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Chapter 1

Introduction

1.1 Examples
1.2 Standard Forms



Part 1

Nonstiff Problems



Chapter 2
Euler’s Method

See also: Hairer, Ngrsett, Wanner, [8], .7.

Initial value problem (IVP):
u'(t) = f(t u(t))
u(to) = Up

Euler’s method:
Uj_|_1 = Uj + 7']' f(tj, Uj)

Theorem 2.1 (Cauchy, 1789-1857, French mathematician). Let f be continuous on D,
| 1| bounded by A on D, and f satisfy the Lipschitz condition

17t w) = Ft, )| < Ljw —of

on D, with
D={(t,v) e RxR":t; <t <T,|v—ul <0b}.

If T —ty < b/A, then we have:
a) For|t| — 0, the Euler polygons converge uniformly to a continuous function u(t).
b) u(t) is continuously differentiable and solves (IVP) on [to, T.

c¢) There is no other solution of (IVP) on [to,T).



Chapter 3

Explicit Runge-Kutta Methods

See also: Hairer, Ngrsett, Wanner, (8], IL.1.

Explicit s-stage Runge-Kutta methods:

g1 = Uo

g2 = ug+Taz f(te,q)

g3 = uo+7 [az1 f(to,g1) + asz2 f(to + c27)]

gs = uo+T [as f(to,g1) Fasa f(to+coT)+ ... +ass—1 f(to+ cs—17,gs—1]

up = up+7 b1 f(to,gn) +baf(to+cat)+ ... +bs—1 f(to+ cs—17,gs—1 + bs f(to+ s T, 9s)]

3.1 Order Conditions
See also: Hairer, Ngrsett, Wanner, (8], I1.2.

Lemma 3.1 (Leibniz’ formula).

[ o) ]y = a0 (0).
Theorem 3.1. The Runge-Kutta method is of order 3 iff

b =1

J

gk
3ijajkaﬂ =1

3okl

6ijajkakl =1

Jsk,l



Theorem 3.2 (around 1963). For p > 5 no explicit Runge-Kutta method exists of order p
with s < p stages.

Theorem 3.3 (Butcher, 1965). For p > 7 no explicit Runge-Kutta method exists of order
p with s < p+ 1 stages.

Theorem 3.4 (Butcher, 1985). For p > 8 no explicit Runge-Kutta method exists of order
p with s < p+ 2 stages.



Chapter 4

Implicit Runge-Kutta Methods

See also: Hairer, Ngrsett, Wanner, (8], IL.7.
s-stage Runge-Kutta methods:

G = u+7[an flto+at,g1)+ ...+ as f(to+csT,0s)]

gs = Ug + 7T [aslf(tO_l'ClTagl)+...+assf(t0+cs7-798]

u = uo+7 [ flto+eiT,91)+ ...+ bs f(to+ ¢ T, gs)]

Tableau
ci|ay; ... Qis
c
or, shortly, ;T
Cs | Qg1 ... Qgs
. b

Definition 4.1. An s-stage Runge-Kutta method
1. s called explicit, if A is a strictly lower triangular matrix,
2. 1s called implicit, otherwise.

Fixed point forms:
g = é(g;t()vu()),r) (41)
with g = (gj)jzl ..... s and

®(g; to, uo, 7) = <U0+T Zaij f(to+CjT,9j)>
i=1,...,s

J=1

.....

or, equivalently,
k = W (k;to, up, T)
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=1,...,

U(g; to, ug, 7) = (f(to +¢Tug+ T Z ajj k])) :
i=1,...,8

ey

Theorem 4.1. Let [ be continuous on D, || f|| bounded by K on D, and f satisfy the

Lipschitz condition

17t w) = Ft, )| < Ljw —of

on D, with

D={(tw) eRxR":ty <t <T,|v— uo| < b}

Ifto+c;im € [to, T) fori=1,...,s, T||A||cc K <b, and 7 ||A]| L < 1, then there exists a
unique solution to the fized point equations (4.1) in D and the fized point iteration converges

to this solution for any initial guess in D.

4.1 Order of Consistency

See also: Hairer, Wanner, [9], IV.5.

Theorem 4.2. If the conditions

u 1
D bt =2 k=1,...
i=1 k

s

— C; .
E aijc;?l: ’l:l,...
j=1

R

|

b

Zbicf_laij = E(l-C?) j = 1,
i=1

are satisfied with p < q+r + 1, p < 2q + 2, then the method is of order p.

P
787]{::17 ’q
s, k=1,...)r

Lemma 4.1. Assume that cq,. .., cs are distinct and p > s. Then

a) B(s+v) and C(s) imply D(v).
b) B(s+v) and D(s) imply C(v).

Theorem 4.3. The s-stage Gaufl method is of order 2s.

Theorem 4.4. Butcher’s s-stage Radau I and Radau II methods are of order 2s — 1.

Theorem 4.5. Butcher’s s-stage Lobatto III method is of order 2s — 2.

(4.2)

(4.3)

(4.4)



Chapter 5

Convergence Analysis for One-Step
Methods

See also: Hairer, Norsett, Wanner, [8], IL.3.

A one-step method for solving the initial value problem:
u(t) = f(tult), tel=lt,T],
u(ty) = wug
is a method of the form
iy =uj + 7 0(t;,u4,7) forj=0,...,m—1
The function ¢ is called the increment function.
Example: The Runge-Kutta methods are obviously one-step methods.

The approximations u; determine a grid function u, : I, — R", given by u,(t;) = u;,
where I, = {to,t1,...,tn}. The set of all grid functions on the subdivision 7 is denoted by
X. Notation: For a grid function v, € X; the value v,(¢;) will also be denoted by v;.

The global error (discretization error) e, € X, is the grid function, given by

er(t)(=¢€;) = u(ty) — u-(t;) = u(t;) — u;.
The following norm is introduced on X, :

lorllx, = _max lug]].

Definition 5.1. A one-step method is called convergent, if
llexllx, — 0  for|r| — 0.
If there is a constant C' > 0 such that
lezllx, < CrlP (in short: [le-||x, = O(|7]")),

then the one-step method is called convergent of order p.

8



The one-step method can be written as
F(u;)=0

with the mapping F, : X, — X, given by
1 4
F‘r(v‘r)(tj-i-l) = ;(Uj-i-l - Uj) - ¢(tja Uy, Tj) for J = 07 s, M= 1
j

and FT(’UT)(to) = Vg — Ug.
The consistency error (approximation error, local truncation error) ¢, (u) is the grid
function, given by

Pr(w)(t11) = ~(ultyen) — ) — olty,ulty), )

J

and ¢ (u).(to) = 0, or, in short
U (w) = F(Rou)

with R,u = u}l (restriction operator).
Definition 5.2. A one-step method is called consistent with the initial-value problem at u,
if
[¢-(w)]|x, = 0 for[r] — 0.
If a constant C's > 0 exists such that

[9r(u)llx, < Cslr” (in short: ||li-(u)|x, = O(7[")),

then the one-step method is called consistent of order p.

Theorem 5.1. Let f be continuous. A one-step method with

max_||o(t;, u(t;), 7;) — [t u(ty)l| =0 for|r] = 0. (5.1)

7=0,1,m—1
18 consistent.

Proof. The statement easily follows from the representation

Yo (u)(t; +75) = l(U(tj +15) —ulty) —u'(t;) | + [f(E,ulty) — o(t;, ult;), 75)]

7j

The consistency error is directly related to the local error d,, given by

dr(u)(tjs) (= djpa(w) = u(tjzr) — [u(ty)) + 70t ulty), 7))



and d.(u)(ty) = do(u) = 0. Obviously:

Uya(w) = ~ s ().

j
If we compare the definition of the consistency error, written in the form

L (ultyn) = ut)) = o(ts, ulty), 7) = r(u){tyer) for j=0,...,m—1,

j
with the one-step method

1 4
;(uﬁl —uj) — ¢(tj,u;,75) =0 forj=0,...,m—1,
J
we see that the exact solutions at the grid points result from the same one-step method
perturbed by the consistency error on the right-hand side.
This leads to the more general question: How does the difference v, — u,, where the
values v, is given by

1

;(Ujﬂ — ;) = 7;0(t,v;5,75) = Yi+1, J=0,1,...,m—1 (5.2)
J
with initial value
Vo = Up + Yo (5.3)
or, in short,
F(v:) =y,

depend on the perturbation y, with y.(t;) = y;.

Lemma 5.1. If the increment function satisfies the Lipschitz condition
|p(t,w, 7) — o(t,v,7)|| < Al|lw—wvl| forallt,v,w and all T,

then the following estimation is satisfied for (5.3), (5.2):

1
A(tj—t A(tj—t
o = wsll < e o | + 5 (71 = 1) max ]l
Proof. In a first step, we consider only the contribution of the perturbation y, to the
difference v; — u;, which is 0 — u;, where vﬁo) be given by the one-step method
j j j j
0 0 0 .
Uj(-Jr)l :v](- ) —|—Tj¢(tj,1)j(- ),Tj), j=0,1,....m—1
with

’U(()O) = Up + Yo-

From

0 0 0
VD =y =0 — s+ 78, 0 ) — Bt ug, )]

10



and the Lipschitz condition it follows that
0 7i11..(0
o = wsll < (14 AT)llv” = ) < 7 fluy” =y

Hence

o N

—ujf <e =yl = ATy .
Next we consider the Contrlbutlon of the perturbation y; to the difference v;

is v](- ) v(o where v be given by the one-step method

1 1 1 4
](Jr)lz (-)+7'j¢(tj,v(- ),Tj), j=1,...,,m—1

J
with
’U%l) = Vq.
It follows analogously
1 0 o 1 0 o
o — o) < M= o — 0] = M7y .
In general, we obtain for the contribution of the perturbation y;, t =1,...,7:
Jog? = o V) < Mo — ol V)| = ety g,

where v\ is given by the one-step method
](Z;l)—l = v( g +T]¢(tj,v§i),rj), j=d,....,m—1

with

Then, for the difference

— uj, which

v —uy = (0 =0 )+ (07 =) =)+ (0 - )

we obtain the estimate

lo; —uyll < fof? —¥™ ||+||v“ — oI+ ol = o)+ [0l —
< [+ O MO max (] 4+ MOy |
t; ti—1 t1
< / Al g / AL gp Ly / A6 gt max |yl
t1 ti a to 1=1,2,...,
_ 1 _
+ MOy | = £ (M7 = 1) maxly| + M7l

11



Theorem 5.2. If the increment function satisfies the Lipschitz condition
|lo(t,w, ) — o(t,v,7)|| < Allw—v| forallt,v,w and all T,
then a constant C > 0 exists with
lvr — u.||lx, < C|Fr(vy) — Fr(u,)|x, for allv, € X, and all 7.
Proof. For y, = F,(v,) it follows from Lemma 5.1

< ;
=0t m lo; —wll < © =0 m sl

with )
C — eA(T—to) + K (eA(T—to) o 1) )
]

Definition 5.3. A one-step method is called stable at u, if a constant C's > 0 exists with
lvr —u||x, < Cs||Fr(vr) — Fr(ur)||x, forallv, € X, and all 7.

