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Assume the notations and the assumptions of exercise 19.
Show that the family of subdivisions (7;,)nco is shape-regular if and only if there
exist positive constants c,, ¢y, ca, c3 such that

(a) ¢, (W) < |det Js,| <@ (RM)?2 forall h € ©, r € Ry,

() |Js.|le2 < coh™) for all h € ©, r € Ry, and

(c) /5 e < ca (W) for all h € ©, 1 € Ry,
Assume the notations and the assumptions of exercise 19 and let the family of sub-
divisions (75,)neco be shape-regular.
V}, denotes the corresponding finite element space of the Courant element.

Show: There exist positive constants c,,¢; such that

2
o] [m]iRn h(r)] (s vp)ee < (Vny vn) i) < €1 (v, vp) for all vy, € Vi
relRy

Assume the notations and the assumptions of exercise 19 and let the family of sub-
divisions (7;,)nce be shape-regular.

V}, denotes the corresponding finite element space of the Courant element.

Show: There exist positive constants ¢, ¢y such that

2 2
[ [m]%n h(”} (Vp, )2 < (Vn, Un) 12(0) < Co {m%x h(")] (v, )2 for all vy, € V.
reRy, reRq

Use the estimates from the exercises 26 and 27 to derive estimates

Y (s V) r2) < (Vns V) 1) < (Vn, V)12 for all vy, € Vi,

with appropriate (not necessarily constant with respect to (7p,)neco) positive coeffi-
cients 7 and 7, which are independent of vj, € V}.

Assume the notations and assumptions of exercise 19 and let V}, be the corresponding
finite element space of the Courant element.

The 3 x 3-matrices Gy and G} are given by
Go = (0, 2 12(a))apea,  Gi = (0, p) ir1(a))a e,
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where {p® : a € A = {1,2,3}} denotes the nodal basis on the reference element.

Show: There exist positive constants ¢, ¢ such that

c(Gov,v)2 < (Gru,v)2 < T(Gou,v)2 for all v € R®.

Hint: You can use (without proof) that
)\min(G) (yv 2)62 < (GQ> Q)@ S )\max(G) (Qa 2)22 for all v e RB'
for all symmetric matrices G.

Assume the notations and assumptions of exercise 29 and let the family of subdivi-
sions (7, )neo be shape-regular.

Show: There exist positive constants ¢, ¢ such that

-2
C (Uh, 'Uh)LQ(Q) S (Uh, Uh)Hl(Q) S C [m&@n h(r):| (Uh, 'Uh)LQ(Q) fOI‘ all Up, € Vh.
relRy

Hint: Use the estimates from exercise 29 for the upper bound.



