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The problem

The linear case

@ Linear equality constraints

@ Linear Inequality constraints

@ Mixed Equality/Inequality constraints

The convex case

First-order optimality conditions
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The problem

(P) min J(2)

zeZ

st.  0eG(2)

@ Z, V Banach spaces;

eJ:Z—R

@ G:Z = V multifunction, G(z) := g(z) — C.
@ g:Z — V mapping, C C V closed convex;
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The problem

(P) min J(2)

zeZ

st.  0eG(2)

@ Z, V Banach spaces;
eJ:Z—R
@ G:Z = V multifunction, G(z) := g(z) — C.
@ g:Z — V mapping, C C V closed convex;
We consider the following tasks
@ Given z € g~'(C), when is G metrically regular near (z,0)?
@ If Z denotes a solution of (P), what are first order optimality
conditions?
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The problem

(P) min J(2)

zeZ

st.  0eG(2)

@ Z, V Banach spaces;
eJ:Z—R
@ G:Z = V multifunction, G(z) := g(z) — C.
@ g:Z — V mapping, C C V closed convex;
We consider the following tasks
@ Given z € g~'(C), when is G metrically regular near (z,0)?
@ If Z denotes a solution of (P), what are first order optimality
conditions?
Note
zeg '(C) & g(2)eC = 0e G(2)
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The linear case

Recall that the linear case also covers the differentiable case:

Theorem
Assume that g is continuously differentiable at z and (z,0) € gph G.

Then the following statements are equivalent:
@ G is metrically regular near (z,0)
@ The mapping 9(z) + Dg(z)(- — z) — C is metrically regular near
(z,0)

NUMA
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In this section we assume
g(z)=Az—b, AcL(Z,V), beV
G is certainly a convex multifunction:
(zi,vi)egphG,i=1,2 =3cie C:vi=Azi—b—c;, i=1,2
= avi+(1—a)vu=a(Az1 —b—c1)+ (1 —a)(Azz — b— )
=Alazi+(1 —a)z2) —b—(acy + (1 —a)cn), Ya € [0,1]

eC
= @(217 V1) + (1 - Ct)(Zz, V2) S gph G: Vo e [07 1]
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In this section we assume
g(z)=Az—b, AcL(Z,V), beV
G is certainly a convex multifunction:
(zi,vi)egphG,i=1,2 =3cie C:vi=Azi—b—c;, i=1,2
= avi+(1—a)vu=a(Az1 —b—c1)+ (1 —a)(Azz — b— )
=Alazi+(1 —a)z2) —b—(acy + (1 —a)cn), Ya € [0,1]

eC
= @(217 V1) + (1 - Ct)(Zz, V2) S gph G: Vo e [07 1]

Hence:
G metrically regular near (z,0) € gph G
< 0e€intG(Z) =int(AZ —b— C) J
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e The linear case
@ Linear equality constraints
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Linear case: equality constraints

e C={0}
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Linear case: equality constraints

e C={0}
00cG(z) © 0e6Az—b—{0} & Az=0Db
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Linear case: equality constraints

e C={0}

00cG(z) © 0cAz—b—-{0} & Az=Db

@ G metr.reg.near (z,0)
< 0€int(AZ —b) =int(A(Z — 2))) = int (AZ)
< A surjective
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Linear case: equality constraints

e C={0}
00e€G(z) © 0e6Az—b—{0} & Az=D
@ G metr.reg.near (z,0)
< 0€int(AZ —b) =int(A(Z — 2))) = int (AZ)
< A surjective
@ Finite dimensional case: Z =R", V = R™,
A m x n matrix (representation of the linear operator)
G metr.reg. & A has full row rank m
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Infinite dimensional example

@ Q c R bounded domain with C%' boundary
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Infinite dimensional example

@ Q c R bounded domain with C%' boundary
@ Find z = (y, u) with u € L2(Q) such that

—Ay—u = 0,inQ
y = 0,0n90Q
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Infinite dimensional example

@ Q c R bounded domain with C%' boundary
@ Find z = (y, u) with u € L2(Q) such that

—Ay—u = 0,inQ
y = 0,0n90Q

@ Several possibilities for Z, V
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Infinite dimensional example

