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Chebyshev polynomials, first- and second-order Chebyshev iterative methods.

Exercise 5

Consider the coefficients τn,k (of the matrix polynomial for the first-order Chebyshev iterative
method, cf., Equation (1.37) in the Lecture Notes) which are given by

τ0,0 := 1 (τj,−1 := 0 ∀j)

τ1,1 := α1,

τ1,0 := 1 − α1

τn,n := αnτn−1,n−1

τn,k := αnτn−1,k−1 + (1 − αn)τn−1,k, n ≥ 0, k = 0, 1, . . . , n − 1,

where (αi)
n
i=1 is the sequence of relaxation parameters. Show that

∑n

k=0 τn,k = 1, n ≥ 0.

Exercise 6

Verify Equation (1.47) from the Lecture, i.e., prove that the n-th Chebyshev polynomial of the
first kind, which is defined recursively via

T0(z) = 1,

T1(z) = z,

Tn+1(z) = 2zTn(z) − Tn−1(z), n = 1, 2, 3, . . . , z ∈ R,

has the analytic form

Tn(z) =
1

2
[(z +

√
z2 − 1)n + (z −

√
z2 − 1)n], n = 0, 1, 2, . . . , z ∈ R.

Exercise 7

Consider the second-order method (cf., Theorem 1.3.2 in the Lecture Notes):

x
(1) = x

(0) +
α0

2
K−1

(

b − Ax
(0)

)

, α0 =
4

λ1 + λN

x
(n+1) = βnx

(n) + (1 − βn)x(n−1) + αnK−1
(

b − Ax
(n)

)

, n ≥ 1.

(a) Show that the algebraic polynomial Pn(z) associated with this polynomial method satisfies
the recurrence relation

Pn+1(z) = (βn − αnz)Pn(z) − (βn − 1)Pn−1(z), n ≥ 1.

(b) Prove that for the second-order Chebyshev method, i.e., for Pn(z) = P̃n(z), n ≥ 1, where

P̃n(z) =
Tn

(

2z−(λN+λ1)
λN−λ1

)

Tn

(

−(λN+λ1)
λN−λ1

)

is the n-th order Chebyshev polynomial associated with the interval [λ1, λN ], cf., Equation
(1.41), the coefficient sequences (αn)n≥1 and (βn)n≥1 can be computed via

βn =
λ1 + λN

2
αn, α−1

n =
λ1 + λN

2
−

(

λN − λ1

4

)2

αn−1, n ≥ 1.


