Numerical Methods for Partial Differential Equations WS 2008 / 2009
Tutorial 9 Monday, January 19, 10.15-11.45, T 212

Consider the initial-value problem

u'(t) = f(t, ut)) fort >0,

u(0) = up, (9.1)

where v : Rf — X and f:RJ x X — X with the Banach space (X, || - ).

Assume that there exists a constant L > 0 such that
|f(t, w)— f(t,v)|| < Lljw—0|| VteRS Vv, we X.
Show that, for each ¢; and u;, there exists a unique solution wu;,; of the equation
ujpr = u;+ 7 [t 4T u),
if 7 <1/L.
Hint: Apply Banach’s fixed point theorem.
Assuming X is a Hilbert space with the inner product (-, -) and that
£t w) = ft ) < Lw—ol|  VEeR] Vv, weX,

and
(ft,w) = flt,v),w—v) <0 VteR] Yo,weX,

show that, for each 7 > 0, ¢; and w; there exists a unique solution u;;; of the
equation
U1 = uj + 7t + 7, uj).

Hint: Apply Banach’s fixed point theorem to the following equivalent equation
it = Gujpn) = (1= plujur + pluy + 7 f(t; + 7, wjia)]
for some parameter p € (0, 1). Estimate
G(w) - CW? = (G(w) - G(v), Glw) - G(v)).
and choose p € (0, 1) such that G is a contraction.

For the following exercises we consider the implicit Euler method, i.e.,

Ujrr = uj+ 7 [(tje1, wjer) -
Let ]
v (t+71) = ;[u(t +7)— u(t)} —fl+7 ult+71))

denote the consistency error of the implicit Euler method, where u(t) is the solution of
(9.1). Furthermore,
er = u(ty) — uy

denotes the global error.
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Show that the following estimate holds if u”(-) exists:

t+1
st +7)] < / 1" (s)]] ds.

Show that

u(tjzr) = w(ty) +7 f(tjen, ultje)) + 79-(t41)

and
e = e+ T[ [ty ultjrr)) = f(tsr, win)] + 70 (t1a) - (9.2)
Let the assumptions of exercise be fulfilled. Show that the following estimate

holds:
lejrall < llegll + 7llwr (5a)]l -

Hint: Multiply (9.2) by e;1; and apply Cauchy’s inequality to the right hand side.

Let the assumptions of exercise be fulfilled. Show that

t;
lu(t;) — ]l < 7 / l”(s)]| ds

if u”(-) exists.
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