ + *[lu — woll¥)
up€D(N)

u=uo+uz
The corresponding Euler equation of this minimization problem is
(N +tHuo =t?u inY
Hence we have
K(t;u)? = t?||ul|} — 3 (u, o)y = t2(u,u— uo)y = (Nuo, u)y = (N3N + £2) Tu, u)y

Using this representation we can compute on the basis of spectral theory

0o oo 1-260
/ tCPIK(t,u) dt = (/ ; ds) (N0, u)y = c|NCull¥.
0 0
—_—

1+ 52

c
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