Numerical Methods for Partial Differential Equations WS 2010 / 11
Tutorial 11 Thursday, 13 January 2011, 13.45-15.15, T 212

Assume the notations of Tutorial 10 and assume additionally that
e a(-,-) is bounded and coercive with coercivity constant f

e all the functions ¢ — (F'(t), v) are continuous with respect to ¢ and that the solution

ue CY[0,T], V).
In the following u;, € C1([0,T1],V}) is the solution of

(up,(t), vn) g + a(un(t), vy) = (F(t), vs) Yo, €V, YVt e (0,T), (11.1)
(un(0), va)u = (uo, vn)n Vup € V. (11.2)

Recall the projectors Ry, : V — Vj, and P, : V — V}, defined by

a(Rpw, vy) = alw, vy) Yoy, € Vi,
(Pyw, vp)g = (w, vp)u Yoy, € Vi,

where w € V.

Show that
S+ [ alwn®, w0) = 5 luOl+ [ (PO w@)a (113

Hint: Choose vy, = up(t) in (11.1) and use Exercise .

Show that

[Poolla < flvlla YveV,

and that ||uy(0)|| g < ||uol|z. Show also that if a(-,-) is symmetric then
[Bnvlla < o]l VoeV,

where ||v]|, := v/a(v, v).

Show the following a-priori bound for wuy:

1
lunllz2(0,m)v) < 2—M<||F||L2((0,T),v*)+\/||F||%2((O,T),V*)+2M1||Uo||?{)-

Hint: Bound the left hand side of (11.3) from below and the right hand side of
(11.3) from above to show that

1 1
lunll 2200y < 5 lun(O)l3 + — 1 Fllz20m).v+)
1 M1

and use Exercise .
Show that

|unll2(0.1),v) »

d Iz
pr AT O 6—21 10,z VL€ (0,T) ae.
Hint: See (and modify) the proof of Lemma 2.12.
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m Show that

t
16Ol < e |6, (0)]| 1 + / e e || o ()| dis.
0

Hint: Estimate the term p

= lemcs 1p }
e ()
using Exercise and integrate over [0, ¢] w.r.t. s.

Let H = L*(0,1),V = {v € H(0,1) : v(0) = 0}, and V}, the corresponding Courant
FE space. Show that there exists a positive constant C' independent of h such that

||[I — Ph]w||L2(0’1) S Oh2 |'lU|H2(0’1) Yw € HQ(O, ].)

Hint: Use Céa’s Lemma in L*(0,1).
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