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Let (73)neo be a family of subdivisions 7;, = {4, : 7 € R, } of a domain Q C R? into
non-degenerate triangles. For a triangle 6, € 7y, its vertices are denoted by (" with
corresponding angles 9&7"), a € A={1,2,3}, the length of the edge opposite to T
denoted by h,(f), a € A=1{1,2,3}, its diameter is given by h(") = max{h,(f) ca € A}
and the radius of its largest inscribed circle is denoted by p). Furthermore, let
A={eR?:& >0,8 > 0,8 + & < 1} be the reference triangle. The mapping
x5, : R? — R? which maps A to 6, is given by

x5.(€) = AU Js, & with J5 = (x(’”’z) — gD g3 _ 93(’"71)) € R?*2,
Show that the following two statements are equivalent:

(a) There exists a constant 6y > 0 such that 6, < o) for all h € O,reRy,, ae A
(a’) There exists a constant oy > 0 such that oo ™ < p) for all h € O, r € Ry,

9(7“) H(T)
p(" [cot (%) + cot (% = h,

for pairwise dinstinct indices o, 3,7 € A.

Hint: Show and use

Assume the notations and assumptions of exercise 19.

Show that there exist constants ¢;,¢; > 0 such that

¢ PR <|det Js | < p" A" forall h e ©,r € Ry,

Hint: Show and use
2meas(d,) = (B + h{” + h{?) p».

Assume the notations and assumptions of exercise 19.

Show that there exist constants ¢, c3 > 0 such that

1
| Js. Ml < o™ and || J; e < cs —y forallhe®,reR.
T p?"

Here, || M]||,2 denotes the spectral norm of a matrix M:

M
1M = sup 120l
WP ol
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with the Euclidean vector norm ||.||s.

Hint: Show and use

HJ(STHEQ = Sup ||x6r<§> - xér(n)“@
£€Br(n) H§ - 77”52

with Br(n) = {£ € R?: ||¢ — || = R} for all n € R? and for all R > 0. In particular,
consider the largest inscribed circle of A for Bg(n), in order to show the first upper
bound.

Show: A family of triangulations is regular if and only if it is quasi-uniform.

Let (7y)neo be a family of subdivisions 7, = {6, : r € R} of a domain Q C
R? into non-degenerate convex quadrilaterals. Let A = (0,1) x (0,1) be the unit
square with vertices £ = (0,0), €2 = (1,0), €& = (1,1) and £% = (0,1). For a
quadrilateral 8, € T, its vertices are denoted by 2, a € A = {1,2,3,4} (numbered
counterclockwise). Let x5, : R? — R? be the unique mapping with x5, € @, and
x5 (£(9)) = (") The Jacobian of x5 at a point ¢ € R? is denoted by J;, (£).

Show:

(a) det Js.(§) € Pr.

(b) det Js, (£)) =2 meas(Sc(f)) for all o € A, where S denotes the triangle whose
vertices are (™) and the two vertices of §, which are connected to z"® by an
edge of 4,.

(c) det Js, (&) >0 for all £ € A.

Hint: Show and use A

5,(&) =Y p (&),

a=1
Assume the notations and assumptions of exercise 23.

Show that there exist constants ¢;,¢; such that
¢ (p™)?2 < |det J;, ()] <& (h)? forallh € O,r € R,

with A" = max{||y — z| : 2,y € §,} (the diameter of §,) and p) = 2 min{pg) s
A}, where pg) denotes the radius of the largest inscribed circle of S,

Hint: The functional det Js, (§) attains its minimum (maximum) at some vertex of

A.



