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The problem

(P) min
z∈Z

J(z)

s.t. 0 ∈ G(z)

Z ,V Banach spaces;
J : Z → R
G : Z ⇒ V multifunction, G(z) := g(z)− C.
g : Z → V mapping, C ⊂ V closed convex;

We consider the following tasks
Given z̄ ∈ g−1(C), when is G metrically regular near (z̄,0)?
If z̄ denotes a solution of (P), what are first order optimality
conditions?

Note
z̄ ∈ g−1(C) ⇔ g(z̄) ∈ C ⇔ 0 ∈ G(z̄)
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The linear case

Recall that the linear case also covers the differentiable case:

Theorem
Assume that g is continuously differentiable at z̄ and (z̄,0) ∈ gph G.
Then the following statements are equivalent:

G is metrically regular near (z̄,0)

The mapping g(z̄) + Dg(z̄)(· − z̄)− C is metrically regular near
(z̄,0)
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In this section we assume

g(z) = Az − b, A ∈ L(Z ,V ), b ∈ V

G is certainly a convex multifunction:

(zi , vi) ∈ gph G, i = 1,2 ⇒ ∃ci ∈ C : vi = Azi − b − ci , i = 1,2
⇒ αv1 + (1− α)v2 = α(Az1 − b − c1) + (1− α)(Az2 − b − c2)

= A(αz1 + (1− α)z2)− b − (αc1 + (1− α)c2)︸ ︷︷ ︸
∈C

, ∀α ∈ [0,1]

⇒ α(z1, v1) + (1− α)(z2, v2) ∈ gph G, ∀α ∈ [0,1]

Hence:

G metrically regular near (z̄,0) ∈ gph G
⇔ 0 ∈ int G(Z ) = int (AZ − b − C)
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Linear case: equality constraints

C = {0}
0 ∈ G(z̄) ⇔ 0 ∈ Az̄ − b − {0} ⇔ Az̄ = b
G metr.reg.near (z̄,0)
⇔ 0 ∈ int (AZ − b) = int (A(Z − z̄))) = int (AZ )
⇔ A surjective
Finite dimensional case: Z = Rn, V = Rm,
A m × n matrix (representation of the linear operator)
G metr.reg. ⇔ A has full row rank m
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Infinite dimensional example

Ω ⊂ Rd bounded domain with C0,1 boundary
Find z = (y ,u) with u ∈ L2(Ω) such that

−4y − u = 0, in Ω

y = 0, on ∂Ω

Several possibilities for Z ,V
Z = H1

0 (Ω)× L2(Ω), V = H−1(Ω), b = 0
A is given by

〈Az, v〉 = 〈A(y ,u), v〉 =

∫
Ω
∇y∇v −

∫
Ω

uv , ∀v ∈ H1(Ω)

A is surjective since by the Lax-Milgram-Lemma for every
v ∈ H−1(Ω) there exists y ∈ H1

0 (Ω) such that

A(y ,0) = −4y = v
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Infinite dimensional example (cont.)

Z = (H2(Ω) ∩ H1
0 (Ω))× L2(Ω), V = L2(Ω), A is given by

A(y ,u) = −
d∑

i=1

∂2y
∂x2

i
− u

Clearly, A is surjective.
Under additional assumptions on Ω (e.g., ∂Ω ∈ C1,1), the system
Az = v has a solution of the form z = (y ,0) (will be important
later)
More generally, taking Z = H1

0 (4; Ω)× L2(Ω), V = L2(Ω), where
H1

0 (4; Ω) := {y ∈ H1
0 (Ω) : −4y ∈ L2(Ω)},

A(y ,u) := −4y − u,

the system Az = v has a solution of the form z = (y ,0).
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Generalization of Equality Constraints

C = {0} is a special case of int C = ∅
0 ∈ Az̄ − b − C ⇔ Az̄ = b + c for some c ∈ C
Assume A surjective⇒
0 ∈ int A(Z − z̄) = int (AZ − b − c) ⊂ int (AZ − b − C)⇒
G is metr.regular near (z̄,0)

If A = id then A is obviously surjective⇒ explicit constraints of the
form 0 ∈ G(z) = z − C are always metrically regular
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Infinite dimensional example

