Chapter 2

Euler’s Method

See also: Hairer, Norsett, Wanner, [8], L.7.
Leonhard Euler: 1707 - 1788, Swiss mathematician

Initial value problem (IVP):
u(t) = fltu), te(to,T)
U(to) = Up

subdivision of [t, T':
to<ti <...<t,=T

Notations:
o 7; =111 —t;: step size (tj41 =1t; + 7))
© T = (T0, Ty Tin1)-

covy

For t € [ty, t1]:
u(t) ~ u(to) + (t — to) u'(to) = uo + (t — to) f(to, uo) = ur(t)
up = u,(t1) = ug + 70 f(to, uo)-
For t € [t,ts):
u(t) ®u(ty) + (t —t) W' (t) ~ur + (t—t1) f(tr,ur) = ur(t)
g = ur(t2) = uy + 711 f(t1,uq).

and so on.
u,(t) is a polygonal approximation of u(t) (Euler polygon). It connects the points (¢;, u;)
with
Uj+1:Uj+ij(tj,Uj), jZO,l,,m—l
Euler’s method (1768).
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Theorem 2.1 (Cauchy, 1789-1857, French mathematician). Let f be continuous on D,
| 1| bounded by A on D, and let f satisfy the Lipschitz condition

17t w) = Ft, )| < Ljw —of

on D, with
D={(t,v) eRxR":tx <t <T,|lv—ugl <b}.

If T —ty < b/A, then we have:
a) For|t| — 0, the Euler polygons converge uniformly to a continuous function u(t).
b) u(t) is continuously differentiable and solves (IVP) on [ty, T].
c) There is no other solution of (IVP) on [to,T).

Proof. Let T be a subdivision of [ty, 7] with grid points ¢; and 7 a refinement of 7. Let
t e [to,T] with tj <t< tj+1'

e Then (see tutorial):
[[ur (8) = wol| < Aft —to].
Therefore, (¢,u,(t)) € D.

e f is uniformly continuous on the compact set D:

Therefore, for each £ > 0, there is a § > 0 such that
t—s| <0 and [w—of <AS mply |f(tw)— f(tv)] <e

for all (s,v), (t,w) € D.

Then (see tutorial):
ldkll <&tk = tha) if |7[ <9

with
di = us(ty) — [Uf(tkq) + 71 f(tr-1, uf—(tkfl))}-

o Let d; be the difference of the values of Euler’s method at ¢ using subdivision 7 start-
ing in ¢, with initial values w;(tx) and ws(tx—1) + 7h—1 f(tx—1, us(tx_1)), respectively.

Then (see tutorial):
ldill < e =) dil.

e Then, for e = u;(t) — u,(t), (see tutorial):
||6|| S 3 [GL(t_tl)(tl — to) + GL(t_tQ)(tQ - tl) + ...+ GL(t_tj)(tj — t]’_l) + (t — tj)]

¢
<e / el =) gy = & (eL (t—to) _ 1) )
to L
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e Therefore, u, converges uniformly to a continuous function w, if |7| — 0, see tutorial.

e u solves (IVP) (see tutorial).

e 1 is the only solution to (IVP) (see tutorial).

Error estimate:

e Global error:
If |7] <4, then

lu(t) = ur ()] < 7 ("7~ 1))

1 o

Euler’s method is convergent.

If, additionally,
||f(t,’l))—f(8,1))||§M|t—S| OHD,

then, for |t —s| < § and [|[w —v| < AJ,

[t w) = f(s, )| <N fEw) = f@G) |+ 1 (Ev) = fs,0)]]
<Llw—v||+M|t—s| <(AL+ M)$é
and, therefore,
AL+ M
L
Euler’s method is of convergence order 1.

[u(t) = u- ()] < (") —1) |7!

Sufficient conditions for the Lipschitz conditions:

’ of

ou
dr(tjpr = u(tior) — [ulty) + 75 f(t5, u(t;))]

(t,v)H <L, Haa—‘::(t,v)H <M onD.
e Local error:

We have:
ld- (i)l < e,

Euler’s method is consistent with (IVP).
Under the additional condition (2.1), we have

ld-(tj 1)l < (AL + M)

Euler’s method is of consistency order 1.
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e Approximation error

Euler’s method as a finite difference method: u'(t;) is replaced by the forward differ-

ence quotient:
1
— (ultjn) — ulty))

Tj

This leads to the FDM

;(“J‘H —u;) = f(t;,u;)

for the approximation u; of u(¢;). The corresponding approximation error is given
by
1
Ur(tin) = — (ultyn) = ulty)) + f(t, ulty).

J
Observe

1
Vr(tjs1) = - dr(tj41)-

J
We have the following estimates:

[ ()l < e
Euler’s method is consistent with (IVP).
[+ ()| < (AL + M)
Euler’s method is of consistency order 1.

Local variant:

Theorem 2.2. Let U C R™ X R be an open set and let f and % continuous on U. Then,
for every (to,up) € U, there exists a unique solution of (IVP), which can be continued up
to the boundary of U.

Example. Restricted three body problem

_M/ylﬂLM_uyl—M/
D} D3

RS R

Ya Y2 U1 ,uD;IJ, ’LLD%

v = y1 + 2ys

with

]1/2 1/2

Di=[+m*+u] ", Da= [l — ) +y3]
and pp = 0.012277471, i/ = 1 — p. Initial conditions: y1(0), y1(0), y2(0), y5(0) are given.
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