Theorem 1.27 (Banach’s fixed point theorem)

Let W be a closed subset of a Banach space V' (with norm || -||) and G : W — W a
contraction, i.e., there exists a constant ¢ < 1 with

IG() = Gw)| < lv-wl|  Vo,weW
Then there exists a unique element v € W with
u = G(u).
The sequence (ug)ken,, given by the fixed point iteration
Uk+1 = G(Uk)

converges to the solution u for arbitrary initial values ug € W. We also have the following
error estimates for all £ € Ny:

|uks1 —ul| < qlug — ull (g-linear convergence)

ltpr — ul| < ¢ |Jug — ul] (r-linear convergence)
k+1

g1 — ul| < | llur — wol| (constructive a-priori error estimate)
- q

g1 —uf| < | a g1 — ugl] (constructive a-posteriori error estimate).
—4q

Proof: Let ug € W be arbitrary but fixed.
First, we show that (uy)gen, is a Cauchy sequence. For all m € N:

[wms1 — uml = Gun) = Gum-1)|| < qllum — wn-1ll.
This implies that for all m € Ny:
[t = uml < " lur — uol| -
Using the triangle inequality and the estimate above, we obtain that for k£ < ¢:
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Since 0 < ¢ < 1 and ¢* can be made arbitrary small for large enough k, (uy)gen, is indeed
a Cauchy sequence. Since V' is complete and W is closed, we know that there exists a limit

. k—o0
function u € W: u, — w.
As a contraction, G is Lipschity continuous, and thus continuous. Hence,
uw = limu, = lim G(ug_1) = G( lim uk,l) = G(u).
k—o0 k—oo k—o0
To see that the fixed point equation has a unique solution, we assume that there are two
solutions wuy, ug, i.e. u; = G(uy) and uy = G(usy). Then,

|ug —ur]| = [|G(u2) — G(u1)|| < qllug — sl

Since 0 < ¢ < 1, this is only possible if ||us — u;|| = 0, which means that u; = us.

The first and second error estimate follow immediately from the contraction property. The
third one follows from [ju, — ug|| < ¢*/(1 — q) ||us — uo|| (see above) by sending ¢ — oco. For
the fourth estimate, we need to see that ||tz — terr|| < g Sov—r ¢ % |[ugsr — ug|| (using the

contraction property and the triangle inequality) and then send ¢ — oo. 0