Find z = (y ,u) such that

−4y − u = 0, in Ω

y = 0, on ∂Ω

ϕu ≤ u ≤ ϕ̄u, a.e.in Ω,

where ϕu, ϕ̄u ∈ L2(Ω).
Define Z = H1

0 (Ω)× L2(Ω), V = H−1(Ω)× L2(Ω), b = 0, A = (A1,A2)
by A1 : Z → H−1(Ω),

〈A1z, v〉 = 〈A1(y ,u), v〉 =

∫
Ω
∇y∇v −

∫
Ω

uv , ∀v ∈ H1(Ω)

A2 : Z → L2(Ω), A2z = A2(y ,u) = u,
C = C1 × C2 where C1 = {0}, C2 = {ϕ ∈ L2(Ω) : ϕu ≤ ϕ ≤ ϕ̄u}
Note, that int C2 = ∅ in L2(Ω)
Then: A is surjective⇒ G is metrically regular.
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Inequality constraints

We call 0 ∈ g(z)− C an inequality constraint, if int C 6= ∅
Typical finite dimensional example: V = Rm, C = Rm

− :

0 ∈ g(z)− Rm
− ⇔ g(z) ≤ 0

Theorem
Let int C 6= ∅. G(z) = Az − b − C is metrically regular near
(z̄,0) ∈ gph G⇔

∃z̃ : Az̃ − b ∈ int C (Slater condition)
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Mixed Equality/Inequality systems

Theorem (Generalized Mangasarian-Fromovitz CQ)
Assume

V = V1 × V2

A = (A1,A2), b = (b1,b2), Ai : Z → Vi , bi ∈ Vi , i = 1,2
C = C1 × C2, Ci ⊂ Vi

A1 is surjective, int C2 6= ∅
Then: G is metrically regular near (z̄,0) ∈ gph G⇔

∃z̃ : A1z̃ − b1 ∈ C1 ∧ A2z̃ − b2 ∈ int C2

Proof: Only ”⇐”: Let B(A2z̃ − b2,2r) ⊂ C2, B(0, ρ) ⊂ A1B(0,1) and let
0 < R ≤ r/‖A2‖. Then for any (v1, v2) ∈ B(0, ρR)× B(0, r) there is
some h ∈ B(0,R) ⊂ Z such that A1h = v1 and ‖A2h − v2‖ ≤ 2r ⇒

v1 ∈ A(z̃+h)−b1−C1 ∧ A2z̃−b2+(A2h−v2) ∈ C2 ⇒ (v1, v2) ∈ G(z̃+h)
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Example

Find z = (y ,u) such that

−4y − u = 0 in Ω,

y = 0 on ∂Ω,

ϕu ≤ u ≤ ϕ̄u a.e.in Ω,

ϕy ≤ y ≤ ϕ̄y a.e.in Ω

Assume ∂Ω ∈ C1,1, p ≥ 2, d/2 < p <∞,
ϕu, ϕ̄U , ϕy , ϕ̄y ∈ Lp(Ω)

Assume ∃(ỹ , ũ) ∈ H1
0 (Ω)× L2(Ω), δ > 0 :

−4ỹ − ũ = 0 in Ω,

ϕu ≤ ũ ≤ ϕ̄u a.e.in Ω,

ϕy + δ ≤ ỹ ≤ ϕ̄y − δ a.e.in Ω
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Set Z = W 2,p(Ω) ∩W 1,p
0 (Ω)× Lp(Ω),

V1 = Lp(Ω)× Lp(Ω), V2 = W 2,p(Ω) ∩W 1,p
0 (Ω)

A1(y ,u) = (−
d∑

i=1

∂2y
∂x2

i
− u,u)

A2(y ,u) = y
Note that A1 : Z → V1 is surjective since for every f ∈ Lp(Ω) the
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The convex case

Here we assume that the mapping G(z) = g(z)− C has a convex
graph. Similar results as in the linear case are valid:

Theorem
Assume

V = V1 × V2

g = (g1,g2), gi : Z → Vi , bi ∈ Vi , i = 1,2
C = C1 × C2, Ci ⊂ Vi

G is a closed convex multifunction
0 ∈ int (g1(Z )− C1), int C2 6= ∅
∃z̃ : g1(z̃) ∈ C1 ∧ g2(z̃) ∈ int C2

Then, G is metrically regular near (z̄,0) ∈ gph G
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Example for a convex multifunction

