UBUNGEN ZU NUMERIK ZEITABHANGIGER PROBLEME

fiir den 19.10.2009

1. Let f: R x R"™ — R" be continuous on the set
D={({tv) eERxR":ty <t <T, |jv—ul| <b}.
Assume that there are constants A and L such that
|f(t,v)]] <A forall (t,v) € D
and
|f(t,w) — f(t,v)|]| < L||lw—wv| forall (¢,v),(t,w) € D

and assume that T — ¢ty < b/A.
Consider the following initial value problem: Find w : [ty, 7] — R such that

u'(t) = f(t,u(t) te(0,T),

u(to) = up.

Let 7 be a subdivision of [¢y, 7] with grid points ¢;, j = 0,1,...,m and step sizes
Tj:th—tj,j:O,l,...,m—l.

Show for the corresponding Euler polygon u,:

lur(t) —ugl] < At —to| for all t € [to, T).

2. Since f is uniformly continuous on the compact set D, we have: For each € > 0 there
is a 0 > 0 such that

t—sl <0 and [w—vl| <Ad imply [f(t,w)—f(s,v)| <e

for all (s,v), (t,w) € D.
Let 7 be a further subdivision of [to, 7] with grid points #;, j = 0,1,...,7 such that
{to,t1, ..., tm} C {to,t1,...,ts} (7 is then called a refinement of 7).
Show:
If |7| <4, then ||di| <e(tp—1tr1),
where dj, is the difference between w;(t) and ws (tg_1) + 761 f (tx—1, us(tx—_1))-

Hint: Since t;_; is also a grid point of 7, the Euler polygon u:(t) conincides for
t >ty with the Euler polygon that starts at ¢;_; with the value u;(tx_1). Compare
this Euler polygon with ws(tx—1) + (t — tk—1) f(tk—1, us(tx—1)) for t € [ty — tx_1].



3. Consider, for the subdivision 7, the Euler polygon that starts at t, with the value
u;(t;) and the Euler polygon that starts at ¢, with the value
ws(tp—1) + o1 f(tg—1,us(tx—1)). The difference between these two Euler polygons at
some point t > ¢, is denoted by dj.

Show
|l < ™) ]dy]|.

Hint: Show for two sequences (v;) and (w;), given by
Vi1 =05+ 7 f(t,05), wi = wy+ 75 ft,w;),

that
Jwjsr — vi |l < A+ 75 L) lw; — v < €75 [lw; — vy

4. Show for e(t) = u+(t) — u-(t) with t; <t <t;;; the following estimate:
lell <& [e" (8 —to) + Tty — tr) .+ PTG — 1y 0) + (8- t)]

t
<e / el (t=9) g = % (eL(t_tO) — 1) )

to

5. Show that u, converges uniformly to a continuous function wu, if |7| — 0.

Hint: Verify the Cauchy criterion: For each € > 0 there is a § > 0 such that

LIl <6 implies  max [lus(t) — u (1)) < ¢
te(to,T)

for all subdivisions 7 and 7.

Hint: Use the triangle inequality with a third subdvision 72, which is a refinement of
both subdivisions 7 and 7.

6. Show that the limit w of the Euler polygons u, for |7| — 0 is differentiable with
derivative f(¢,u(t)) at t.

Hint: Let ¢ be a grid point of the subdivision 7. Show (see Exercise 2):
[ur (8 +0) = ur(t) = 0 f(E,u- ()] < (6) 0
with
e(0) = sup{[[f(t,w) = f(s,v)[| : [t = s| <0, [Jw —v]| < AJ, (t,w), (s,v) € D}.

Take the limit § — 0.



