Improved Euler / Explicit midpoint rule
g1 = Uy
92 uj+%f(tja 91)
ujr1 = uj+ 75 f(t; + %, 92)

In short:
i1 = u;+ 7 0(t;, uj, 7)) where ¢t u, 7) = f(t+ F, u+ T f(t,u))

S(upn — ) = (), uj, )

Consistency analysis

Local error: d-(t +7) :=u(t +7) — [u(t) + 7 (¢, u(t), 7)]
Consistency error: . (ty) = ¥y with

¢J+1 = _7( (tﬁ—l)

u(t )) o(ty, u(ly), 7;)
wo = U(O)—UO = O

For simplicity: n = 1, assume that f is sufficiently smooth
d(t+71) = ult+71)— [u(t) + 7 o(t, u(t), 7')}
= u(t+7)—ult)—7f(t+ %, u(t) + S f(t, u(t)))
= u(t) +7u/(t) + Fu'(t) + Tu"(t) + O(7") — ult)
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= 7w =St u®) | + 5[0~ B Fh) iy |+
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0 = SO 7 uD)] = (@)= (il ulD) + Lult, u(t) W(1)) = (+)
=f(t,u(t))
Recall that ¢ (u)(tj+1) = T—ljd (tj+1). A detailled analysis shows that
3K >0 [u Bl < K

—> The improved Euler method has consistency order 2.



