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Let V, H be separable Hilbert spaces. We consider the abstract problem: find u €
Hl((O,T), vV H) such that

d
E(u(t), Vg ta(u(t), v) = (F(t), v) YoeV Vvte (0,T) ae., (10.1)
—w(0),0) w(0) = up in H,

for given ug € H and F € L*((0,T),V*), where (V, H,V*) is an evolution triple, i.e.,
o VCH,
e there exists a constant ¢ > 0 such that ||v||g < ¢||v||y for all v € V|

e |/ is dense in H.

Recall that the weak time derivative v’ € L?((0, T), V*) fulfills

T T
/ o(0) (1), o) dt = — / S (u(t), vindt Vo eV Ve, T).
0 0

Show that for all A € R: the function v € H*((0,T),V; H) is a solution of (10.1) if
and only if uy € H*((0,T),V; H) solves

Sua(t), v)g + aA(uA(Z)/\,(Sg z i];}(t), v) ian]_ELV vVt € (0,7T) a.e., } (10.2)
where
uy(t) = e Mu(t), ay(w,v) = a(w,v) + Mw,v)y, F\(t) = e ME(2).

Hint: use the definition of the weak time derivative u/(t) to compute u)(t).

Let a: V x V — R be a bounded bilinear form and let there exist constants A € R
and g7 > 0 such that the so-called Garding inequality)

a(v,v) + Aol > mllli  Wwev

holds. Show that problem (10.1) is uniquely solvable for any F € L*((0,T); V*) and
ug € H.

Hint: Use Exercise and Theorem 2.8.
Consider the bilinear form

a(w, v) := /0 a(z) Z—Z(:U) g—i(x) + b(z) g—:(x) v(z) + c(z) w(z)v(z) de

in H'(0,1) with a, b, ¢ € L*(0, 1), where ag := inf,¢ o1y a(z) > 0. Show the Garding
inequality: there exist constants A € R and p; > 0 such that

a(v, v) + A ||U||%2(0,1) > ||U||%11(o,1) Vv e Hl(oa 1).

Hint: Choose A such that the assumptions of Excercise (Tutorial 3) hold for
the bilinear form ay(w, v) := a(w, v) + A (w,v)2¢0,1)-

18



Let C'([0,T7], V) denote the space of continuous functions in [0, 7’| with values in the
Hilbert space V that have a continuous classical derivative, i. e., for v € C*([0,T], V)
the limit

V() i= lim 2 (o(t +7) ~ v(0)

exists for all ¢ € [0,7] and the function v’ : [0, 7] — V is continous.

Show that for all s, ¢ € [0,T] and for all v € C*([0,T],V):

N | —

% (v(t), v(t))H = (v(s), v(s))H —I—/S (v'(a), v(a))Hda. (10.3)

Hint: Prove and use the identity

Prove the statement of Lemma 2.7 for continuously differentiable functions, i.e.,
show that there exists a constant C' > 0 such that

max (o0l < Clollgomvan W€ CHO.T]V).

Hint: Integrate identity (10.3) w.r.t. s over [0,7]. Note that HU’H%Q((O’T)’V*) is the
integral over the (square of the) V*-norm of the mapping w +— (v'(t), w)y. Show
and use that

2+ w3 Yw e V.

[v'(o)]

’UJHV <

(v'(0), w)u < [[v'(o)]lv-

N —

Consider the Courant FE semi-discretization of our 1D parabolic model problem

9u(y 1) — P4z t) = f(x,t) for all (z,t) € (0,1) x (0,T), with u(0,£) = 0 and

¢ 0x2
S2(1,t) = gu(t) for all t € [0, T7.
Derive an upper bound for || M, 'K} || where || - || is the operator norm w.r.t. || - || 2.

This will imply that the right hand side of problem (5) from the lecture satisfies the
assumptions of the Picard-Lindel6f Theorem, and so (5) is uniquely solvable.

Hint: M, 'K, is positive definite with respect to the inner product (v, w; ), =
(M, vy, wy,)e. Use the Rayleigh quotient and the eigenvalue bounds from Chapter 1
to get an upper bound for )\maX(Mh’lKh).
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