UBUNGEN ZU
NUMERIK ELLIPTISCHER PROBLEME

fiir den 17. 6. 2008

49. Let 7, = {5,: r € R,,} be an admissible subdivision of a polygonal domain Q C R?
into acute triangles and let T3y = {H(z): = € W} be the secondary mesh obtained

by the PB method.

The Petrov-Galerkin method discussed in class for the boundary value problem

—div(a(x) gradu(z)) = f(x) z€Q,
uz) = 0 x € 0%

leads to the discrete variational problem:
Find u;, € Vg, such that

a(un,v) = (f,9)r2¢0) V0 € Ton
(with the notations introduced in class).

Show: This discrete variational problem can be written as a finite difference method

(Lhwy)(x) = fulx) o€ ws,
Qh(l’) =0 T € vy

for the grid function w,: @, — R, given by w,(z) = uy(x) for all z € @y, with

(Lpv)(z) = —ﬁgeszl(x) a(q;g)%s(xg) for all x € wy,

and
1

1
@/C(I’é)a(y) ds, fu(z) = m/mx)f(y) dy.

50. Assume the notations introduced in class and the previous example.

a(ze) =

Let the discrete Laplace operator Ay, be given by

1 v(&) —v(x
(Apv)(z) = () ge;m %S(QJ{), for all x € wy,.

The following discrete scalar products are introduced for grid functions: v: w, — R,
w: Wy, — R with v(z) = w(x) =0 for all x € ;:

(U7w>L2(wh) - Zv(x)w(x)H(x)7

('U, w)Hé(wh)



51.

o2.

93.

Show the identity
(—Anv, w) 2w, = (0, W) i (wy)-
Assume the notations introduced in class and the previous examples.

Let w;, € Voyp, then w, denotes the corresponding grid function wy: @, — R, given
by w,,(x) = wy(x) for all z € wy,.

Show the identity:
(W Uh) 3 () = (grad up, grad vp) ey Yup, vn € Von.

Hint:

(a) Express (w,,v),)p1(w,) With the help of Ajuy,, see example 50.
(b) Express Apu, with the help of the bilinear form a, see example 49.
(c) Express a with the help of the bilinear form a, given by

a(u,v) = (grad u, grad v) 12(q),
see class.

Assume the notations introduced in class and the previous examples.

Let wy, € Vyp,, then w; denotes the corresponding grid function wy,: @, — R, given
by w;,(z) = wy(zx) for all x € &y, and Wy, € Ty, denotes the corresponding piecewise
constant function (with respect to the secondary grid) with wp(x) = wy(z) for all
x € wh.

Show the identity
(why V1) 22 () = (@hy Un)r2()  YUn, v € Von.

Assume the notations introduced in class and the previous examples.

Show that there exist constants ¢,¢ > 0, independent of h, such that

¢ (U, 0n)r2) < (Un, vn)r2) < €00, Un)r2()  VYun, Un € Von.
Hint: Transform to the reference triangle and observe that

)\min(M) (7}7 @)62 S (M,ljv {})ZQ S /\maX(M) (@’ ﬁ)”’

where M denotes the mass matrix on the reference triangle.



54. Assume the notations introduced in class and the previous examples.

Show the discrete Friedrichs inequality: There exists a constant ¢x > 0, independent
of h, such that

2l z2n) < €F (V] a1

for all grid functions v: @, — R with v(z) = 0 for all x € 7,. You can use the
(continuous) Friedrichs inequality

”U||L2(Q) <cp ”U|H1(Q) for all v € H&(Q)

without proof.



