Lemma 1.56

If rp g 2 0:
(a) pr1#0
(b) Kr(A,rg) = span(rg,...,rx—1) = span(pg,...,Pk-1)
(c) (r,p;) =0  Vj=0,1,...,k—1
)

(d) (Apg,pj) = 0 Vi=0,1,....k—1

Proof by induction.
For k = 1 the statements are trivial or follow from (18), (19).
Suppose that (a)—(d) hold for & and assume that r; # 0.
e = ko1 — o Apr1 € Kip(A, 7o) + A(ICk(A,ro)) C Kri1(A,rg).
Proof of (a) and (b).
From (b) and (c) we know that r, 1 KCr(A, ), which implies that

Kir(A,ro) C span(rg,...,7m.) C Kiri1(A,70).

—

However, dim(/Cy41(A, 7)) = dim(Ky(A,19)) + 1. Therefore,

span(ro, ..., rx) = Kia(A, o).
From the definition of the algorithm we know that . = pr — 11 pr_1. Hence,

_ (®)
Span(p07 SR 7pk) - span(po, ooy Pl—1; Tk) - span(ro, SR ,Tk)-

This means, (a) and (b) hold for k& + 1.

Proof of (c).
From formula (18) we know that (r;41,p;) = 0 for j = k. For j < k,

(c),(d)
(rkt1,05) = (rk — o Apr, pj) = (1%, p5) — a(Apk,pj) =" 0.

Thus, 71+1 L span(po, ..., pr) = Krr1(A,79) and so (c) holds for k + 1.
Proof of (d).
From formula (19) we know that (Apii1.p;) =0 for j = k. For j < k,

(Apis1,p;) = (Pes1,Apj) = (ris1,  Ap; ) +0Bk (pr, Apj) = 0.
— ——
ERk+1(A,m0) (d)

N / =0

=0

This means (d) holds for k + 1, which completes the proof. H