Theorem 5.3. If a one-step method is consistent (of order p) at the exact solution u and
stable at the approximate solution u., then the method is convergent (of order p).

Proof. The restriction R, u of the exact solution u on I, satisfies
Fy(Re) = ().
The approximate solution wu, satisfies
Fy(u,) = 0.
From the stability it follows that

||R7-u - u'[‘HX-,- S CS ||wT(u)||XT

From the consistency it follows
[¢+(w)][x, — 0 for [r] — 0

and, therefore,
llexl|x, — 0 for |7| — 0.

From

[ (W)l x, < Calrl?

it follows
lerllx, < CsCalr|”.

12



Example: The Runge-Kutta methods are one-step methods with
o(t,u, )= bet+cZTgZ(tu7))

where g(t,u, 7) is the solution of the fixed point equation
9="2(g;t,u, 7).
Theorem 5.4. Let f be continuous and satisfies the Lipschitz condition
1f(t,0) = fGw)l| < Lljv—wl  forallt, v, w.

If

D bi=1

j=1
then the Runge-Kutta method is consistent with the initial value problem.

Proof. Let g; = g;(t,u(t), 7). From

gi—u(t) = 7 Z aij f(t +¢;7, g;)

_ T.Z ai[f(t + ¢;7,g;) — ft + ¢, u(t)] + Tzaijf(t + ¢;7,u(t))

it follows

Jmax lgi— (@ <7 LAl max g = u@] + 7 [ Al M

with M = sup, ;|| f(s,u(t)||. Therefore,

Jmax g~ u(®)] < —f_”fﬂj‘[ i
From
o(t,u(t),7) — f(t,u(t)) = Zbi[f(wcmgi) — f(t+ e u(t))]
+Zb Flt+ e u(t)) — £t u(t))]
it follows

7 L[bf1[|Alloc M
lot, ult), 7) = fFtu@)ll < w7 Al 16l max (¢ +c7u(t)) = f(Eu(t)]]

.....

13



and, therefore,

_max [olt,ulty), ) — St u(t)| =0 for |7 =0,

since f(7,u(t)) is uniformly continuous. The rest follows from Lemma 5.1. O

Remark: For explicit Runge-Kutta method the Lipschitz condition is not needed for the
proof of consistency. For proving some order of consistency for a Runge-Kutta method it
suffices to assume that f is sufficiently smooth.

Under the assumptions of Theorem 5.4 the stability also follows:
Theorem 5.5. Let f be continuous and satisfies the Lipschitz condition
|f(t,w)— f(t,v)|| < L||w—v]|| for allt,v,w.
Then the Runge-Kutta method is stable.
Proof. Let gi(l) = g;(t,v, h) and 92'(2) = gi(t,w, h). Then
lo(t,w,7) — ¢t v, 7)| < [[bll L [lg® — g™V].

and
lg® —gM | < [lw =l + 7L [ All 19" — g™,
hence 1
@ _ W< L p
19" — gl < 1_TLHA||OOIIw vl
This leads to L]
1
t — ot <
The rest follows from Theorem 5.2. O
Theorem 5.6. Let f be continuous and satisfies the Lipschitz condition

| f(t,w) — f(t,v)]]| < Lljw—wvl| for allt,v,w.

[w =l

If
D bi=1
j=1
then the Runge-Kutta method is convergent.
Remark: The results of this chapter can also be shown under the local Lipschitz condition
1 (t,0) = f(t, w)|] < Lljv —wl| for all (¢,v), (t,w) € U,

where U C I x R™ is a neighborhood of the graph of f, given by {(¢, f(t,u(t))) : t € I},
and u(t) denotes the exact solution of the initial value problem.
For the local variant of Theorem 5.2 a local Lipschitz condition suffices:

lo(t,v,7) — p(t,w, 7)|| < Aljv —wl|| for all (¢t,v),(t,w) e U, 7 <T,

if it is additionally assumed that the method is consistent. The stability estimate can be
shown for all v, € X, with || F(v,)||x, <n, if n is sufficiently small.

14



Chapter 6

Practical Computation

See also: Hairer, Ngrsett, Wanner, [8], I1.4, 11.6.

The right choice of the step sizes is of great importance for the efficiency of a one-step
method. The aim of a step size control is to achieve a prescribed tolerance of the local
error. In the next section two different approaches are discussed how to approximately
compute the local error. Subsequently, an automatic step size control is presented. Finally,
the question is discussed how to efficiently calculate approximate solutions at prescribed
points.

6.1 Error estimation
We assume that the local error can be represented in the following form:

u(to +7) —uy = Clto,uo) ™™ +0O(7P1?) (6.1)
—_——

principal error term

with C(to, uo) independent of the step size 7.

Examples: For the explicit Euler method we have:

ulto+7) — uy — %(ft b Fuf) (s o) 72 + O(79).

For the explicit midpoint rule we have:

u(tO _'_T) — U= 2_14(ftt + thuf + quf2 +4(fot + fif))(t07u0>7—3 + 0(74)'

In the following we assume that the coefficient C'(¢g, ug) is sufficiently smooth in ¢y and uy,
but we will not make use of the particular form of this coefficient.

15



6.1.1 Richardson extrapolation

After two steps of the method with step size 7 we obtain approximations u; and us. The
error u(ty+ 27) — us consists of two contributions: the error after the first step e; = u(to +
7) —uy, transported to to+ 27 by the differential equation: u(to+27) —u™M (ty +27), where
uM(t) is the exact solution of the differential equation with initial value u"(ty +7) = u,
and the new local error u)(tg + 27) — uy. Now

u(to + 27) — uM (tg 4+ 27) = €1 + O(7||es||) = C(to, up)m"*t + O(77+2)
and
uV (tg + 27) — ug = Clto + 7, u )P + O(7P2) = Cto, uo) "+t 4+ O(77*2).
So
u(ty + 27) — ug = 2C (to, uo) TP + O(7P1?). (6.2)

We start again at (tg, up) and compute one step with step size 27 leading to the approxi-
mation w at ty + 27 with

u(ty + 27) —w = C(to, uo) (277 + O(7F2). (6.3)
Next we use (6.3) and (6.2) in order to eliminate C'(to,up) and obtain a more accurate
approximation of the exact solution:
Ug — W
2w —1°
This construction can also interpreted in the following way: (6.3) and (6.2) show that the
approximations w and us are very close to the values of the polynomial ¢(s) = u(to+27) —

27C (tg, ug) sP at s = 27 and s = T, respectively. Let p(s) be the interpolation polynomial
p(s) = A+ BsP, determined by

u(ty +27) = Gy + O(T?)  with @y = uy +

p(27) =w and p(7) = us.

It is natural to expect the value p(0) is very close to q(0) = u(ty + 7). One easily sees that
this extrapolated value p(0) is equal to s.
For the local error we obtain:

Uy — W
u(t0+7')—u2:222—uz—|—0(7'p+2) with ﬁg—u2:2i 1,
which leads to the following estimation of the local error:
err = ———max; M
o’ _ 1 i=1,....n dz 9
where d; is an appropriate scaling factor. Typical values: d; = 1 for absolute errors,

d; = |Gg,| for componentwise relative errors.

If this step is accepted by the step size control (see later) one continues the calculation
at tg+ 27 either with us or with the better approximation u,. The later technique is called
local extrapolation. Next we discuss a different method for estimating the local error,
which makes the rejection of a step size less expensive.

16



6.1.2 Embedded Runge-Kutta methods

Consider a Runge-Kutta method of order p. Then, for the local error, we have:
u(ty +7) —uy = O(rP),

The basic idea for estimating the local error is to use a second Runge-Kutta method of
higher order ¢, leading to
u(to + 1) —uy = O(79).

Since g > p, it follows that
u(to+7) —up =0y —uy + O(79),
which leads to the following estimation of the local error:

|711,z‘ - ul,i‘

In order to keep the extra computational costs low we assume that the two Runge-Kutta
methods have the same coefficients ¢ and A and differ only in the last row (b and b). A
pair of such methods (called embedded Runge-Kutta metho@s) are usually represented by
one tableau for the coefficients A, b, ¢ with an extra row for b. For an explicit method the

tableau has the form:
0

Ca2 | A21
C3 | 31 (32

Cs | Qs1 Qg2 ... QOgs5—1
by by ... Dbs_1 s
by by ... bs_1 bs

The two approximate solutions are given by
UL = U+ T (blk’l + bgk‘g + -+ bsk‘s)

and ) ) )
ﬁl =Uy+T (blk’l + bgk‘g + - F bsk’s).

Example: We start with a general explicit 3-stage Runge-Kutta method:

0

Ca | G21

C3 | 31 Aa32
by by b3
b by b



The conditions for order 2 for the first method are:
bl + bg + b3 = 1,
1
bQCQ + bgCg = =

The conditions for order 3 for the second method are:

81 + 132 + 83 = 1,

A A 1

bycy + bgcz = B%

N N 1

bQCg —+ bgcg = g,

A 1

b3a3202 = 6

The choice 1
02:1, 0325, b3:0

leads to a so called Runge-Kutta-Fehlberg method abbreviated by RKF 2(3). The symbol
2(3) (in general p(q)) means that the basic method is of order 2 (p), the second method
used for estimating the local error is a method of order 3 (¢). The tableau for RKF 2(3)
is given by:

0

1] 1

1/2]1/4 1/4
1/2 1/2 0
1/6 1/6 4/6

The weights b; correspond to the trapezoidal rule, the weights b; to Simpson’s rule.

