
ÜBUNGEN ZU

NUMERIK ELLIPTISCHER PROBLEME

für den 24. 6. 2008

55. Let N ∈ N and set H = 1/N , n = 2N , h = 1/n. Let

ωh = {x0, x1, . . . , xn} and ωH = {X0, X1, . . . , XN}

with xi = i h and Xi = i H = 2i h = x2i. Let V0h denote the set of grid functions
vh : ωh −→ R which vanish at x0 = 0 and xn = 1 and let V0H denote the set of grid
functions vH : ωH −→ R which vanish at X0 = 0 and XN = 1.

The grid functions ϕh,k ∈ V0h, k = 1, . . . , n− 1, are given by

ϕh,k(xi) =
√

2h sin(kπxi) i = 1, . . . , n− 1.

The basis functions ϕH,k ∈ V0H , k = 1, . . . , N − 1, are given by

ϕH,k(Xi) =
√

2H sin(kπXi) i = 1, . . . , N − 1.

The difference operator Lh : V0h −→ V0h be given by

(Lhvh)(xi) =
1

h
[−vh(xi−1) + 2 vh(xi)− vh(xi+1)] for all i = 1, . . . , n− 1.

The difference operator LH : V0H −→ V0H be given by

(LHvH)(Xi) =
1

H
[−vH(Xi−1) + 2 vH(Xi)− vH(Xi+1)] for all i = 1, . . . , N − 1.

Show: If

zh =
n−1∑
k=1

αk ϕh,k,

then

Lhzh =
n−1∑
k=1

α′
k ϕh,k

with

α′
k = λh,k αk with λh,k =

4

h
sin2(kπh/2) for all k = 1, . . . , n− 1.

Hint: Show first Lhϕh,k = λh,k ϕh,k by using the identity sin(x − y) + sin(x + y) =
2 sin x cos y.



56. The restriction IH
h : V0h −→ V0H is given by

(IH
h rh)(Xi) =

1

2
rh(x2i−1) + rh(x2i) +

1

2
rh(x2i+1).

Show:

IH
h ϕh,k =

√
2 cos2(kπh/2) ϕH,k for all k = 1, . . . , N − 1,

IH
h ϕh,N = 0,

IH
h ϕh,n−k = −

√
2 sin2(kπh/2) ϕH,k for all k = 1, . . . , N − 1

Hint for the last identity: Show first: ϕh,n−k(xi) = −(−1)i ϕh,k(xi).

57. Show: If

rh =
n−1∑
k=1

βk ϕh,k,

then

IH
h rh =

N−1∑
k=1

β′
k ϕH,k

with
β′

k =
√

2
[
cos2(kπh/2)βk − sin2(kπh/2)βn−k

]
.

58. Show: If

rH =
N−1∑
k=1

γk ϕH,k,

then

wH =
N−1∑
k=1

γ′
k ϕH,k

with

γ′
k =

1

λH,k

γk, where λH,k =
4

H
sin2(kπH/2), for all k = 1, . . . , N − 1

satisfies the equation
LHwH = rH .

59. The prolongation operator Ih
H : V0H −→ V0h is given by

(Ih
HwH)(x2i) = wH(Xi) for all i = 1, . . . , N − 1

(Ih
HwH)(x2i−1) =

1

2
[wH(Xi−1) + wH(Xi)] for all i = 1, . . . , N

Show:

Ih
HϕH,k =

√
2

[
cos2(kπh/2) ϕh,k − sin2(kπh/2) ϕh,n−k

]
for all k = 1, . . . , N − 1.



60. Show: If

wH =
N−1∑
k=1

δk ϕH,k,

then

Ih
HwH =

n−1∑
k=1

δ′k ϕh,k

with

δ′k =
√

2 cos2(kπh/2) δk for all k = 1, . . . , N − 1,

δ′N = 0,

δ′n−k = −
√

2 sin2(kπh/2) δk for all k = 1, . . . , N − 1.


