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4.4 Solvers for Mixed FEM

Show, that the preconditioned Uzawa Algorithm (see lectures (51)) is equivalent
to the classical Uzawa Algorithm (see lectures (48)) applied to the preconditioned
System
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Consider the problem SX = F', where

BAG'(A—Ay) BA'BT+C )= \)) 7+ BA'f—g )

(see (61) in the lectures). Write down in detail (for u, and A,) the preconditioned

Richardson-method
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Which error estimates do you know? Describe the relation of the Richardson Method
(Ap = 7G) and the Arrow-Hurwicz Algorithm (see lectures (54)).
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Consider the discrete mixed variational problem: Find (up, A\y) € X, x Ay, such that

a(uh, Uh) + b('Uh, )\h) = <F, 'Uh> Yoy, € Xh, (465)
b(uh, ,uh) = <G, /~Lh> Vuh c Ah. (466)

Let {¢(} be a basis for X}, and {¢*)} be a basis for A;,. Then, the discrete solutions
up and A, can be represented by

wp =Y uid® A=Y ™,
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and the problem (4.65)—(4.66) can equivalently written as: Find (u, A) such that
A BT\ (u f
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where

A= (a(qb(j),gb(i)))ij , B= (b(qb(j),tp(k)))k.

J

Show, that under the assumptions

1. the bilinearform a is symmetric, elliptic and bounded in the whole space X
(e. g. Stokes),

2. the bilinearform b is bounded, i. e.,
[b(v, )| < Ba ||vllxllplla
3. the discrete inf-sup condition is satisfied, i. e.,

inf sup M251>07

071n €A vy, € X, || Un]| x[| ][
where 3, is independent of h,

the matrix M = ((ap(l), <p(k)) A) ., 1s a preconditioner for the Schur-complement
S = BA'BT, i. e., there exist positive constants v and 7 such that

YM < S <FM.

Hint: Since a is bounded and elliptic on the whole space, we can define [|-||x =
a(-,-)*2. Show, that

_ b Uh, Uh 2
(BA 1BTH, H)l = sup 7( 2)
2 0#vp €Xp ||,Uh||\/

Then, use the discrete inf-sup condition and the boundedness for b.
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