
Improved Euler / Explicit midpoint rule

g1 = uj

g2 = uj +
τj
2 f(tj, g1)

uj+1 = uj + τj f(tj +
τj
2 , g2)

In short:

uj+1 = uj + τj φ(tj, uj, τj) where φ(t, u, τ) := f
(
t+ τ

2 , u+ τ
2f(t, u)

)
1
τj

(
uj+1 − uj

)
= φ(tj, uj, τj)

Consistency analysis

Local error: dτ(t+ τ) := u(t+ τ)−
[
u(t) + τ φ(t, u(t), τ)

]
Consistency error: ψτ(tk) = ψk with

ψj+1 = 1
τj

(
u(tj+1)− u(tj)

)
− φ(tj, u(tj), τj)

ψ0 = u(0)− u0 = 0

For simplicity: n = 1, assume that f is sufficiently smooth

dτ(t+ τ) = u(t+ τ)−
[
u(t) + τ φ(t, u(t), τ)

]
= u(t+ τ)− u(t)− τ f

(
t+ τ

2 , u(t) + τ
2f(t, u(t))

)
= u(t) + τ u′(t) + τ2

2 u
′′(t) + τ3

6 u
′′′(t) +O(τ 4)− u(t)

− τ
[(
f + τ

2ft + τ
2fu f + τ2

4 ftt + τ2

2 ftu f + τ2

4 fuu f
2)

(t, u(t)) +O(τ 3)
]

= τ
[
u′(t)− f(t, u(t))︸ ︷︷ ︸

=0

]
+ τ2

2

[
u′′(t)−

(
ft − fu f

)
(t, u(t))︸ ︷︷ ︸

=(∗)=0

]
+

+ τ 3
[

1
6u
′′′(t)− 1

4

(
ftt + 2ftu f + fuu f

2)
(t, u(t))

]
+O(τ 4)

where

0 =
d

dt

[
u′(t)−f(t, u(t))

]
= u′′(t)−

(
ft(t, u(t))+fu(t, u(t)) u′(t)︸︷︷︸

=f(t, u(t))

)
= (∗)

Recall that ψτ(u)(tj+1) = 1
τj
dτ(tj+1). A detailled analysis shows that

∃K > 0 : ‖ψτ(t)‖Yτ ≤ K τ 2

=⇒ The improved Euler method has consistency order 2.