@ Q c R bounded domain with C%' boundary
@ Find z = (y, u) with u € L2(Q) such that

—Ay—u = 0,inQ
y = 0,0n90Q

@ Several possibilities for Z, V
° Z=HJ(Q)x L3(Q), V=H1(Q),b=0
Ais given by

(Az,v) = (A(y,u), V) = /QVva—/qu, Vv e H'(Q)

A is surjective since by the Lax-Milgram-Lemma for every
v € H1(Q) there exists y € H}(Q) such that

Aly,0)=—-Ay=v
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Infinite dimensional example (cont.)

e Z = (H3(Q)n HI(Q)) x L3(Q), V = L3(Q), Ais given by

52

J y
ZT

Clearly, A is surjective.

Under additional assumptions on Q (e.g., 0Q € C''), the system
Az = v has a solution of the form z = (y, 0) (will be important
later)
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Infinite dimensional example (cont.)

e Z = (H3(Q)n HI(Q)) x L3(Q), V = L3(Q), Ais given by

52

J y
ZT

Clearly, A is surjective.
Under additional assumptions on Q (e.g., 0Q € C''), the system
Az = v has a solution of the form z = (y, 0) (will be important
later)

@ More generally, taking Z = H}(A; Q) x L3(Q), V = L3(Q), where
HY(£:9) = {y € H}(Q) : Ay € [3(Q)},

Aly,u) = -Ay —u,

the system Az = v has a solution of the form z = (y, 0).
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Generalization of Equality Constraints

@ C = {0} is a special case of intC =0
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Generalization of Equality Constraints

@ C = {0} is a special case of int C =)
@e0cAz—b-C& Az=b+cforsomece C
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Generalization of Equality Constraints

@ C = {0} is a special case of int C =)
@e0cAz—b-C& Az=b+cforsomece C

@ Assume A surjective =
OcintA(Z—-2)=int(AZ—-b—-c)Cint(AZ—-b—-C)=
G is metr.regular near (z,0)
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Generalization of Equality Constraints

@ C = {0} is a special case of int C =)
@e0cAz—b-C& Az=b+cforsomece C

@ Assume A surjective =
OcintA(Z—-2)=int(AZ—-b—-c)Cint(AZ—-b—-C)=
G is metr.regular near (z,0)

@ If A= id then A is obviously surjective = explicit constraints of the
form 0 € G(z) = z — C are always metrically regular
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Infinite dimensional example

@ Find z = (y, u) such that

where ¢ , py € L3(Q).
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Infinite dimensional example

@ Find z = (y, u) such that

—Ay—u = 0,inQ
y 0, on 9Q2
p,SU < @y, aein,

where ¢ , py € L3(Q).
e Define Z = H}(Q) x L3(Q), V = H-1(Q) x [2(Q), b=0, A = (A, Ay)
by Ay - Z — H-(Q),

(Anz,v) = (Au(y, u),v) = / Vyvv - / uv, ¥ € H'(Q)
Q Q
A2 Z — I_2(Q), AQZ = Ag(y, U) = Uu,

C = Cy x Cy where Cy = {0}, Co = {(p € L2(Q) .y <p< (ﬁu}
Note, that int C, = ) in L?(Q)
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Infinite dimensional example

@ Find z = (y, u) such that

—Ay—u = 0,inQ
y 0, on 9Q2
p,SU < @y, aein,

where ¢ , py € L3(Q).
e Define Z = H}(Q) x L3(Q), V = H-1(Q) x [2(Q), b=0, A = (A, Ay)
by Ay - Z — H-(Q),

(Ar1z,v) = (A1(y, u), V) _/QVva—/qu, vv e H'(Q)

A2 Z — I_2(Q), AQZ = Ag(y, U) = Uu,
C = Cy x Cy where Cy = {0}, Co = {(p € L2(Q) .y <p< (ﬁu}
Note, that int C, = ( in L?(Q)

@ Then: Ais surjective = G is metrically regular.