Example: Another important example of an embedded explicit Runge-Kutta method was
constructed by Dormand and Prince, (in short: DOPRI (4)5), whose tableau is given by:

0

1] 1

5 5

3| 3 9

10 | 40 40

4| 14 _s6 32

5 15 15 9

8 | 19372 25360 64448 212

9 | 6561 2187 6561 729

1| 9oir 355 46732 49 _ 5103
3168 33 5247 176 18656

1| 35 0 500 125 _ 2187 11
384 1113 192 6784 84
35 0 500 125 —DI87 f8 Ry
384 1113 192 6784 84
5179 0 7571 393 92007 187 T
57600 16695 640 339200 2100 40

Observe that a,; = b; which additionally reduces the computational work.

18



It is reasonable to continue the computation not with u; but with the more accurate
approximation ;.

6.2 Step size control
We assume that an estimation err of the local error is available and that
err = C 7P+,

The aim is to keep the local error within a given tolerance tol. This leads to an optimal
step size Ty, satisfying the relation

tol = C 71!

new *

From these two conditions the unknown constant C can be eliminated and one obtains:
Tnew = T (tol Jerr)Y/ 1), (6.4)
This motivates the following strategy for a step size selection:

1. One step with a given step size h is computed together with the estimation err for
the local error.

2. If err < tol, the step is accepted and the method is continued with the next step size
Tneua given by (6'4)'

3. Otherwise, the step is rejected and the method is restarted with the new step size
Tneua given by (6'4)'

In order to be sure that the new step size produces a local error below tol the optimal step
size is reduced by a safety factor fac (e.g.: fac = 0.8). Additionally, it is reasonable to
limit the change of the step size from 7 to 7,., by factors facmax for the maximal relative
increase and facmin for the maximal decrease, in order to prevent too dramatic changes
of step sizes. With these modifications the new formula for the optimal step size becomes

Tnew = T - min( facmaz, max(facmin, fac - (tol Jerr)/ D)),

Additionally, it is advisable to set facmax = 1 right after a step rejection.

6.3 Dense output

It is often required to compute the approximate solution on a set of prescribed points
without interfering with the steps size control. This can be done by so called continuous
Runge-Kutta methods: These methods contain a parameter 6 € (0, 1] and allow the com-
putation of approximations for u(ty + 6 7). For § = 1 the original Runge-Kutta method is
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obtained. For efficiency reasons we assume that the coefficients ¢ and A are independent of
0 sind. Only the coefficients of b are allowed to depend on 6. Approximate solutions at pre-
scribed points can be computed without extra function evaluations and with no influence
on the step size control.

Example: An explicit 3-stage Runge-Kutta method for approximating u(ty + 6 7) for all
6 € (0,1] is of order 3 iff the following conditions are satisfied:

bi+by+by = 0,

92

bacy + bgcs = o
93

bgC%"‘bgCi = 3,
93

bsasacy = E

This is not possible for coefficients ¢y, ¢3 and a3, independent of 6. Instead we require
order 3 only for # = 1 and order 2, otherwise. This guarantees a global error of order 3,
also at intermediate points. For ¢ = 1/2 and ¢3 = 1 one obtains the following tableau of
a continuous Runge-Kutta method:

== O
N | =

-1 2

(001 +0(=3 +30) 0*2—30) 0*{3—30)
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Chapter 7

Extrapolation Methods

7.1 Asymptotic Expansions

See also: Hairer, Ngrsett, Wanner, [8], IL.8.

Theorem 7.1. Assume that f and ¢ are sufficiently smooth and satisfy the consistency
condition ¢(t,v,0) = f(t,v). If the local error d,(t +7) = u(t +7) — [u(t) + 7 ¢(t, u(t), 7)]

POSSESSES an expansion
dr(t 4+ 7) = dper (1) 7 + O(r7?)

with a continuous function dyi1(t), then the global error possesses an expansion
ur(t) = u(t) = e,(t) 7 + O(7"*),
where e,(t) solves the initial value problem

¢(t) = fult,u(®))et) — dp(t)
e(0) = 0.

Theorem 7.2 (Gragg). Assume that f and ¢ are sufficiently smooth and satisfy the con-
sistency condition ¢(t,v,0) = f(t,v). If the local error d.(t + 7) = u(t + 1) — [u(t) +
T o(t,u(t), 7)] possesses an expansion
do(t+7) =dpr (1) TP+ dyy + O(772)
with continuous functions d,+1(t), ..., dg41(t), then the global error possesses an expansion
ur(t) — u(t) = e,(t) 77 + ...+ e (t) T+ O(T9H),
where e,(t),. .. ,e,(t) solve initial value problems with

e,(0) = ... =¢,(0) =0.
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Definition 7.1. Let ¢(t,v,7) be the increment function of a one-step method. The incre-
ment function B = ¢*(t, A, T) of the adjoint function is given by the condition

B=A—-71¢(t+T1,A —1).

Theorem 7.3. The coefficients A*, b*, ¢* of the adjoint method of a Runge-Kutta method
with coefficients A, b, ¢ are given by

*
aij - bs—i—l—i_a's-‘rl—i,s-‘rl—ja
*
bj = b8+1—j7
*
¢ = 1—cepi.

Theorem 7.4. The adjoint method is a method of the same order as the original method.
Its principal error term is equal to the principal error term of the original method multiplied

by (—1)P.

Theorem 7.5. The adjoint method has exactly the same asymptotic expansion for the
global error as the original method with T replaced by —7.

Definition 7.2. A method is symmetric if ¢* = ¢.
Theorem 7.6. A Runge-Kutta method is symmetric if
Asi1—ist1—j + Qi = bsp1_j = b;.
Theorem 7.7. If, in addition to the assumptions of Theorem 7.2, the method is symmetric,
then
e-(t) =0 forr odd.
7.2 Polynomial Extrapolation

See also: Hairer, Norsett, Wanner, [8], IL.9.

Theorem 7.8. The values Tj, (as a global extrapolation method) represent a numerical
method of order p+ k — 1.

Theorem 7.9. The values Ty, (as a local extrapolation method) represent a numerical
method of order p+ k — 1.

7.3 The GBS Method
See also: Hairer, Ngrsett, Wanner, (8], IL.9.
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Chapter 8

Multistep Methods

A method is called a multistep method (more precisely a k-step method) if the compu-
tation of the next approximate solution u;;, is based on the last approximate solutions
Uj, Wj—1,- .., Uj_p41. If it is more convenient we will also use the notations u;;j for the
new approximate solution and w;iy_1,...,u; for the previously computed approximate
solutions.

In order to perform a k-step method, a starting procedure has to be done first to
compute ug, Uy, ..., ur_1. The starting procedure can be done, e.g., by using a one-step
method (with small step sizes) or by a multistep method with a growing number of steps.

8.1 Classical Linear Multistep Methods

See also: Hairer, Ngrsett, Wanner, [8], III.1.

8.1.1 Explicit Adams Methods
We know that

tj+1

ulty) =ulty) + [ f(tu(t)) de (8.1)

t
for a solution u of the ODE
u'(t) = f(t u(t)).

The Runge-Kutta methods are based on quadrature rules whose nodes are typically inside
the interval [t;,%;41] and, therefore, require function evaluations at additional points. If
instead the grid points t;,¢,_1,...,%;_k+1 are used as nodes for a quadrature rule, no
additional function evaluations are required.

One possible strategy is to replace the function f(¢,u(t)) in (8.1) by an interpolation
polynomial. For simplicity we restrict ourselves to the case of equidistant step sizes: The
interpolation polynomial with the nodes

tiu Z:j_k+177.]_17j7
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and the values
fZ:f(tlvuZ>7 Z:j_k+177j_17j7

can be written in the following form (Newton’s interpolation formula):

p(t) =ptj+s7) = %(—Ui <_ZS) Wit

1=0

with

0 ) 7!
V denotes the backward difference:

Vii=Ffi—fi-u
whose powers V are given by:
Vl=1, VvV*=vV'V.

If f(t,u(t)) is replaced by p(t) in (8.1), we obtain the following class of explicit multistep
methods (explicit Adams methods, Adams-Bashforth methods):

k—1

Ujpr = Uj +T Z%Vifj

=0

wet [

The following table shows a few values of ;:

with

(01 2 3 4 5 6 7 8
11 15 3 251 95 19087 5257 1070017 '
i 2 12 8 720 288 60480 17280 3628800

The first three Adams-Bashforth methods are:
k=1: Uj+1 = Uj—l-Tfj,
3 1
k=2: Ujp1 = Uj+T §fj_§fj—1 )
k’:31 Uj_|_1 = Uj‘|'7'|i—
For k = 1 one obtains Euler’s method.
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8.1.2 Implicit Adams Methods

In this class of multistep methods, the node ¢;;, is also used for the interpolation. Then
the interpolation polynomial has the form:

prt)=p(tj+s7)=pltjz1+(s—1)7) = Z(—l)i <_8 + 1) Vifin

- 1
=0

The corresponding quadrature is given by:

k
Uj+1 = Uj + 7 Z’y;vifj+1 (82)

1=0

= [ 1 (7 as

These methods are implicit and require the solution of a (in general nonlinear) system of
equations, in order to compute u;;;. For sufficiently small step sizes the solution w;;
exists and the method is well-defined. An approximation for u;;; can be obtained, e.g.,
by a fixed point iteration for (8.2) or by Newton’s method. As an initial guess one can use
u; or the result of one step of the corresponding explicit Adams method. Often, it suffices
to perform one step of the explicit Adams method (predictor) followed by one step on an
iterative method for the implicit Adams method (corrector).
The following table contains a few values for +;:

with

0 1 2 3 4 5 6 7 8
1 1 1 19 3 863 275 33953

2 12 24 720 160 60480 24192 3628800
The first three Adams-Moulton methods are:

Vi

E=0: wip = uj+7fjt,

1 1
k=1: Uj+1 = Uj‘l"r [§fj+l+§fj:|a

5) 8 1
k=2: Uj41 = Uy + 7 [E.fj-i—l + Ef] - Efj—l} :

For k£ = 0 one obtains the implicit Fuler method, for £ = 1 the implicit trapezoidal rule.

