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25. Construct the adjoint methods of the explicit midpoint rule and the implicit midpoint
rule.

26. Let φ be the increment function of a one-step method. The increment function of
the adjoint one-step method is denoted by φ∗. Show: (φ∗)∗ = φ.

27. Show that a collocation method with symmetrically distributed collocation points is
symmetric.

Hint: Use the representation of the coefficients aij and bj from Exercise 19.

28. Show that explicit Runge-Kutta methods are not symmetric.

29. Verify the Aitken-Neville algorithm for extrapolation:

Tj,k+1 = Tj,k +
Tj,k − Tj−1,k

nj/nj−k − 1
.

Hint: Show for the associated interpolation polynomials

Tj,k+1(s) =
Tj,k(s)(s − τj−k) − Tj−1,k(s)(s − τj)

τj − τj−k

.

30. Show that the method obtained by local extrapolation applied to a Runge-Kutta
method is also a Runge-Kutta method. It suffices to consider Richardson extrapola-
tion: k = 2, n1 = 1, n2 = 2.


