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2.2 Solution methods for IVPs of ODEs (continued)
2.2.1 The Implicit Euler method

Consider the initial-value problem

W) = f(t, u(t))  fort>0,

u(0) = up (2.31)

where v : Rf — X and f: RJ x X — X with the Banach space (X, || - ||).

Assume that there exists L > 0:
| f(t, w) — f(t, v)|| < Lljw—|| VteER] Vv, we X.
Show that, for each t; and u;, there exists a unique solution wu;,; of the equation
Ui = u; +Tf(t + T, uig),

if 7 <1/L.
Hint: Apply Banach’s Fixed Point Theorem.

Assuming X is a Hilbert space with the inner product (-, -) and that
1F(t, w) = f(t, o)l < Lllw—ol  VEER] Vo,weX,

and
(ft,w)— ft,v),w—v)<0 VteR, Yv,weX,

show that, for each 7 > 0, t; and u; there exists a unique solution w;;; of the
equation
Ujpr = uj + 7 f( + 7, uj)-

Hint: Apply Banach’s Fixed Point Theorem to the following equivalent equation
i = G(ujir) = (1= pluj + pluy + 7 f(t; + 7, wjn)]
for some parameter p € (0, 1). Estimate
IG(w) = GO)II* = (G(w) = G(v), G(w) = G(v)),

and choose p € (0, 1) such that G is a contraction.
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For the following exercises we consider the implicit Euler method, i.e.,

wjrr = uj + 7 f(tj41, tjs) -
Let ]
U (t+71)= - u(t+7) —u(t)] —flt+7, ult+71))

denote the consistency error of the implicit Euler method, where u(t) is the solution of
(2.31). Furthermore,

€ - — u(tk) — Uk

denotes the global error.

Show that the following estimate holds if u”(-) exists:

t+7
|- (t+7)]| < /t | u”(s)]| ds .

Show that
u(tjyr = ulty) + 7 f(tirn, ultjn)) + 79 (tis1)

and
€j+1 =€ + T[f(tjﬂu u(tjz1)) — ftjea, Uj+1)] + T (1) - (2.32)
Let the assumptions of exercise be fulfilled. Show that the following estimate

holds:
lejrall < llejll + 7llwr (iaa)ll -

Hint: Multiply (2.32) by e;41 and apply Cauchy’s inequality to the right hand side.

Let the assumptions of exercise be fulfilled. Show that

L
lu(t;) — u]| < 7 / l(s)]| ds
0

if u”() exists.
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