8.1.3 Explicit Nystrom Methods

These methods are based on the relation

ultye) = ult) + [ () de

ti—1
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Using polynomial interpolation without the node t;, the following class of explicit methods

are obtained:
k-1

7
Uj1 = Uj—1 +7 E K,Z’V fj

=0

oo [ ()

The following table contains a few values for k;:

with

012 3 4 5 6

;o L 12 1 1
3 3 90 45 3780
For k =1 and k£ = 3 one obtains the Nystrom methods:

?

Ri

k=1: Ujyp = Uj_1+27'fj,
7 2 1
E=3: w1 = uj1+7 {gfy - gfj—l + gfj—2 :

For k£ = 1 one obtains the explicit midpoint rule. The case k = 2 is identical to the case
k=1.

8.1.4 Milne-Simpson Methods

The implicit variants of the Nystrom methods are:

k
* 71
uj+1=uj—1+7§ ki V' fin1

=0

o] ()

The following table contains a few values for x;:

with

ilo 1 23 4 5 6
wile 9 Lo oL 13T
Z 3 90 90 3780

The first three Milne-Simpson methods are:

k=0: Uj41 = Uj—1 + 27 fj+17
k=1": Uj+1 = Uj_1+2'7'fj,

1 4 1
k=2: wj = ujq+7 gfj+1 + gfj + gfj—l :
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k = 0 corresponds to the implicit Euler method with doubled step size, for k = 1 one
obtains the explicit midpoint rule and for k£ = 2 the Simpson rule.

8.1.5 BDF-Methods

This class of methods is based on numerical differentiation: The interpolation polynomial
¢ with nodes
ti> Z:]_k+1>a]a]+1>

and values

has the following form:

The differential equation

u'(t) = f(t u(t))
at t = tj4; is replaced by

q(tj+1) = fis1-
This leads to a multistep method:

k

sk
E 5,- viuj-l-l = 7'fj+1
i=0

52':(‘1)@( j )
s=1

This method is called backward differencing formula (BDF-method).
The values 0] can be easily calculated:

with

The first three BDF-methods are:

k=1: Ujp1 — Uj =T fj11
1
k=2": §uj+l — 2U] + §Uj_1 = Tfj—',—l
11 3 1
kE=3: 5 Wi+~ Ju; + QUi—1 — U2 = T fi+

These methods are implicit.
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8.2 Consistency of Linear Multistep Methods
See also: Hairer, Ngrsett, Wanner, [8], I1I.2.
All multistep methods discussed so far are of the following form:

QUi + Qp1Ujrp—1 + -+ oy = T (Befisk + o1 fjrh—1 + -+ Bofj)- (8.3)

A multistep method of this form is called a linear multistep method, more precisely, a
linear k-step method.

The coefficient «; and ; are not uniquely determined by the method. They allow an
additional scaling condition, e.g., o = 1 or Zf:o b = 1.

Let (t,u) be given and let u(s) be the exact solution of the differential equation with
u(t) = u. The local error of a multistep method is the difference between exact solution
and approximate solution:

u(t+ k1) —u(t + k1),

where it is assumed that the starting procedure is exact, i.e.:
u(t),u(t+7),...,ult+(k—1)71)

are the initial settings for the computation of w,(t 4+ k7). The method is called consistent
of order p, if
ut + k1) —u (t+ k1) =O(TPH).

Assume the scaling condition Zf:o b; = 1. The approximation error is given by
1t k
T t k = - i t ) - i t ) ) t J
Ur(u)(t+ k) T;QU( +i7) ;ﬁf( +iTut+17))

k k
1

- - i t ] - i/t ) .
TZE:Oozu( +i7) ;:(]ﬁu( +i71)

We have the following connection between the local error and the approximation error:

Lemma 8.1. Let f be a continuously differentiable function. Then
w(t + k1) —ur(t+ k) =7 [apd — 7 Bp] " b (u)(t + kT)

with o
a—ul(t + k’ T, 1/1)

af:
J— 8—;(t+ kT, vo)

Ofn
%(t + kT, Vn)

and v; = u - (t+ k1) + 0; [u(t + k1) — u (t + k7)] for some 6; € [0, 1].
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Proof. For one step of the method we obtain

k-1
apt,(t+ k1) — 7B f(t+ khyu (t+ k7)) + Z au(t+i1) =16 f(t+iT,u(t+iT))] =0.
i=0

By definition of the approximation error it follows that

T (u)(t+kT) = opu(t+k7) =70 ft+ kT, ult+kT))
—opu(t+ET)+ 7B f(t+ khyu(t+ k7))
= aglu(t+k71)—u(t+ k)
—T7Belft+ kT ut+ k7)) — f(t+kT,u(t+ k7))

From the mean value theorem it follows that
f+krut+kr)—fE+kru(t+k7)) =Jult+k7)—u(t+ k7))
which implies
T (u)(t+kT) =[] — 7B (u(t + k7) —u(t + kT)).
U

For explicit methods, i.e., B = 0, the relation simplifies to u(t + k1) — u,(t + k1) =
(1/aw) Y- (u)(t + k7).

Remark: A multistep method can be written in the following form:
F(u;)=0
with
k
Fru)t+kT1)= ZO&ZUTT,—FZT Zﬂif(t—FiT,UT(t—FiT))

and (assuming an ideal starting procedure) F(v)(to+i7) = v (to+i7) —u(t+ i) for
1=20,1,...,k— 1. With these notations we have

¢T(u) = FT(RTU‘)

as for one-step methods. By Lemma 8.1 the method is consistent of order p if

197 (u)llx, = O(7").
Next the so-called generating polynomials of the multistep method are introduced by

p(2) = ap + 12"+,
0(2) = B+ Beo1FN 4+ B

We have
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Theorem 8.1. Let [ be sufficiently smooth. A linear multistep method of the form (8.3)
is consistent of order p, if

k

k k
Zaizo and Zaiiq:qZ@-iq_l forq=1,2,....p
i=0 i=0

1=0

Proof. We obtain by Taylor expansion:

T (u)(t) = Z [ai ; ﬁﬂ_z ; (@7 | + 0Pt
k
— Zai] u(t Z [Z ;i — QZ@Z(I 1] D(t) + O
= O(rt).

For the case p = 1 the conditions can be written in the form:

Remark: It is easy to show that the Adams-Bashforth methods, the Nystrom methods
and the BDF-methods are of order k, the Adams-Moulton methods and the Milne-Simpson
methods are of order k£ + 1. These classes of multistep methods are exact for the ODEs

u'(t) = gt

with ¢ = 0,1,...,kand ¢ = 0,1,...,k + 1, respectively. Hence, with the exact solution
u(t) = t9, we obtain:

k k
0=7¢(u)(t+kr)=7"|> ai’—q» Bi""|,
1=0 1=0

which implies the corresponding order.

Remark: The highest attainable order of a k-step method is 2k.

8.3 Stability of Linear Multistep Methods
See also: Hairer, Ngrsett, Wanner, [8], I11.3.

For Runge-Kutta methods a Lipschitz condition on f with respect to u is sufficient for
stability. For multistep method the situation is more delicate.
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Example: The explicit 2-step method of maximum order 3 is given by:
Ujiz + Aujyr — Suy =7 (4f5401 + 2f5).
If applied to the initial value problem
u=u, u(0)=1

with exact starting procedure ug = 1 and u; = €7, the method leads to completely useless
results.

We start the discussion of stability for the trivial right-hand side f = 0, i.e., for the
differential equation
u'(t) = 0.

Then the method is of the following form:
ApUj4k -+ Qp—1Uj4 k-1 + -+ QolUy; = 0. (84)

Theorem 8.2. Let (1,(s,...,( be the roots of p with multiplicity my, ms,...,m;. Then
the general solution of (8.4) is given by

uj = p(i) ¢+ () G+ +pl)
where p; are arbitrary polynomials of degree < m; — 1.

Proof. The general solution is obtained as linear combination of the m;+mqo+...4+m; =k
particular solutions
j .
Uj = C]a
’ (u)

where ( is a root of p with multiplicity m and u < m — 1. In order to verify that these
sequences solve the recurrence relation (8.4), the identity

(0)-262)0)

v=0

is used. Then we obtain

k i U j k i\
O et R oY
=0 j ]

=0 H v=0 =0
i\ <
B G;Q_V);;aw(z ) (i—v+ 1) =0
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The k coefficients of the polynomials p1(j), p2(j), - ., pi(j) are uniquely determined by
prescribing the k values uq, uq, ..., ug_q of the starting phase. It immediately follows from
the last theorem that the sequence (u;)jen,, generated by the linear multistep method,
is bounded for arbitrary initial phase if and only if the roots ( of p satisfy the following
condition:

(| <1 and |¢{|=1 only if ¢ is simple. (8.5)
This leads to the following definition:

Definition 8.1. The multistep method (8.3) is called 0-stable, if all roots ¢ of p satisfy
the condition (8.5).

For the explicit and the implicit Adams methods we have:

p(z) = & — 271

0 is a root of multiplicity (k — 1), 1 is a simple root. Hence, the methods are O-stable.
For the explicit Nystrém methods and the Milne-Simpson methods we have:

p(z) = 2F — 22

0 is a root of multiplicity (k — 2), 1 and —1 are simple roots. The methods are O-stable.
The analysis of the O-stability of the BDF-methods is more difficult. It can be shown
that these methods are 0-stable for £ < 6 and not O-stable for k& > 7.

Theorem 8.3 (The first Dahlquist barrier). The order of a 0—stable k-step method satisfies:
k42 if k is odd,
p<< k+1 ifk is even,
k if Br/ay < 0.
8.4 Convergence of Linear Multistep Methods
See also: Hairer, Ngrsett, Wanner, [8], I11.4.

Let f be continuous and satisfies the Lipschitz condition

If(t,w)— f(t,v)|| < L|w—wv| forallt v w.

Then there is a unique solution w1, = ¢(t;, wjrk—1, Ujtk—2, ..., u;,T) of
k—1 k—1
/ . / /
Ujyk + E ujyg =T B [ + kT ) + 7 E Bis fitis
=0 i=0
for arbitrary values t;, wj x—1,Uj15—2,...,u; and sufficiently small 7, where
W g B
o T a
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With
k—1

,lvb(t]a Ujtk—1y Ujtk—25 - - - Uy, 7-) = /Gllg f(t] + kT? ¢(t]7 Ujtk—1y Wjtk—25 - -+ Uy, 7_)) + Zﬁl’ fj+i
1=0

the multistep method can be written in the form

k—1
Ujpp = — 20&; Uji + TG, Ujprm1s Wjrk—2, -5 Uy, T).
=0
Let
Ujpk—1 -, —O_y ... — 1
U) = J+~ i ) A = . . . ) €1 = .
U 1 0 0
Then the multistep method can be written as a one-step method
Ujtr = (A 1) U; + 7 (15, Uj, 7) (8.6)
with

O(t,U,7) = (e1 @ (t, U, 7).

