Fast Solvers: Tutorial Summer Term 2007
Optimal Chebyshev Methods March 19

Chebyshev polynomials, first- and second-order Chebyshev iterative methods.

Exercise 5

Consider the coefficients 7,5 (of the matrix polynomial for the first-order Chebyshev iterative
method, cf., Equation (1.37) in the Lecture Notes) which are given by

To,0 = 1 (Tj,—l =0 VJ)

1,1 = Qg

T1,0 = 1-— (03]

Tnn = OpTp—1n-1

Tk = OnTno1p—1+ (1 —an)Tho1p, n>0, k=0,1,....,n—1,

where ()1, is the sequence of relaxation parameters. Show that Y, _ 7,5, =1, n > 0.

Exercise 6

Verify Equation (1.47) from the Lecture, i.e., prove that the n-th Chebyshev polynomial of the
first kind, which is defined recursively via

To(Z) = 1,
Ti(z) = =z,
Toii(2) = 22T,(2) —Tho1(2), n=1,23,..., z€R,
has the analytic form
1
T.(z) = 5[(z+\/z2 -+ (z=v22-1)", n=0,1,2,..., z€R.
Exercise 7

Consider the second-order method (cf., Theorem 1.3.2 in the Lecture Notes):

(1) _ (0) %K_l b — A (0) = 4
X X + 9 ( X ) ’ o A+ AN
X = x4 (1= 8)x" ) 4 a, K7 (b— Ax™) | n> 1.

(a) Show that the algebraic polynomial P,(z) associated with this polynomial method satisfies
the recurrence relation

Po1(2) = (Bn — anz)Pu(2) — (B — 1)Py1(2), n>1.
(b) Prove that for the second-order Chebyshev method, i.e., for P,(z) = P,(z), n > 1, where

T (22—()\N+)\1)>

AN—A1

)
T (S5)

Pn(z) =

is the n-th order Chebyshev polynomial associated with the interval [\, Ay], cf., Equation
(1.41), the coefficient sequences (,),>1 and (5,)n>1 can be computed via

A+ Ay oMy =AY
= Oy, Q, = — Qp_1, n>1.
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