Helmut Gfrerer (University Linz, Austria) Infinite Dimensional Optimization Seminar WS09



e The linear case

@ Linear Inequality constraints
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Inequality constraints

@ We call 0 € g(z) — C an inequality constraint, if int C # ()
@ Typical finite dimensional example: V = R™, C = R™:

0e€9(2) -R” & g(z) <0
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Inequality constraints

@ We call 0 € g(z) — C an inequality constraint, if int C # ()
@ Typical finite dimensional example: V = R™, C = R™:

0€9g(z)-RT & g(2)<0

Letint C # 0. G(z) = Az — b — C is metrically regular near
(z,0) e gphG <

3z: Az—beintC (Slater condition)
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e The linear case

@ Mixed Equality/Inequality constraints
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Mixed Equality/Inequality systems

Theorem (Generalized Mangasarian-Fromovitz CQ)
Assume
o V=Vx
0 A= (A, A), b= (b;,by), Ai: Z— Vi, beV,i=1,2
@C=CixC,CicV
@ A, is surjective, int Cs # ()

NUMA
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Mixed Equality/Inequality systems

Theorem (Generalized Mangasarian-Fromovitz CQ)
Assume
o V=Vx
0 A= (A, A), b= (b;,by), Ai: Z— Vi, beV,i=1,2
@C=CixC,CicV
@ A, is surjective, int Cs # ()
Then: G is metrically regular near (z,0) € gph G <

3Z2:AZ—by € Cy N Az — by €intCo

NUMA

Helmut Gfrerer (University Linz, Austria) Infinite Dimensional Optimization Seminar WS09



Mixed Equality/Inequality systems

Theorem (Generalized Mangasarian-Fromovitz CQ)
Assume
o V=Vx
0 A= (A, A), b= (b;,by), Ai: Z— Vi, beV,i=1,2
@C=CixC,CicV
@ A, is surjective, int Cs # ()
Then: G is metrically regular near (z,0) € gph G <

3Z:A1Zz—by € Cy AN Az — b cint Co )

Proof: Only "<”: Let B(A>z — by, 2r) C Co, B(0,p) C A1B(0,1) and let
0 < R <r/||Az|. Then for any (vy, v2) € B(0, pR) x B(0, r) there is
some h € B(0, R) C Z such that Ayh = vy and ||A2h— v»| < 2r =

Vy € A(2+h)—b1—C1 A Agé—bg—i—(Agh—Vg) eC = (V1, Vg) S G(Z—F%
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@ Find z = (y, u) such that

—-Ay—u = 0 inQ,
y = 0 onoQ,
p,SU < @y a.e.in Q,
®, <y < ¢, aeinQ
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@ Find z = (y, u) such that
—-Ay—u = 0 inQ,
y = 0 onoQ,
p,SU < @y a.e.in Q,
®, <y < ¢, aeinQ

@ Assume 9Q € C'"', p>2,d/2 < p < 0,
£u7@U7£y795y € LP(Q)
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@ Find z = (y, u) such that

-Ay—u = 0 inQ,
y = 0 onoQ,
p,SU < @y a.e.in Q,
®, <y < ¢, aeinQ
@ Assume 9Q € C'"', p>2,d/2 < p < 0,
P @Uaf}ﬂ@y € LP(Q

@ Assume 3(7, U) € HI(Q) x L3(Q),6 > 0:

—Ay—u = 0 inQ,
U < @, ae.inq,
< ¢y—0 aeinQ
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o SetZ = W2P(Q)n W, P(Q) x LP(Q),
Vi = LP(Q) x LP(Q), Vo = W2P(Q) N W, P(Q)

NUMA
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o SetZ = W2P(Q)n W, P(Q) x LP(Q),
Vi = LP(Q) x LP(Q), Vo = W2P(Q) N W, P(Q)
° d
%
A1(y,U) = (_218)(,-2_[1’“)

=

As(y,u)=y
Note that A : Z — Vj is surjective since for every f € LP(Q2) the

equation —Ay = f has a unique solution in W2P(Q) N W, P(Q)

NUMA
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o SetZ = W2P(Q)n W, P(Q) x LP(Q),
Vi = LP(Q) x LP(Q), Vo = W2P(Q) N W, P(Q)
o
d 42

oy
Ay )= (=) 55~
i=1 8x,.

u,u)

