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Let Xo and Xi be Banach spaces imbedded in a normed vector space.

Definition 1 (The J and K norms)

For each fixed t > 0 we define the following functionals on Xo N Xy and
Xo + Xi respectively:

J(tiu) = max{]|ullxo, t]|ul|x, }
K(tiu) = inf {lluollx + tlusllx }
u=ug+uy

These functionals define norms on the corresponding spaces.
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Theorem 2 (The K Method)

If and only if either 1 < g < oo and0<© <1orqg=o00and0< 0O <1, then
the space (Xo, X1)e,q:k is a nontrivial Banach space with norm:
1
(Jss (tfeK(t;u))q gt)a ifl1<qg<oo

lulle,q:k ==
! €SS SUPg- s ooit CK(t;u)} if g = co.

Furthermore,

lulle,a:x
& ——— WZIE=Ashn &
HU||X0+X1 = ||t,e min{l,t}lll_z = ||UHXomX1

so there hold the imbeddings
XoN Xy — (Xo,Xl)@,q;K — Xo + X1

and (Xo, X1)e,q:k is an intermediate space between Xo and Xi.
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There is also a discrete Version of the K Method:

Theorem 3 (The Discrete K Method)

For each integer i let Ki(u) := K(2'; u). Then u € (Xo, X1)e,q.k if and only if
the sequence (27"®K;(u)).-__ belongs to the space |9. Moreover, the I9-norm
of that sequence is equivalent to ||ul|e,q:k-
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Theorem 4 (The J Method)

Ifeitherl< g< o0 and0<© <1lorqgq=1and0< 0O <1, then the space
(Xo, X1)e,q:s is a nontrivial Banach space with norm:

lullo.qs i= ,inf (¢t A0
where
1 > dt
S(u):=<f e L (0,00;dt/t,Xo+ X1):u= f(t)T .
0
Furthermore,
llullxo+xa < 11E7° min{L, t}l,gllulle.qs < [lullxonxy
so there hold the imbeddings

Xo N Xy — (Xo, X1)e,q:0 — Xo + X1

and (Xo, X1)e,q.s is an intermediate space between Xo and Xi.
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There is also a discrete Version of the J Method:

Theorem 5 (The Discrete J Method)

An element u € Xo + X1 belongs to (Xo, X1)e,q.s if and only if u=>2___ u;

i=—o0

[ee]

where the series converges in Xo + X1 and the sequence (2 J(2"; u;))
belongs to the space 19. In this case

inf{||2ieJ(2i; ui)llia :u= Z u,-}

I=—o0

i=—o0

is @ norm on (Xo, X1)e,q;s equivalent to ||ul|e,q.J-
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The following theorem guarantees that for 0 < © < 1 the J and K Methods
generate the same intermediate spaces with equivalent norms:

Theorem 6 (The Equivalence Theorem)

If0<®<1landl <g< o then (Xo,X1)e’q;J = (XO,Xl)e,q;K with
equivalence of norms.
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Classes of Intermediate Spaces

Definition 7 (Classes of Intermediate Spaces)

We define three classes of intermediate spaces X between Xp and X; as
follows:

@ X belongs to class K(©; Xo, X1) if for all u € X
K(t;u) < Git®|lul|x
with a constant ;.
@ X belongs to class J(0; Xo, X1) if for all u € Xo N X1

llullx < Cat™®J(t; u)

with a constant G.

@ X belongs to class H(©; Xo, X1) if X belongs to both K(©; Xo, X1) and
J(©; Xo, X1).
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The Reiteration Theorem

The following theorem gives the result of constructing intermediate spaces
between two intermediate spaces:

Theorem 8 (The Reiteration Theorem)

Let 0 < ©¢ < ©1 <1 and let Xo, and Xo, be intermediate spaces between Xo
and Xi. For 0 <A<1 let © = (1 = )\)90 + \O;.

Q If Xo, € K(©j; Xo, X1) for i = 0,1, and if either 0 < A < 1 and
1<g<ooor0<A<1andg= o, then

(Xoos Xog )r,gik — (Xo, X1)o,q:k-

Q If Xo, € J(©ij; Xo, X1) for i = 0,1, and if either 0 < A < 1 and
1<g<ooor0<A<1andq=1, then

(Xo, X1)e,q:0 — (Xog, Xo1),q14-

Q If Xo; € H(Oj; Xo, X1) fori =0,1, and if 0 < A <1 and 1 < q < oo, then

(Xoos Xo1)r,q:0 = (Xogs Xoy)rn,aik = (X0, X1)e,q:6 = (X0, X1)e,q:4-
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proof:
Notation: K,J in the construction of intermediate spaces between Xp and X;.
K™,J" in the construction of intermediate spaces between Xg, and Xo, .

1:

Let u € (Xog, Xo;)a,qix = u = o + u1, uj € Xo;. Since Xo, € K(©j; Xo, X1):
K(t; u) K(t; uo) + K(t; u1)

Cot®|[uo||xo, + Crt®[|un[xo,

CotoK* (%ter%; U) .
0

INIA

IN

If © = (1 —\)Oo + \O1, then A = 2=% and

©1—60
1-A 2
o i
[1t77K(t; u)]e < 4(@10_ 90317/‘7 [lullx,q:x  for g < oo

and

1K (¢ )]s < G Clullgn for g = oo
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via the transformation s = (Ci/Go)t® %0

2.

