Lemma 1.63
In the k-th step of the CG method assume that r;,_; # 0. Then

(a) Pr—17# 0

(b) Kx(A, 79) = span(rg,...,7x—1) = span(po,...,Pk-1)
(c)Vj=0,1,....k—1: (rg,pj) = 0
(d)vj=0,1,....k—1: (pg, pj)Ja = 0

Proof by induction.
For k = 1 the statements are trivial or follow from (20), (21).
Suppose that (a)—(d) hold for & and assume that r; # 0.

T = Te_1— QO Apkfl - ICk(A, 7“()) —I—A(ICk(A, 7“0)) C ICk+1(A, 7“0).

Proof of (a) and (b).
From (b) and (c) we know that r; L ICi(A, ry), which implies that

Kr(A, 19) € span(rg,...,r:) C Kri1(A, 19).

—

However, dim(/Cy11(A, 79)) = dim(/Ci(A, r¢)) + 1. Therefore,

span(ro, ..., 1) = Ki1(A, ro).
From the definition of the algorithm we know that . = pr — (11 pr_1. Hence,

_ (®)
Span(p07 SR 7pk) - span(po, « ooy Pl—1; Tk) - span(ro, SR ,Tk)-

This means, (a) and (b) hold for k& + 1.
Proof of (c).
From formula (20) we know that (ry41, p;) = 0 for j = k. For j <k,

(c),(d)
(rkt1, pj) = (e —ax Apr, pj) = (v, pj) — ar(Ape, pj) =" 0.

Thus, 74+1 L span(po, ..., pr) = Kre1(A, 79) and so (c) holds for & + 1.

Proof of (d).
From formula (21) we know that (Apypy1, p;) =0 for j = k. For j <k,

(Apis1, pj) = (Prt1, Apj) = (i1,  Ap;j ) +08k (pr, Ap;) = 0.
~~ —
ERLk+1(A, o) (d)

~ J =0

=0

This means (d) holds for k& + 1, which completes the proof. H



