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19 Let Th be an equidistant subdivision of (0, 1). Show that there exists a constant
C1 > 0 such that

|v − Ihv|H1(0, 1) ≤ C1 h ‖v′′‖L2(0, 1) ∀v ∈ C2(0, 1) . (4.1)

Hint: Perform the analogous steps as for the L2-estimate in lecture notes.

20 Closure principle: Show that all expressions in (4.1) are continuous with respect
to the H2-norm. (Then, it follows that the inequality holds for all v ∈ H2(0, 1),
because one can show that C2(0, 1) is dense in H2(0, 1).)
Hint: Show Lipschitz conditions for the left and the right hand side of (4.1).

21 Let Th be an equidistant subdivision of (0, 1) and let V0h be the space of piecewise
affine linear functions vanising at 0. Estimate the condition number of the stiffness
matrix Kh of our model problem from below and show that there exists a constant
C2 > 0 such that i. e., show an estimate of the form

κ(Kh) ≥ C2 h−2 .

Hint: Use the Rayleigh quotient for the special vector vh = (1, 0, . . . , 0)> in order
to obtain a loer bound for λmax(Kh). For an upper bound of λmin(Kh) use the
Rayleigh quotient for the special vector vh = (h, 2h, 3h, . . . , 1)>.

22 Let Th be an equidistant subdivision of (0, 1) and let V0h be the space of piecewise
affine linear functions vanising at 0. Estimate the condition number of the mass
matrix Mh from above, i. e., show an estimate of the form

κ(Mh) ≤ C3 hβ ,

for some constants C3 > 0 and β ∈ R.

23 Let Ω be a bounded domain in R2, and let ΓD, ΓN ⊂ ∂Ω be disjoint such that
ΓD ∪ΓN = ∂Ω. Derive the variational formulation for the following boundary value
problem:

−∆u(x) = f(x) ∀x ∈ Ω ,

u(x) = gD(x) ∀x ∈ ΓD ,

∂u

∂n
(x) = gN(x) ∀x ∈ ΓN .

In particular specify V , V0 and Vg.

24 Let T̂ := {(x, y) ∈ R2 : x ≥ 0, y ≥ 0, x + y ≤ 1} be the two-dimensional reference
element with the corner points ξ0 = (0, 0), ξ1 = (1, 0), and ξ2 = (0, 1) Let ϕ̂0, ϕ̂1,

and ϕ̂2 denote the affine linear functions on T̂ which fulfill

ϕ̂i(ξj) = δij ∀i, j ∈ {0, 1, 2} .

Derive an explicit formula for ϕ̂0, ϕ̂1, and ϕ̂2 in terms of ξ = (ξ(1), ξ(2)).
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