Aa(y,u) =y

Note that A : Z — Vj is surjective since for every f € LP(Q2) the

equation —Ay = f has a unique solution in W2P(Q) N W, P(Q)
0 Ci={0} x{pelP(Q) : ¢, <p<du}

Co={peVa:p <p <oy}

Note that int C, # ) since W?P(Q) c C(Q) for p > d/2.
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o SetZ = W2P(Q)n W, P(Q) x LP(Q),
Vi = LP(Q) x LP(Q), Vo = W2P(Q) N W, P(Q)
° d
82
Al ==Y 2

> —
i=1 8x,.

u,u)

Aa(y,u) =y
Note that A : Z — Vj is surjective since for every f € LP(Q2) the
equation —Ay = f has a unique solution in W2P(Q) N W, P(Q)
0 Ci={0} x{pelP(Q) : ¢, <p<du}
Co={peVa:p <p <oy}
Note that int C, # ) since W?P(Q) c C(Q) for p > d/2.
@ Ai(y,u) e Cy N Ax(y,U) € int C, = G metrically regular.

NUMA
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The convex case

Here we assume that the mapping G(z) = g(z) — C has a convex
graph. Similar results as in the linear case are valid:

Assume
e V=V xW
@ 9=(91,92),9:Z— Vi,beV,i=1,2
@ C=CixC,CicV,
@ G is a closed convex multifunction
@ 0cint(g(Z) — Cy),int Ca # ()
@ 3Z: 91(2) € Gy A 92(2) € int Cy
Then, G is metrically regular near (z,0) € gph G

ot
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Example for a convex multifunction

@ Let Q2 be a bounded domain.
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Example for a convex multifunction

@ Let Q2 be a bounded domain.
o Let Ac L(Z, L2(Q)Y), g € L3(Q), ¥ : RY — R convex, Lipschitz
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Example for a convex multifunction

@ Let Q2 be a bounded domain.
o Let Ac L(Z, L2(Q)Y), g € L3(Q), ¥ : RY — R convex, Lipschitz
® g:Z— [3(Q), 9(2)(x) := p(Az(x))
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Example for a convex multifunction

@ Let Q2 be a bounded domain.

o Let Ac L(Z, L2(Q)Y), g € L3(Q), ¥ : RY — R convex, Lipschitz
° g:Z— 12(9), 9(2)(x) := ¥(Az(x))

@ C={pcl?Q): ¢<pae}
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Example for a convex multifunction

@ Let Q be a bounded domain.

o Let Ac L(Z, L2(Q)Y), g € L3(Q), ¥ : RY — R convex, Lipschitz
° g:Z— 12(9), 9(2)(x) := ¥(Az(x))

@ C={pcl?Q): ¢<pae}

@ Then G is convex.
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Example for a convex multifunction

@ Let 2 be a bounded domain.

o Let Ac L(Z, L2(Q)Y), g € L3(Q), ¥ : RY — R convex, Lipschitz
° g:Z — L3(Q), g(2)(x) = ¥(Az(x))

@ C={pcl?Q): ¢<pae}

@ Then G is convex.

® eg. Z=H}(Q), 9(z) = |Vz|.
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Optimality Conditions

For a convex set C C V the normal cone at ¢ € C is given by

Ne(C)={v e V" : (v',c—cC) <0,Vce C}
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Optimality Conditions

For a convex set C C V the normal cone at ¢ € C is given by

Ne(C)={v e V" : (v',c—cC) <0,Vce C}

Let Z be a solution for the problem (P) and assume that g and J are
continuously differentiable at z and that G is metrically regular near
(2,0). Then there is a multiplier v* € N¢(9(z)) such that

DJ(Z) + Dg(2)*v* =0

NUMA
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Normal cones

@ Ng,xc,(Cy,C2) = N¢,(C1) x Ng,(C2)
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Normal cones

@ Ng,xc,(C1,C2) = Ng,(€1) x Ng,(C2)
o N{C}(C) = V=
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Normal cones

@ Ng,xc,(Cy,C2) = N¢,(C1) x Ng,(C2)
o N{C}(C) = V*
o Ne(e) = {0}ifc cintC
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Normal cones

o NC1><C2(E1’62) = NC1(51) X NCZ(EQ)
o N{C}(C) = V*

@ Ng(¢)={0}ifceintC

@ C=(—00,8 =

_ Rt ifc=a
NC(C)_{ 0 ifc<a
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Normal cones