Let u € (Xo, X1)o,q:y- Then u= fo ds for some f taking values in
Xo N Xi, satisfying s7°J(s; f(s)) € Lq. Clearly f(s) € Xog N Xeo,. Since
Xo,; € J(©i; Xo, X1):

S (s f(s)) < max{cot—@u(t;f(s)),clt—elsJ(t;f(s))}

= Got °° max {1, %t_(e‘_%)s} J(t; f(s))

0

Now choose t such that t~(®1=90)g — g—‘; and obtain

F(sif(s) < G (% )eeej ((25)99 ;f(s)).

If © =(1—X)O + A\O1, then A = e? %" and

1-2
s~ I (s; F(5))||,a < ¥|\u\|e J forg< oo
' b= (@, — ©)a-1)/q 9
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and

G ACI o]
© 60

via the transformation g(t) = f(%tere") = f(s), since

JAECEE
0 £ t 61 eo

3 follows from 1 and 2 [.

s (s F()llee <

o.qu forg=o0

From now on we just write (Xo, X1)e,q for (Xo, X1)e,q:x = (Xo, X1)e,q:4-
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The Duality Theorem

Here we determine the dual (Xo, X1)g 4 of the interpolation space (Xo, X1)e,q
when 1 < g < co. For proving the duality theorem we first need a few technical
results:

Theorem 9

Suppose that Xo N X is dense in Xo and X1. Then (Xo N X1)* = Xy + X{ and
(Xo + X1)* = Xg N X;{". More precisely

. [{u™, u)|
u||xrpxx = sup 110
107l uexonxa ||Ullxonx,
and
§
u u
6 llxgnxs = sup [(u*, u)]

u€Xo+Xa HU||X°+X1

where (., .) denotes the duality pairing.
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Theorem 10

Let Xo, X1 be a given couple of Banach spaces. Then
(X0, X1)e,q = (X1, X0)1-0.q

proof:
Q
K(tu) = K(60.X0.X0) = inf {luollxo + llinll}
u=up+uy
. 1 _
— ¢, inf {llnllg + Fllolbe | = ek (7 0.0, X0)
u=ug+uy t
Q

106l = (/Ow (t_%(t))tht>3

1£%6(t ™)l

Il
VRS
s~

3
S
~
o
©
~
oy
L
—
SN—
Q
[ &
—
Q
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Therefore:
1t K (£ u, Xo, Xa)l|a = [[t°K(t ™Y u, Xo, Xa)||pa = ||t DK (t; u, X1, Xo)|| 9

.
As a consequence of Theorem 9 we have:

Assume that Xo N X1 is dense in Xo and Xi1. For t > 0, the dual space of
Xo N X1 equipped with the norm J(t; u, Xo, X1) is Xg + Xi* equipped with the
norm K(t™%; u*, X§, X7). More precisely:

K0t X6, %) = sup il 1
( 0, %) uEXoElX1J(t;uaX07X1) ()

and
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Assume that Xo N X1 is dense in Xo and Xi. For t > 0, the dual space of
Xo + X1 equipped with the norm K(t; u, Xo, X1) is Xg N X{" equipped with the
norm J(t~%; u*, Xg, X7). More precisely:

JETh X5, X)) = su M 2
( 0 1) uEXOEX:l K(t, u, X01X1) ( )
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Now we can show the following theorem:

Theorem 13 (The Duality Theorem)

Let {Xo, X1} be a couple of Banach spaces, such that Xo N X1 is dense in Xo
and Xi. Assume that 1 < g < oo and 0 < © < 1. Then

(Xo,X1)6,4 = (X0, X1 )o,q+ (with equivalent norms)

1 1
where T o= 1.

proof:
If we prove

o (X07 Xl)é,q;l - (X1*, Xc;k)l—@,q*;K
© (X5, X{)e,q*iy — (Xo, X1)6,q:x
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we get the result by the Equivalence Theorem and Theorem 10.
1.

Take u™ € (Xo, X1)8,4.s and apply formula (1). Thus, given € > 0, we can find
ui € Xo N X1 such that u; # 0 and, since u™ € (Xo N X1)* = X5 + X7,

K2_i; *,X*7X* _ . {172—i}< .<u ,U,‘> .
(27507, X0, X7) = emin = J(27; 1, Xo, X1)

Choose a sequence («;) such that (2”'904,-) € 19 and set

Uy = Z J(2i; u,Xo,Xl)fla,-u,-

then us € (Xo, X1)o,q:0-
Now
(U™, ua) > Z o (K(2_i; u*, Xy, X1) — emin {1,2_i})
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and
—ie
(U va) < ||u™xo. 3005, 1127 il lia
since
l|uallo.qs < [127Cai]|ja.
Since
e . .
> @i < M2l <= 126l <M
i=—o0

and ¢ is arbitrary, the statement follows.

2:
Let u™ € (X5, X{)e,q=s then u* =37 uf with uf € X5 N X{ and

(272" uf, X3, X7)) € 19" For u € (Xo, X1)e,qk we have:

() < D7 [, u) < >0 2700 uf X3, X020 K (27 ui, Xo, Xa)

i=—o0 i=—o0

due to formula (2). Applying Holder's inequality yields the statement [J.
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