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Linear Finite Elements, Hierarchical Basis

Exercise 16

Let e denote an arbitrary triangle with coordinates (xi, yi), i = 1, 2, 3. Show that transforming
the finite element functions between e and the reference triangle ẽ with coordinates (0, 0), (1, 0)
and (0, 1) the element bilinear form Ae(., .) becomes:

Ae(u, v) :=

∫

e

[
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∂x
,
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] [
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] [
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de = Aee(ũ, ṽ)

:=

∫
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]
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∂ỹ
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dẽ,

where 0 < x̃, ỹ < 1.

Exercise 17

Show that the element stiffness matrix Ae from Lemma 3.3.1 (using linear shape functions on
a triangle) can be represented as

Ae =
c

2




β + 1 −1 −β
−1 α + 1 −α
−β −α α + β



 ,

α = a/c, β = b/c, and (α, β) ∈ D, where

D = {(α, β) ∈ R2 : −
1

2
< α ≤ 1, max{−

α

α + 1
, |α|} ≤ β ≤ 1}.

Hint: Use Lemma 3.3.2.

Exercise 18

Show that the transformation of the nodal basis stiffness matrix Ah to the hierarchical basis
stiffness matrix Ãh, using the transformation matrix

JT =

[
I1 0
J21 I2

]
,

does not change the Schur complement (cf. Equation (3.28) in the Lecture Notes), i.e.,

S = A22 − A21A
−1

11
A12 = Ã22 − Ã21Ã

−1

11
Ã12 = S̃.


