Improved Euler / Explicit midpoint rule
g1 = Uy
92 = w5 f(t;, 91)
w1 = u + 7 f(t+ 3, 92)
In short:
i1 = u; + 750t uj, 7)) where o(t, u, 7) = f(t + 3, u+ %f(t,u))

S(upn — ) = (), uj, )

Consistency analysis

Local error: d-(t +7) == u(t + 1) — [u(t) + 7 ¢(t, u(t), 7)]
Consistency error: . (ty) = ¥ with

Vi = o (ultyrn) —ulty) — ot ulty), 7)
Yo = u(0)—ug = 0
For simplicity: dimension n = 1, assume that f is sufficiently smooth
d:(t+7) = u(t+7)— [ut)+ 7, ut), 7)]
= u(t+7)—ult) -7 f(t+3, ult)+ I3[t ut)))
= u(t) + 7' (1) + Fu"(t) + Fu" () + O(r*) — u(t)
—T [(f + 5t 5fuf+ tht + 7ftu J+ zfuu f2)<t’u(t)) + 0(73)}

= [u() ~ 0 u) ] + %Q[y”(t) = e+ Jud) g ey

=0

|+

=()=0

—I—T?’{é ///()_}L(ftt+2ftuf+fwlf) }_'_O( )

0 = 0@ Ft u®)] = o(t) = (At w®) + £t u®) W(1)) = (=)
=[f(tu(t))
Recall that ¢ (u)(tj+1) = ledT(th) -
Yr(u)(tje1) = O().
A detailled analysis shows that
3K >0: ||lv.|ly. < K72,

Summary: The improved Euler method has consistency order 2.