Here, C' ® D denotes the Kronecker product (tensor product) of two matrices:

CllD ClgD ClnD
cop—|®P =P b
leD Cng CmnD

Remark: We have
(A® B)(C ® D) = (AC) ® (BD)

for arbitrary matrices A, B, C', D with suitable dimensions.

Let u(t) be the exact solution of the initial value problem and set

u(lt+ (k—1)7)
u(t+ (k—2)71)

u(t)
The approximate solution at ¢+ 7, which is obtained by (8.6) starting with U(t) is denoted
by U-(t + 7). Then the first component of

Ult+7)—=U(t+71)

is the local error of the multistep method, the other components all vanish. If the multistep
method is consistent of order p it follows

(Ut +7) = Ut +7)| =O(*).
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Lemma 8.2. Assume that the multistep method is 0-stable. Then there is a vector norm
on (R™* such that

|A®I| < 1.

for the corresponding matrixz norm.

Proof. The roots ¢ of p are the eigenvalue of A with eigenvector (¢*~1,¢*=2 ... ¢, 1)T.
Therefore, there is a transformation matrix 7" with

G
G
T AT = G+1 O
Ok—1
Gk
with |¢;|=1fori=1,...,land |(;| <1, 6, € {0,1} for i =1+ 1,..., k. Then
G
G
T AT, = Gy1 €0 —J

€0k—1

Cr

with T, = T'D. and the diagonal matrix D, = diag(1,¢,¢2,...,e*1). We choose ¢ > 0
sufficiently small, such that |¢d;] <1 —|(;| foralli=1+1,... k.
We define the following norm in (R™)*: ||z|| = |[[(T: & I)z||«. Then

l(A® Dall = (T © D(A® Dallx = [(T714) © Dall.
= T @ Dalles = (T © DT © Dall
< U9 Dl (T € Dl
<1 — il

.

0

Remark: A linear multistep method is O—stable if and only if there exists a constant C'
such that _
|A7|| < C forall j € N.
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Theorem 8.4. Assume that [ satisfies the Lipschitz condition
(8 w) = f o) < Aljw = for all t, v, w.

If the linear multistep method is consistent of order p and 0-stable, then the method is
convergent of order p.

Proof. From the Lipschitz condition for f it easily follows a Lipschitz condition for ®:
|D(t, W, T) — (¢, V,7)|| < AW = V]| forall t,V,;W and for sufficiently small 7.

Together with Lemma 8.2 stability follows. The rest is obtained analogously to the con-
vergence proof of one-step methods. O

8.5 Variable Step Size Multistep Methods
See also: Hairer, Ngrsett, Wanner, [8], IIL.5.

The presented classes of linear multistep methods can be extended to variable step sizes.
We will discuss this for the explicit and implicit Adams methods.
By Newton’s interpolation formula we have:

k—1 i—

—

(t—t;_)) fltj o1, - tid]
=0 =0

where the divided differences f[t;,t;_1,...,t;_] are recursively defined by

fltl = fi
f[t T,j - tj_l] _ f[t t] 17"'7tj—l+1]_fl:tj—17tj—17"'7tj—l].

ty—ti
Therefore,
s i—1
— 1 ./ . ./
pt)=>"T] #@- (j) with ®(j) = [[(tss1 — ti=0) Lty timr. - i)
i=0 =0 Tt il 1=0
This leads to the explicit Adams method
i+t k=1
wa=ut [0 d=u b7 S g ()010)
tj i=0

with -
. 1 tj+1 17 t—t:
gi(]):_/ I,
t

T Jy o g tivr — i
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For constant step sizes these expressions reduce to:
9:(7) = v, P;(j) = A'f;.
For the interpolation polynomial of the implicit Adams methods we have:

k—1
p () = p() + [ [ =t sty ],
=0

Therefore .
J+1
Wy = + / P(8) dt = pyos + 73 90()Bu(j + 1)
t;

with the approximation obtained by the explicit Adams method

k—1
Dj+1 = Uj + T; Zgi(j)q);‘k(j)
=0
and
k—1
Op(j+ 1) = [T = t-0) Fltinstys oo tyora].
=0

The values ®;(j), ®:(j) and g;(j) can be calculated by appropriate recurrence relations in
j and i, see Hairer, Wanner, Nogrsett [8].

General variable step size multistep methods

The different classes of linear multistep methods with variable step sizes can be written in
the form

k—1 k
Ujtk + Z QijUjti = Tjpk—1 Z Bij fi+i-
i=0 =0
The coefficients are now functions in w; = 7;/7_ fori =k +1,...,5+k — 1
Qi = Oéi(wj+1, S 7Wj+k—1)7 Bij = 6i(wj+17 cee 7Wj+k—1)-
Example: The implicit Adams methods for £ = 2 can be written in the form:

Ujy1 = uj + m ((B+2wy) fin+ B +w)(1+w)) fi — Wi fi1).
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Order of consistency

The method is called consistent of order p if the local error at ¢ is O(7} .
Theorem 8.5. If

k-1 2
q(tjr) + Z ij q(tj1i) = Tjrr Z Bij d (tjvi)
=0 =0

for all polynomials q of degree < p, if the ratios 7;/7; are bounded fori = j+1,..., j+k—1
and if the coefficients o and B3;; are bounded, then the method is consistent of order p.

For the explicit and implicit Adams methods the coefficients «;; and 3;; are bounded if
7/ Tj—1 < €

for some constant 2. Under this condition the explicit Adams methods are of order k£ and
the implicit Adams methods are of order k£ + 1.

Stability

If applied to the trivial differential u’ = 0 the general multistep method can be written in
the form

Uj+1 - Aj Uj.
with
Ujtrk—1 —Qg-1j —Qk-2j ... —Qoj
Ujgfoe 1 0 . 0
j+k—2
Uj = : A= ) ) :
Uj 1 0

A general linear multistep method is called O—stable, if there is a constant C' such that
[AjriAjp-1 - Al < C
for all j and [ > 0.
Theorem 8.6. Assume that
L1+ =0;

2. the coefficients a;(wjt1,...,wjtk—1) and Bi(wji1, ..., wjtk—1) are continuous in a
neighborhood of (1,1,...,1);

3. all roots ¢ of
k—1

F) (1,12 =0
i=0
lie inside the open unit disc |(| < 1 with the exception (; = 1.

Then there exist real numbers w,  with 0 < w < 1 < € such that the method is 0—stable,

if

w<w; <O forallj.
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Convergence

Consistency and stability imply convergence.

8.6 Practical Implementation and Comparison
See also: Hairer, Ngrsett, Wanner, [8], II1.7.

In the following several implementation issues are discussed. As an example we consider
only the class of implicit Adams methods.

8.6.1 Predictor—corrector methods

The computation of the new approximate solution w4 is typically performed iteratively:
(P) Predictor step: We start with the result of the corresponding explicit Adams method:

uﬁ"ﬁl = Pj+1-

(E) Evaluation: The actual approximate solution ugi)l for u;4 4 is used for the approximate
evaluation

fj(i)l = f(tj+1a Uﬁ)ﬂ
for fj11.

(C) Corrector step: From

Uﬁl =pj+1+T; gk(.j>q)z('a) (j+1)

an improved approximate solution is obtained, where @Ea) (7 + 1) is obtained from
®;(j + 1) by replacing f;1 by the actual approximate solution f](i)l.

The second and third step is repeatedly [ times, leading to a predictor-corrector method,
denoted by the symbols P(EC)'E or P(EC)!. Typically, [ =1 or [ = 2.

8.6.2 Order and step size control

By using Newton’s interpolation formula a change in k and, therefore, a change of the
order is relatively easy to do. This offers the possibility of a combined order and step size
control. In contrast to extrapolation methods, the number of function evaluation does not
change with the order.

The principle of a combined order and step size control is discussed for the example of
the implicit Adams methods: An estimation of the local error for u;;;, obtained by the
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k-step Adams method, by using the approximate solution 1,41, obtained the k 4+ 1-step
Adams method:

u(tjen) —ujrn A iy — Ujn

7 (gr1(J) — 91(4)) Prr (J + 1)
75 (901 () — w() LG + 1)
7j 72+1(I)I(cﬂ)-l(j +1).

Q

8.6.3 Comparison of the methods
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Chapter 9

Numerical Methods for
Second-Order Differential Equations

See also: Hairer, Ngrsett, Wanner, [8], II.14.
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Part 11
Stiff Problems
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Chapter 10

One-Sided Lipschitz Conditions

See also: Hairer, Wanner, [9], IV.12.

Definition 10.1. A differential equation
u' = f(t,u) (10.1)

18 dissipative if
(f(t,w)— f(t,v),w—v) <0 forallt,v,w.

Lemma 10.1. Let f be continuous and satisfy the one-sided Lipschitz condition
(ft,w) — f(t,v),w—2v) <v]w—v|* foralt,v,w.
Then, for any two solutions v(t) and w(t) of (10.1), we have
lw(t) — o)l < e w(te) —v(to)l|  for all t > to.
Definition 10.2. A one-step method is contractive if

[wjsr = vill < llwj = vyl for all j.
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Chapter 11
A-Stability

11.1 The Stability Function

See also: Hairer, Wanner, [9], IV.3.

Definition 11.1. The stability function R(z) of a Runge-Kutta method is given by
R(z) =1+ zb"(I —zA) e
Lemma 11.1.
P(z)
Q(2)
Definition 11.2. The stability domain S of a Runge-Kutta method is given by
S ={z € C|R(z)| < 1}.
Definition 11.3. A Runge-Kutta method is called A-stable if
CcC cS

R(z) = with P(z) =det(I —zA+zeb") and Q(z) = det(I — z A).

with C~ ={z € C: Rez < 0}.
Lemma 11.2. No explicit Runge-Kutta method is A-stable.
Definition 11.4. A Runge-Kutta method is called L-stable if it is A-stable and

lim R(z) =0.

zZ— 00

Lemma 11.3. If an implicit Runge-Kutta method with nonsingular matriz A satisfies one
of the following two conditions:

a) as; =b; forj=1,...s,
b) an =0by fori=1,...,s,
then R(oco0) = 0.
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11.2 Padé Approximation of the Exponential Func-
tion

See also: Hairer, Wanner, [9], IV.3, IV 4.