N{C}(C) = V=
Ne(2) = {0} if & € intC
C = (—c0,a =

_ Rt ifc=a
NC(C)_{ 0 ifc<a

C=lab]=

Rt ifc=0b
Ne(c)=4¢ 0 ifa<c<b
R_ ifa=c
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Obstacle problem

min J(z) = 1/\Vy|2+(f,z>
zeH}(Q) 2 Ja

z ¢ a.einQ

Y
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Obstacle problem

min J(z) = 1/\Vy|2+(f,z>
zeH}(Q) 2 Ja
z > ¢ aeinQ

e Z=V=H}Q),fe H'(Q)
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Obstacle problem

min J(z) = 1/\Vy|2+(f,z>
zeH}(Q) 2 Ja

z > ¢ aeinQ

e Z=V=H}Q),fe H'(Q)
@ C={ze H{(Q) : z> ¢} closed convex (even for ¢ € L?(Q))
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Obstacle problem

min J(z) = 1/\Vy|2+(f,z>
zeH}(Q) 2 Ja

z > ¢ aeinQ

e Z=V=H}Q),fe H'(Q)
@ C={ze H{(Q) : z> ¢} closed convex (even for ¢ € L?(Q))

@ Explicit constraint z € C always metrically regular
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Obstacle problem

min J(z) = 1/\Vy|2+<f,z>
zeH}(Q) 2 Ja
z > ¢ aeinQ

e Z=V=H}Q),fe H'(Q)
@ C={ze H{(Q) : z> ¢} closed convex (even for ¢ € L?(Q))

@ Explicit constraint z € C always metrically regular
@ First order optimality condition: 3v* € Ng(z) ¢ H=1(Q) such that

/VZV-+f+V*:0
Q

or equivalently
/ VEV(z—2)+ (f,z—32)>0, YzeC
Q
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Control problem 1

. _ 1 N2 2
Z:(r}r/\Lr}eZJ(y,U) : 2/9((}/ Ya)© + u°)

st. —Ay—u = 0
p,SU =< Qu
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Control problem 1

. _ 1 N2 2
Z:(r}r/\Lr}eZJ(y,U) = 2/9((}/ Ya)© + u°)

st. —Ay—u = 0
p,SU =< Qu

0 Z=H}(Q), V=H"(Q)x L2(Q)
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Control problem 1

. _ 1 N2 2
Z:(r}r/\Lr}eZJ(y,U) = 2/9((}/ Ya)© + u°)

st. —Ay—u = 0
p,SU =< Qu

o Z=H(Q), V=HT1Q) x L3(Q)
@ Optimality conditions: There exist multipliers
(p*, w*) € H}(Q) x L3(Q) such that

/9(7 — Ya)y + (AP y) =0,Vy € Hy(Q),T - p* + " =0
and

>0 faa xst ¢ (X)

pi(x)q =0 faa. xst p

P

<0 fa.a. xs.t.
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Control problem 2

1

min _J = = — ya)? + UP

_min Jy.0) = 5 [ (e i)
st. —Ay—u = 0
g, <U < By
fygy < Qby
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Control problem 2

1

min _J = = — ya)? + UP

_min Jy.0) = 5 [ (e i)
st. —Ay—u = 0
g, <U < By
fygy < Qby

0 Z=YxLP(Q),V=LPQ)xLP(Q) XY, Y = (WEP(Q) N W, P(Q))
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Control problem 2

1

min _J = = — ya)? + UP

_min Jy.0) = 5 [ (e i)
st. —Ay—u = 0
g, <U < By
fygy < Qby

0 Z=YxLP(Q),V=LPQxLP(Q)xY,Y :=(W>P(Q)N Wg’p(Q))
@ Optimality conditions: There exist multipliers
(p*, u*,v*) € L9Y(Q) x LIY(Q) x Y* such that

/Q(I/—yd)y+<—A*p*,y> + W y)=0vVyeY, u-—p +u =0,

conditions on p* as before and
(v',y—y)<0, Vye Y:gygygg;y
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