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1. Consider the following boundary value problem: Find u such that

—div(A(z) grad u(z)) + b(x) - grad u(x) + c¢(z) uw(z) = f(z) in Q,
ou
8_]\7( ) 0 on 00
with given data A € Loo()™?, b € Loo(Q)% ¢ € Loo(), f € Ly(Q) under the
following assumptions: There exist constants ¢ > 0, a@ > 0,b >0, ¢ > 0, and ¢ > 0

with

(
(

a) A(z) is symmetric and a |£]* < A(z)E - € < a@|Ef? for all z € Q, & € RY,

)

b) |b(x)| < bfor all z € Q,
(¢) c<c(x) <cforall z €,
(d) b <4dac

The corresponding variational formulation leads to a problem of the form: Find u €
H'(Q) such that
a(u,v) = (F,v) forallv e H'(Q).

Determine a(u,v), (F,v), and constants s, C' such that
|a(u, v)] < po Jull o) vl o) for all u,v € HY(Q)

and
(F,v)| < Cllvllgiq for allv e H' ().

2. Assume the notations and assumptions of Example 1. Determine a constant g, > 0
such that
a(v,v) > 1y HvH%l(Q) for all v € H' ().
Hint: Show first
a(v,v) Z q(|[v]| o0, [0]H10,1))
with ¢(&,&) = a& — b&& + c&. Then show and use: ¢(§p,&) > aC&f and
¢(60,&1) > cC & with C = 1-1"/(4ac).



3. Letgp:ﬁ—>R,z/;:§—>R,E:ﬁ—>R3,v:§—>R3besufﬁcientlysmooth
functions on a bounded domain 2 = Q U 02 with a suffiently smooth boundary 0f).
Complete the following identities by integration by parts:

/Q(gradgo(a:))w(x) dr = —/ng(:c) d:c—l—/ o(z)... ds

o0

/Q(gradgp(x))-v(m) dx = —/Qgp(x) d.r—l—/ o(x)... ds

o0N

/Q(divu(:c))w(:c) dx:—/gu(x)... d:v—i—/mu(a:)... ds

/Q(divu(x))v(x) dx——/ﬂ...u(q;)... dac+/mu(x)... ds
/Q(cuﬂu(xw(x) dx:/gu(x)... d:p—/mu(x)... s
/Q(curlu(x))-v(x) da;—/Qu(x)... da:—/mu(a:)... ds

4. Show that the equilibrium condition
—dive = f in Q,

Hooke’s law
o=Adivul+2ue(u)

with constant positive parameters A, p and

e(u) = % [grad u + (grad u)”]

lead to the Lamé equations
—pnAu(z) — (A + p) grad(divu(z)) = f(x) in Q.

5. Multiply the Lamé equations by a test function v(x) and integrate over the domain
Q). Then eliminate second-order derivatives by integration by parts and put the result

into the following form
/...dw—/...ds:/f-vdx.
Q o9 Q

Check whether the first integral (over the domain €2) and the second integral (over
the boundary 0f2) conindice with the bilinear form

a(u,v) = /Qa ce(v) de = /Q A divu dive 4+ 2ue(u) : e(v)] dx
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and the expression

/man-v ds = /asz (A (divu) (v-n) +2ue(u)n -v] ds,

respectively.

Let Q={z €eR®: 2y >0, 23 >0, 23 > 0,22 + 25 + 22 < 1} and consider the

functions
o(x)=r" withr=1/2?+23+23 and v=grade.

curlv =0 on .

Show that

Find an exponenent o € R such that

/|v )|? dr < oo and /|d1vv|2 dxr = o0

(which implies v € H(curl, Q) but v ¢ H'(Q)3).

Hint: Use spherical coordinates.