Theorem 11.1. If a Runge-Kutta method is of order p, then
e” — R(z) = O(zP™)  for z — 0.

Theorem 11.2. Of an explicit Runge-Kutta method is of order p, then

1 1
R(z):1+z+§z2+...+—'zp+0(zp+l).
! p!

Theorem 11.3. Let j, k € Ng. The (k, j)-Padé approzimation to e*, given by

oy = Bu(2)
Rky() ij(z)’
where
- i k(k—1) 22 k(k—1)...1 o+
ij(z>_1+j+kz+(j+7€)(j+7€—1)2!+”’+(j—i—k)(j—i—k;—l),”(ijl)k!
and
Qu(z)=1— - ppIG=D 2y iG—1...1 i

k+ji (k+j)k+j5-1) 2! k+)k+j—1)...(k+1) j!

(Q(k(2) = P(j(—2)), is the unique rational approximation to e* of order j + k, such that
the degrees of numerator and denominator are k and j, respectively:

e* — Rjp(2) = O(z7 T+,

Theorem 11.4. Assume that Rji(z) is the stability function of a Runge-Kutta method.
Then the method is A-stable if and only if k < j <k + 2.

Theorem 11.5. The s-stage Gaufs method is of order 2s. Its stability function is Rs(2)
and the method is A-stable.

Theorem 11.6. The s-stage Radau IA method and the s-stage Radau IIA method are of
order 2s — 1. Their stability function is Rs_1(2) and the methods are A-stable.

Theorem 11.7. The s-stage Lobatto IIIA, IIIB, and I1C methods are of order 2s —2. The
stability function of the Lobatto IIIA and IIIB methods is Rs_1 s-1(2), the stability function
of the Lobatto IIIC method is Ry s(z). All these methods are A-stable.
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11.3 Linear Systems of ODEs with Constant Coeffi-
cients

See also: Hairer, Wanner, [9], IV.2] IV.11.

Linear system

u'(t) = Ju(t) + f(1),

with constant matrix J € R™*".

Theorem 11.8. If
(Ju,v) <0 forallveC”

and if the Runge-Kutta method is A-stable, then the method is contractive for all T > 0.

11.4 General Dissipative Problems

See also: Hairer, Wanner, [9], IV.12.

Definition 11.5. A one-step method is called B-stable if
[y — ua|l < [|tio — uol|
for all 7 > 0 and all dissipative problems, i.e., for all f with
(f(t,w) = f(t,v),w—v) <0 forallt,v,w.

Theorem 11.9. B-stability implies A-stability.
Definition 11.6. A Runge-Kutta method is called algebraically stable if

1. b; >0 foralli=1,...,s.

2. M = (my;) with m;; = b;a;; + bja;; — bib; is positive semi-definite.

Theorem 11.10. An algebraically stable Runge-Kutta method is B-stable.

11.5 Practical Implementation

See also: Hairer, Wanner, [9], IV.8.
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11.6 Multistep Methods for Stiff Problems
See also: Hairer, Wanner, [9], V.1.
General linear k-step method:
Qp U + Qg1 Ujh—1 + .. F U = T [Br fjtk + Bee1 fizn—1 + -+ Bo fx]
If applied to the model problem

we obtain
(ap — pBr) + (o1 — p Br—1) + ...+ (g — pBy) =0

with p =7\

Definition 11.7. The set

S ={p e C: all roots ((u) of p(z) — uo(z) satisfy
either |C(p)] < 1 or (|C(p)| =1 and {(p) is a simple root)}

1s the stability domain of the linear k-step method.
Definition 11.8. A linear k-step method is called A-stable if C— C S.

Theorem 11.11 (The second Dahlquist barrier). An A-stable linear multistep method
must be of order p < 2. The implicit trapezoidal rule is that A-stable method of this class,
which has the smallest principal error term.

Definition 11.9. A method is called A(a)-stable if C, C S with
Co ={2€C:|arg(—2)| < a,z # 0}.

Definition 11.10. A linear k-step method is called G-stable if there exists a symmetric
and positive definite matriz G € R¥*F such that

1011 = Upalle < 1U; = Ujlla
for all 7 > 0 and all dissipative problems, i.e., for all f with

(flt,w) = f(t,v),w—v) <0 forallt,v,w.
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Part 111

Differential- Algebraic Problems
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Chapter 12

Index and Classification of DAEs

See also: Hairer, Wanner, [9], VIL.1.

12.1 Linear DAEs with Constant Coefficients

Linear systems with constant coefficients:
Bu'(t) + Au(t) = f(t) (12.1)
Special case explicit ODEs: B=1 .

Definition 12.1. 1. The expression A+ X\ B as a function in X\ € C is called a matrix
pencil.

2. A matriz pencil is called regular if det[A + A B] # 0.

Let P and @ be non-singular matrices. By multiplying with P and using the transfor-
mation u(t) = Qu(t) we obtain

PBQV'(t) + PAQu(t) = Pf(t).

Example: Explicit ODEs:

Jordan canonical (or normal) form:
A=QJQ with J = diag(Jy,..., Jp),

where the u; x p;-matrices J; are of the form
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With P = Q! we obtain:
PAQ=J PIQ=1.
and
V'(t) + Ju(t) = g(t)
with v(t) = Q 'u(t) and g(t) = Pf(t).

The system of differential equations consists of systems of the form

wi(t) + Awy(t) +wa(t) = aqi(t),

w4 (1) + Aw, 1 (t) +w,(t) = g,1(1),
wy(t) + Aw,(t) = gu(t).

Hence

U)u—l(t) = [wu—l(()) - U)y(O) t] €_>\t —|—/0 [g,,_l(s) — gy(s) 3] 6)‘(3—15) dS,

wi(t) = {wl(O) — wy(0) t + 1U3(0)% — L+ (—1)'/—1%(0)(;”__1)!} e
+/0 [gl(s) — g2(s) s + 93(8)% — .+ (—1)'/-19”(5)(”8”__1)!} A s

Therefore, the following stability estimate results:
t
lw®l < [lu+ [ ) as
with a constant C' > 0 for all ¢t € [0, 7]. In terms of the original quantities:
t
o)l < [l + [ 1)1 as).

Theorem 12.1 (Weierstral, Kronecker). Let A + AB be a regular matriz pencil. Then
there exist matrices P and () such that

ria (1), o0 (1 )

where J is a Jordan canonical form, N = diag(Ny, ..., N,,) with v; X v;-matrices N;, given
by
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For

we obtain

y'(t) +Jyt) = g(b), (12.2)
NZ(t) +2(t) = h). (12.3)

The system (12.2) is an explicit ODE and possesses a unique solution for arbitrary
initial values y(0), see above.

The system (12.3) consists of systems of the form

wy(t) +wi(t) = Ma(t),

W)+ wyr(t) = (D),
w(t) = hy(t).

Hence

w,(t) = h(t),
wya(t) = hua(t) = Ry (D),

i) = ha(t) = Ky®) + W) = ... + (=) hED o).

So, it is uniquely solvable (without initial values z(0)) and

lw(t)] < {nh(t)n IR ||h<”-1><t>||].

In summary, in terms of the original quantities

||u<t>||sc[||u<o>|| T / 1£(s)] ds

/ (v—1)
+ max (o)l + max [If (o)l + - + max [|f (S)H} :

The highest derivative is of order v — 1 with v = max{y;|1 <i < m}.

Definition 12.2. The index v of a linear system of DAEs with constant coefficients is
given by
v = max ;.
1<i<m
v =0 : explicit ODEs. There is a unique solution for arbitrary initial values u(0). The
solution can be estimated by the initial data and the L'-norm of the right hand side.
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v=1: N = 0. The transformed problem consists of an explicit ODE and a purely an
algebraic problem. For estimating the solution we additionally need the L*°-norm of
the right hand side.

v > 1 : higher index DAEs, hidden constraints. For estimating the solution we additionally
need the L*-norm of derivatives of the right hand side.

Equivalent definition of v:
N1 40 and NY=0.

The matrix N is called nilpotent with index Index v.

12.2 Differentiation Index and Perturbation Index
General implicit ODE:
F(t,u(t),u'(t)) =0 (12.4)

Definition 12.3. The implicit ODE (12.4) has differentiation index vy if m = vq is the
smallest integer such that the system

d , B
%F(tau(t)au(t)) — 07
dm , B
Rl W (1) = 0

or, in short,
G(t7 u, u/, w) =0 with w = (u//’ . ’u(TfH-l))7

allows us to extract an explicit ODE

by purely algebraic manipulations.

Consider implicit ODEs
F(t,u(t), u'(t)) =0

with non-singular F,: v, =1
Consider the linear system of DAEs with constant coefficients

wh(t) +wi(t) = hi(t),
wy(t) +wa(t) = ho(t),

w () +w,_1(t) = hy,_1(t),
w,(t) = hy(t).

51



If the first equation is differentiated once, the second twice, and so on, we obtain

wy(t) +wi(t) = ha(),
wy (1) +wy(t) = hy(h),

w () +wl V() = BN,

v—1

w(t) = AV (1)

Hence
wh(t) = b (t) — BY(t) + b (t) — ... + (=1)" TR (1).

Therefore: v, = v.
Consider the semi-explicit DAE

y'(t) = f(ty(t),z(t)),
0 = g(t,y(t), (1))

with non-singular matrix g, (¢, y, z). If the second equation is differentiated once, we obtain

9:(t,y(t), 2(£))2"(t) + g, (£ y (), 2(1)y'(t) + gu(t, y (1), 2(t)) = 0,
Hence
y'(t) = flty@),2(t)),
() = —g.(ty(t), 2(t) gy (8 y(t), 2(1) f (£, y(t), 2(1)) + g:(t, y(2), 2(1))].

Therefore: v, = 1. The original DAE is called a Hessenberg index-1 system.
Consider a semi-explicit DAE of the form

y(t) = flty), (1),
0 = g(ty))

with non-singular matrix g¢,(¢,vy) f.(t,y, 2). If the second equation is differentiated once,
we obtain

gyt ()Y (t) + gu(t, y(t)) = 0

and, therefore, the new (hidden) constraint

gyt y@O)f(E,y(t), 2(1) + 6:(L, y(2)) = 0.

