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20.

21.

Consider a one-step method
ujpr = u; + 75 0(t;,u;,7) for j=0,...,m—1.

for solving the initial value problem:

u'(t) = f(tult), tel=lt,T],

u(ty) = wuo.
Assume that

lo(t,w,7) — P(t,v,7)|]| < Allw—wv| forall t,v,w and all 7.
Show the following estimate of the global error in terms of the consistency error:
X e =l < AT ),

Hint: Show and use

1
e —esll < Alesll + [[dja(w)ll.
J

Consider a Runge-Kutta method with coefficients A, b, ¢ for solving the initial value
problem:

u'(t) = f(tult), tel=lt,T],
u(ty) = wuo.

Assume that
If(t,w)— f(t,v)|| < L|w—wv| forallt v, w.

Show:
||¢(taw77-) —Cb(t,'U,T)H < AH'U—UJH for all t,v,w

and sufficiently small 7 > 0 with
A= LIp|" (I — 7L|A|) e,
where |b‘ = (|b2‘)221 ..... S5 |A‘ = (‘Clij‘)i’jzl ..... sy €= (1, cey 1)T € R* and I € R**° is the

identity matrix.

Hint: Show and use

lo(t, w,m) — ot o, ) < LS billlg® — gV,
=1

2 1 9 1
192 = "1l < flw — ol + LY laglllg® — |1
j=1



22.

23.

24.

Assume the notations and assumptions of Exercise 21. Show for the classical 4-stage
Runge-Kutta method:
14+ 7A < ek

Hint: Show 1+ 7A = R(7L) with R(z) = 1 + 2bT (I — 2A)~te. Determine R(z) and
show R(z) < e* for z € R with z > 0.

Let f be a continuous function that satisfies the Lipschitz condition
| f(t,w) — f(t,v)|| < L|lw—v|| for all t,v,w.
Let v(t) and w(t) be solutions of the differential equation
u'(t) = f(t,u(t) € [to,T]
with initial values v(to) = vy and w(ty) = wy. Show:
Jw(t) — v(t)]| < X1 ||wy — vo||  for t € [to, T

Hint: Use the corresponding estimates for the Euler polygons provided by Lemma
5.1.

Let f be a continuous function that satisfies the Lipschitz condition
If(t,w)— f(t,v)|| < L|w—wo| forallt v, w.
Let v(t) and w(t) be solutions of the differential equation
u'(t) = f(t,ut) te to,T]
with initial values v(to) = vy and w(ty) = wy. Show:
|w(t) —v(t) — (wo — vo)]| < (eL(t_tO) —1) ||lwo — vo|| for ¢ € [to, T
Hint: Show for the corresponding Euler polygons:

(w1 = vi1) = (wy = v)) | < 75 Ljw; — o] < 75 L7 g — wy].



