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The strengthened Cauchy-Bunyakowski-Schwarz inequality

Exercise 15

As in the Lecture, let V4, V5 be finite dimensional spaces, V' = V; x V4, associated with the
two-by-two block partitioning
A= |:A11 A12}

A21 A22

of a symmetric positive semidefinite (SPSD) matrix A, where Aj; is assumed to be symmetric
positive definite (SPD).

Prove that the following statements related to the CBS inequality
|V¥1A12V2| S Y {VfAllVlVg‘AQQVQ}l/z VVZ‘ c V;

hold (cf., Lemma 3.2.2 from the Lecture).

(a) v<1.

(b) v =1 if there exists v = { :1 } € ker(A) for which vy ¢ ker(Ags).
2

(¢) v < 1if forany v = [ zl } € ker(A) it holds that vy € ker(Ag).
2

(d) Under the assumption of (c),

VltA12V2

= Sup T T 12"
v;€Vi\ker(A;;),i=1,2 {Vl Anvy v A22V2}/