If this constraint is differentiated once, we obtain an explicit system of ODEs, since
gy(t,y(t)) f.(t,y(t), 2(t)) is non-singular. Therefore: v; = 2. It a called a Hessenberg
index-2 system.

52



Similarly one can show that the semi-explicit DAE

w(t) = ft =), y(D), 2(1)),
y(t) = gt x(t),y()),
0 = h(t,y(t))

with non-singular matrix h,(t,v)g.(t, z,v) f.(t, z,y,2): v4 = 3. It a called a Hessenberg
index-3 system.
The last two examples are special cases of Hessenberg index-m DAEs:

() = filt,x1(t), x2(t), ..., Tme1 (), (L)),
wy(t) = faolt,i(t), 22(t), s 2w (1)),

t
t

I‘;(t) = fl(t, I‘Z‘_l(t), .Z’Z(t), Ce ,I‘m_l(t)),

z;m—l(t) = fm—l(taxm—2(t)>zm—l(t))a
0 = folt,zm_1(t))
with a non-singular
Ofm Ofm—1  0f2 Ofi

L1 Oy Oz 0T,

Obviously: vy = m.
Linear Hessenberg index-m DAEs with constant coefficients:

r o - -0 x) A o o A Aim T f1
o I - : xh Agr Az -+ Aam 0 T2 fo
. I 0 Am—l,m—l :
0 0 0/ \@m 0 - 0 Apma O Tm fm
with
Apm—1 Am—1m—2 -+ A9 Ay, non-singular.

By reordering we obtain

o I - -0 ), Aty Aur oo oo Atm—1 Tm f1
0o o0 . : zh 0 Ay Ap - Ayp T f2
: N T (N : =1
T 0 I Am—l,m—l :
0 .o 0 0 A 0 0 - 0 Auma Ton—1 fm
Hence
Ni'+ Rr=f
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with a nilpotent matrix N of index m and a non-singular upper block-triangular matrix
R, which easily imply v =m .

Example: Constrained mechanical systems

M(q)i = f(q,9) — Glq)"A
0 = glq

written as a system of first order

M(q)yi = f(q,u)—G(g)"A
g = v
0 = glq

are DAEs of index 3, if the matrix M(q) is nonsingular and G(g) has full rank equal to
the number of rows. If the first equation is multiplied by M(q)™!, the system becomes a
Hessenberg index-3 DAE with v = u, y = ¢, z = A, and h,(t,9)g.(z, y) f.(z,y, 2) = S(q) =
~G(qg)M(q)~"G(g)".
If the constraint is differentiated once, we obtain
M(q)u = flg,u) —Glg)"\
q = u

0 = G(Qu

This system is a DAE of index 2, if the matrix M(q) is nonsingular and G(q) has full rank
equal to the number of rows. If the first equation is multiplied by M(q)~!, the system
becomes a Hessenberg index-2 DAE with y = (u,q), z = A, and g,(y) f.(y,2) = S(¢) =

—G(q)M(q)"'G(q)".

If the constraint is differentiated twice, we obtain
qg = u
(M (q) G(Q)T) (U) _ ( flg,u) )
G(q) 0 A —Gqq(q)(u, u)
This system is a DAE of index 1, if the matrix M (q) is nonsingular and G(q) has full rank
equal to the number of rows. If the second part of the system is multiplied by the inverse
of the 2-by-2 block matrix, the system becomes a Hessenberg index-1 DAE with y = (u, q),

2=\ and g.(y,2) = S(q) = ~G(9)M(q) "' G(g)".
Consider the GGL-formulation (after Gear, Gupta, and Leimkuhler):

M(q)i = f(g,u)—G(g)"A

¢ = u—G(g)p
0 = G(Qu
0

9(q)
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If the matrix M (q) is nonsingular and G(q) has full rank equal to the number of rows, this
system is equivalent to the index-2 formulation and has also index 2. If the first equation
is multiplied by M(q)™!, the system becomes a Hessenberg index-2 DAE with y = (u, q),
z= (A p), and

()0 = (O3 o) (T FCWT D)

_ (S(Q) ~aq (@) (u, G(Q)T-))
0 ~G(9)G(¢)" )~

Consider the general implicit ODEs:
F(t,u(t),u'(t)) = 0. (12.5)

Definition 12.4. The implicit ODE (12.5) has perturbation index v, with respect to a
solution u(t), t € [0,T] if m = v, is the smallest integer such that, for all functions u(t)
with

F(t,a(t),@'(t) = o(t),

there exists a constant C > 0 with
|a(t) —u(@®)] < C {Ilﬂ(o) — u(0)]]
t
/ (m—1)
+ [ 18 ds -+ gua 169+ max [5(9)] + .+ max [5(5)]

for allt € [0,T] and all sufficiently small perturbations §.
For
e linear systems of DAEs with constant coefficients,
e DAESs in Hessenberg form.

it follows that

See also Gear [3].
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Chapter 13

Numerical Methods for Implicit
ODEs

13.1 Runge-Kutta Methods
Consider the implicit ODE
F(t,u(t),'(t)) =0
Runge-Kutta methods:
Ujt1 = Uy + T Z bkkjk

k=1
with

F(tﬂ, Uji; /{Zﬂ) =0 and Uji = Uj —+ Tj Z aikkjk,
k=1

where tji = tj + CiTy. So

F(tji, U, + T Z aikkjk, kzk) =0.

k=1

In particular, we obtain for the linear DAE with constant coefficients
NZ'(t) + 2(t) = h(t)

with NV =0, NV=! # 0 for v > 1 the linear system

Nloi+ 2+ 75 > aly = hity), i=1,....s,

k=1
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for the values [j;, which can be interpreted as approximations to 2'(¢;;). That means

N 0 --- 0 anl apl -+ a1 lj1 h(tj1) — z
o N --.. 0 a1 I a9o I - A9g 1 132 h(tj2) &
Lo | T : : g : N :
0o 0 --- N as1l agpl -+ agl ljs h’(tjs) —
or, in short,
li1 h(tj) — 2
I h(tio) — z;
[[®N+T]A®]] 3:2 _ (J2): J
ljs h(tjs) —Zj

In order to obtain a well-defined method the matrix I ® N 4+ 7; A® I must be non-singular,
which is true if and only if A is non-singular.

Proof. If A is singular, then there is a vector y # 0 with Ay = 0. Since N is singular, there
is a vector z # 0 with Nz =0. Then: [N +1, ARI)(y®2) =y Nz+7, Ay®2 = 0.
Assume that A is non-singular. Because of

1
IQN+7, AQI=[r, A |I®I+ — A" ®N].

n

it follows that

1
M ARI+IQ® N|™' = [[®I+T—A_1®N]_1[TnA®I]_1
v—1
—1)* 1
- >l ren Laen
=0 T Tn
v—1
—1)*
- Y U ey,
k=0 T

0

The requirement that A is non-singular, excludes the class of explicit Runge-Kutta
methods.

Remark:

1. The Gaufl methods, the Radau IA methods, the Radau IIA methods, and the Lo-
battolIIC methods have a non-singular coefficient matrix A = (a;;).



2. For the Lobatto IIIA methods, the first row of A = (a;;) vanishes. Nevertheless, it
can be shown that these methods are also suitable for DAEs, since A is of the form

1= (4ra)

with a non-singular matrix A if properly modified: Set [;; = [;_; s and determine
(lj2,- -+ ,l;s) from the reduced system obtained by ignoring the first equation. This
approach requires an initial value for ly;, e.g. lo; = 2/(0).

3. For the Lobatto IIIB methods, the last column of A = (a;;) vanishes, these methods
are not appropriate methods for DAEs.

13.2 BDF-Methods

Consider the implicit ODE
F(t,u(t),u'(t)) = 0.

BDF-methods:
11,
F(tjh: e, ; 7 Vi) = 0.
In particular, we obtain for the linear DAE with constant coefficients
NZ'(t) + 2(t) = h(t)

with NV =0, Nv"1 #£0 forv > 1

(o

N

N
~

k
D Vit 2k = hlt).
=1

So
L) — LSTRN
_ i _ I a7l i
Zjth = (1 +N- ; -V ) h(tjvx) = ;(—1) N (; Z -V ) h(tjik)-
This shows the method is defined and z;;; depends only on the values of the right-hand

side h(t) at t,.x and at the previous (v — 1) k grid points.
For the exact solution we have a similar representation:

2(t) = <I+N%)_ h(t) = <i(_1)wi%> h(t) = ‘_ (=1) N RO (3).

=0
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Chapter 14
Hessenberg Index-1 DAEs

Consider the Hessenberg index-1 DAE:

y(t) = f(ty@), (), (14.1)
0 = g(t,y(t),2(t)) (14.2)

where
g-(t,y,2) mnon-singular in a neighborhood of the solution. (14.3)

Then, by the implicit function theorem, we have locally:

2(t) = G(t,y(1)-

Reduced problem:
y'(t) = ft,y@), Gt y(t)). (14.4)

Any method appropriate for explicit ODEs can be applied to (14.4). This approach is
called indirect approach or state space form method.
A Runge-Kutta method applied to (14.4):

Yir1 =Y; + 75 Z bikji
k=1

with
kji = f(tji Yii, G(tyi, Vi)
and s
Yii=y; +7; Z ikjg.
k=1
For z;1, one obtains
Zj1 = G(tj1, Yjen)-

By introducing
Zji = G(tji, Vi)
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the method can be written in the form

Yji41 = Yj + T Z bekjk, 0= g(tj1, Yj1, Zj+1)
k=1

with
iji:f(J“YJ“Z) Ozg(WY;“Z>
and )
Yii=y;+7 Z ai Yy,
k=1
A BDF-method applied to (14.4):

k
1
Z Z yj+z = (t'—l-k? Yjtk, G(tj-i-kv yj+k))

and
Ziv1 = G(tj11, Yjt1)-

One obtains

sl}—‘

Viivi = T ik ik Zi4n),

k
0 = g(tj+k> Yj+k, Zj+k)-

This corresponds exactly to the approach of chapter 13.

