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Consider the mixed variational problem: Find (u, \) € X x A such that
a(u,v) +bv,\) = (F,v) YveX,
b(u, p) = (G, p) YueA,
where F©' € X* and G € A* are given. Let A : X — X* and B : X — A* be

the related operators to a(-,-) and b(-,-), and let the assumptions of Theorem 2.4
(Brezzi) be satisfied. Show that the bilinearform

W& n) = (L&, n)
with

A B* U v 1/2
L (B ’ ) e (A) = (N) - and [lélxen = (Jull% + IAI3)

satisfies the assumptions of Theorem 1.5 (Babuska-Aziz), if a(-,-) is elliptic on the
whole space X, i. e., if there exists a; > 0 such that a(v,v) > aq|jv|% for all v € X.

Hint: The LBB-condition

1(§,m)
7]

can be shown by choosing n = (v, u) such that g = —2A, and v = u 4+ w where
w € X is the solution of the adjoint problem a(y,w) = b(y, A) for all y € X.

Jpu > 0VE = (u,\) € X X A: sup > ||
n

Let the assumptions of Theorem 2.7 be fulfilled. Additionally we assume Ker B;, C
Ker B, and define Z,(G) = {vn, € Xy | b(vn, un) = (G, up) Yup € Ap}. Show that
there holds the estimate

o — up|x < <1+ %) inf  flu— vp|x - (4.56)

(05} v €ZL(G)

Let the operators B* : A — X* and B; : A, — X be defined by
(B*u,v)y =blv,pn) Yve XVuel

and
<B,’:,uh, Uh> = b(Uh,LLh) Yo, € X}, V,uh €Ny,

Show that, if there exists a linear operator II, : X — X, with
b(Ilyv —v,pup) =0 Yo e X Vu, € Ay,
then there holds Ker B}, C Ker B*.
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