Let Ω be a bounded domain.
Let A ∈ L(Z ,L2(Ω)d ), ϕ̄ ∈ L2(Ω), ψ : Rd → R convex, Lipschitz
g : Z → L2(Ω), g(z)(x) := ψ(Az(x))

C = {ϕ ∈ L2(Ω) : ϕ ≤ ϕ̄a.e.}
Then G is convex.
e.g. Z = H1

0 (Ω), g(z) = |∇z|.
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Optimality Conditions

For a convex set C ⊂ V the normal cone at c̄ ∈ C is given by

NC(c̄) = {v∗ ∈ V ∗ : 〈v∗, c − c̄〉 ≤ 0,∀c ∈ C}

Theorem
Let z̄ be a solution for the problem (P) and assume that g and J are
continuously differentiable at z̄ and that G is metrically regular near
(z̄,0). Then there is a multiplier v∗ ∈ NC(g(z̄)) such that

DJ(z̄) + Dg(z̄)∗v∗ = 0
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Normal cones

NC1×C2(c̄1, c̄2) = NC1(c̄1)× NC2(c̄2)

N{c}(c) = V ∗

NC(c̄) = {0} if c̄ ∈ int C
C = (−∞,a]⇒

NC(c̄) =

{
R+ if c̄ = a
0 if c̄ < a

C = [a,b]⇒

NC(c̄) =


R+ if c̄ = b
0 if a < c̄ < b
R− if a = c̄
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Obstacle problem

min
z∈H1

0 (Ω)
J(z) :=

1
2

∫
Ω
|∇y |2 + 〈f , z〉

z ≥ ϕ a.e.in Ω

Z = V = H1
0 (Ω), f ∈ H−1(Ω)

C = {z ∈ H1
0 (Ω) : z ≥ ϕ} closed convex (even for ϕ ∈ L2(Ω))

Explicit constraint z ∈ C always metrically regular
First order optimality condition: ∃v∗ ∈ NC(z̄) ⊂ H−1(Ω) such that∫

Ω
∇z̄∇ ·+f + v∗ = 0

or equivalently∫
Ω
∇z̄∇(z − z̄) + 〈f , z − z̄〉 ≥ 0, ∀z ∈ C
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Control problem 1

min
z=(y ,u)∈Z

J(y ,u) :=
1
2

∫
Ω

((y − yd )2 + u2)

s.t . −4y − u = 0
ϕu ≤ u ≤ ϕ̄u

Z = H1
0 (Ω), V = H−1(Ω)× L2(Ω)

Optimality conditions: There exist multipliers
(p∗, µ∗) ∈ H1

0 (Ω)× L2(Ω) such that∫
Ω

(ȳ − yd )y + 〈−4∗p∗, y〉 = 0,∀y ∈ H1
0 (Ω), ū − p∗ + µ∗ = 0

and

µ∗(x)


≥ 0 f.a.a. x s.t. ϕu(x) < ū(x) = ϕ̄u(x)

= 0 f.a.a. x s.t. ϕu(x) < ū(x) < ϕ̄u(x)

≤ 0 f.a.a. x s.t. ϕu(x) = ū(x) < ϕ̄u(x)
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= 0 f.a.a. x s.t. ϕu(x) < ū(x) < ϕ̄u(x)
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Control problem 2

min
z=(y ,u)∈Z

J(y ,u) :=
1
2

∫
Ω

((y − yd )2 + u2)

s.t . −4y − u = 0
ϕu ≤ u ≤ ϕ̄u

ϕy ≤ y ≤ ϕ̄y

Z = Y ×Lp(Ω), V = Lp(Ω)×Lp(Ω)×Y , Y := (W 2,p(Ω)∩W 1,p
0 (Ω))

Optimality conditions: There exist multipliers
(p∗, µ∗, ν∗) ∈ Lq(Ω)× Lq(Ω)× Y ∗ such that∫

Ω
(ȳ − yd )y + 〈−4∗p∗, y〉+ 〈ν∗, y〉 = 0,∀y ∈ Y , ū − p∗ + µ∗ = 0,

conditions on µ∗ as before and

〈ν∗, y − ȳ〉 ≤ 0, ∀y ∈ Y : ϕy ≤ y ≤ ϕ̄y
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