An alternative approach for constructing a method for the semi-explicit DAE (14.1),
(14.2) is called direct approach or e-embedding method. (14.1), (14.2) is considered as
limit case € = 0 of the explicit singularly perturbed ODE

y(t) = ftyt), 2(1), (14.5)
eZ(t) = g(t,y(t),2()). (14.6)
for which any method appropriate for explicit ODEs could, at least in principle, be con-

sidered. Subsequently, we set ¢ = 0.
If a Runge-Kutta method is applied to (14.5), (14.6), we obtain

it = 01T ) ke Z =2+ ) bl
k=1 =

with
kji:f(JwY}l’Z) Elji: (JwY}ﬂZ)

and

Y} =Y; +szaikkjk, Zj = Zj_'_TjZaikljk-
k=1 k=1
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The limit € — 0 leads to the following method:

Vier = Ui+ 75 Y bikie, =2+ 7 ) bilik
k=1 k=1
with
kji:f(]lay}uz) O:g(]Z’YJZ’Z)

and ) )
Yii=y; +szaikkjk, Zj; = Zj“‘TjZaikljk-
k=1 k=1
This corresponds exactly to the approach of chapter 13.

Observe, however, the new approximate solutions (y;11, zj4+1) need not necessarily sat-
isfy the algebraic constraint

0= g(tjt1, Yjs1, Zj41),
despite the fact that:
0=g(t;,y5,2)-
If
cs=1, bj=uas, j=12...s, (14.7)

(the method is called stiffly accurate) the direct and the indirect approach coincide: We
have y;1+1 = Y}, and zj41 = Zj,. Therefore, the new approximate solutions satisfy the
constraints since the intermediate values satisfy the constraints.

Remark: The Radau ITA methods, the Lobatto IITA methods, and the Lobatto IIIC
methods satisfy (14.7).

If a BDF-method is applied to (14.5), (14.6), one obtains

Z y]+k = Tf(tj-i-kayj-i-k?Zj-i-k)a

1 )
£ (Z ;V Zj+k> - Tg(tj—l-kv Yj+k, Zj+k)‘
i=1

The limit ¢ — 0 leads to the following method:

| M:

SV Yk = T F(Ejkes Yjrks Zik)s

||M»
~. }—l

0 = g(tj-l-ku Yj+k, Zj—l—k)-

Here, the direct approach coincides with the indirect approach. As a consequence, the
following estimate for the global error holds:

ly; — y(t)l = O(7*)
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and
Iz — ()] = 1G(t5,95) — G(t5, 9t = Olly; — w(t;)l) = O(7")
for all 7 =k, k+ 1,..., if the initial values satisfy

ly; — y(t)|| = O(r%),  forallj=0,...,k—1.

14.1 Direct Approach for Runge-Kutta Methods

For a Runge-Kutta method

Vet =0+ T > bkkie zi =247 > bl
k=1 k=1
with
kji = f(tji, Yiis Z3i) - 0= g(tji, Vi, Z5:)
and , ,
Yi=yj+7; Z aikjk, Zj=z +71; Z aikljk
k=1 k=1

one obtains
zjy1 = 2+ 7; [bT @ I]i;

and
with
Yii k; Zj Lir
Y. k. 7. I
Y, = .]2 . k= ] , Zj= .32 , = ].2
Y; kjs Zjs Ljs

The last equation implies:

1 1 1

Tj Tj Tj

Hence
zin = A @lli=4+b @I (A7 ©1]Z; - [Ae® z))
= (1-b'A )z + T A @ 1)2;.
Therefore, we obtain the following form of the Runge-Kutta method:
Yier = Ui+ Y bef (e Yirs Zje)

k=1
Zi+1 = (1 — bTA_le)Zk + [bTA_l & I]ZJ
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where Y; and Z; are given by the system of equations

Yi = y;+7; Zaz’kf(tjmy}kazjk)a (14'8)
k=1
0 = gt Yii, Zji)- (14.9)

The existence of a locally unique solution follows from the implicit function theorem: If

yj — y(t]) = 0(7_—3'—1) and Zj — Z(tj) = 0(7_']‘_1) with 7_—1' = (1]2?<X Tiy

then (14.3) implies the existence of a locally unique solution z; = G(¢;,y;) to the equation
0= g(t5,y; %)

Therefore, Y;; = y; and Z;; = Z; are the locally unique solution to the system (14.8), (14.9)
for 7; = 0. The Jacobian with respect to Y}; and Z;; at 7; = 0 has the following form:

< I®1 0 )
I®gy(tj,yj,2j) [®gz(tj>yj?2j)

and, therefore, is non-singular. From the implicit function theorem the existence of a
locally unique solution to the system (14.8), (14.9) follows for sufficiently small step sizes
7, and

Yii—y;=0(r;) and Z; —z; = O(r)).

Theorem 14.1. Assume that the system (14.1), (14.2) satisfy the condition (14.3) in
a neighborhood of the exact solution and the initial values (yo,z0) are consistent, i.e.:
9(0,v0, 2z0) = 0. Consider a Runge-Kutta method of order p, of stage order q, i.e.: C(q) is
satisfied, whose coefficient matriz A in non-singular. Then the global error satisfies

yi —y(ty) = O(T]_), 2 —2(t;) = O(7]_y)

1. r=pif (14.7) holds,
2. r=min(p,q+ 1) if |R(c0)| < 1,
3. r=min(p —1,q) if |R(c0)| =1

Remark: For R(co) = —1 and constant step sizes one can show an improved result in the
last case with r = min(p, q + 1).

Stage order g and order of accuracy p for explicit ODEs, p for the differential variable
y and r of the algebraic variable r for Hessenberg index-1 DAEs:
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method explicit ODE DAE Index 1
q p p r
Gaufl S 2s s odd: 2s s+ 1
S even: 2s s
Radau IA s—1 2s—1 25 — 1 s
Radau ITA s 2s —1 2s—1 2s—1
Lobatto IITA s 25 — 2 25 —2 25 —2
Lobatto ITIC | s —1 2s—2 2s —2 25s—2

Order of accuracy r for the algebraic variable z:

method s=1|s=21|s
GauB 1(2)
Radau IA 1
Radau ITA 1
Lobatto IITA
Lobatto IIIC

O N W M| N
| ot w2l
S O =T ||

System of equations to be solved in each step, is of dimension s - n:

Vi = yi+7 > awf(ts Yie Zir),
k=1
0 = g(tji, Y, Zji)

This system is solved by the simplified Newton method with the Jacobian at Yj; = y; and
Zji = Zj:
<I®f —TA® fy(t), Y5, %) —TA®fz(tjayj=Zj))
I'® gy(t;,v5, %) I ® g:(t,9;, %)

By multiplying the first block row by (7 A)™! ® I, one obtains

<(TA)_1 ®[_I®fy(tjaijzj) _[®fz(tj7ijzj)>
I'® gy(t;,v5, %) [® g:(t;,95, 2;)

Using 1
TAT = A

with A = diag(Aq, ..., As) the system can be further transformed to

<(T NI —1® f,(t;,y;,2) —1® f(t,;, Zj))
I'® gy(t;,y;,25) I ® g.(t;,y5, %)

which consists of sub-matrices of the form

<(7A,~)—1 I — fy(tj, 95, 2) —fz(tj,yj,zj)>
9y(t5, Y5 %) 9:(t, 5, 2j)-
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In this case the original linear system of dimension s - n is reduced to s linear systems of
dimension n. The computational costs of a direct solver like Gauflian elimination reduces
from 4(sn)3/3 = 4s°n3/3 to 4sn®/3 elementary operations.

In case of complex eigenvalues A; complex arithmetic is necessary.

Example: Consider the 3-stage Radau ITA method (RADAUS5). A has a pair of complex
conjugate eigenvalues Ay = o + i3, Ay = o — i and one real eigenvalue A3 = v. LU-
decompositions must be computed only for A; and As. The LU — decomposition for As is
the complex conjugate of the LU-decomposition for As.
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Chapter 15

Hessenberg Index-2 DAEs

Consider a Hessenberg index-2 DAE (without loss of generality in autonomous form):

(
yt) = fly@), =), (15.1)
0

= g(y(®)) (15.2)
with
9y(y) f:(y,z) non-singular in a neighborhood of the solution. (15.3)
Hidden algebraic constraint:
0=gy(y(t) f(y(t), 2()). (15.4)

Summary of results for some classes of Runge-Kutta methods:
Stage order g and order of accuracy p for explicit ODEs, p for the differential variable
y and r of the algebraic variable r for Hessenberg index-2 DAEs:

method explicit ODE DAE index 2
q p p r
Gaufl s 2s sodd: s+1 s-—1
s even: s s—2
Radau TA s—1 2s—1 s s—1
Radau ITA s 25 —1 2s — 1 S
Lobatto IITA s 2s—2 | sodd: 2s—2 s—1
s even: 2s—2 s
Lobatto IIIC | s —1 2s—2 2s—2 s—1
Order of accuracy r for the algebraic variable z:
method s=1|s=2|s=3|s=4
GauB 1(2) 2
Radau IA 1 2 3
Radau ITA 1 2 3 4
Lobatto IITA 1(2) 2 3(4)
Lobatto IIIC 1 2 3
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15.1 BDF-Methods

BDF-method applied to (15.1), (15.2):

Z Yk = T F(Yien Zir), (15.5)

I M:r

0 = 9(Yj+r)- (15.6)

or, in general notation

k

Zaiyj-i-i = 7 f(Yjth: Zj4k);

i=0

0 = g(yj+r)
Theorem 15.1. Assume that
Yiri = Y(tjri) +O(1) and ¢(yj+) =0 fori=0,1,...,k—1
Then the system (15.5), (15.6) has a locally unique solution
Yjrk = Y(tirw) + O(T),  zjaw = 2(tj4x) + O(7)

for sufficiently small step sizes.

Let y;1, and 21 denote the approximate solutions after one step of the BDF-method
with initial values y(t;1;), 2(t;4+;) for i =0,1,...,k — 1. For the local error

dy ik = Yjak — Y(Eitn),  dojik = Zjrr — 2(tj4k)
we have

Theorem 15.2.
dy’j+k = O(Tk—l—l), dz7j+k = O(Tk)

Theorem 15.3. For initial values satisfying
ly; — y(t)|| = O foralli=0,... k-1,
we have for the global error

lys — y(t)] = O(F), ||z — 2(t)|| = O(*)  foralli=kk+1,....
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