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1.11 Solution methods for IVPs of ODEs
Consider the initial-value problem

{ w'(t) = f(t,u(t))
u(0) = ug .

Under the assumption that
1 (8 w) = ft )| < Llw =l Vt,0,w,
show that, for each t; and u;, there exists a unique solution w;; of the equation
Uj1 = uj + Tf(t; + T, ujp),
if 7 <1/L.
Hint: apply Banach’s Fixed Point Theorem.
Consider the initial-value problem

{ u'(t) = [t u(t))
u(0) = ug .

Assuming that
1t w) = f(E )l < Lljw =] VE,0,w,

and
(f(t,w) = f(t,v),w—v) <0 Vt, v, w.

show that, for each 7 > 0, t; and u;, there exists a unique solution u;y; of the
equation
Ujr = uj + Tf(t; + 7, uj).

Hint: apply Banach’s Fixed Point Theorem to the following equivalent equation
ujr1 = Gujer) = (1= p)ujer + p(uy + 7f (8 + 7,0511))
for some parameter p € (0,1). Estimate
IG(w) = GO)|I* = (G(w) — G(v), G(w) — G(v)),

and choose p € (0,1) such that G is a contraction.
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Let

Dot +7) = % (ult +7) — ult)) — Flt+ 7 u(t + 7))

denote the consistency error of the implicit Euler method, where wu(t) is the solution
of the differential equation

u'(t) = f(t u(t)).
Show that the following estimate holds:

t+T1
|7 (t 4 7)]| < /t " (s)]|ds .

Consider the same notation and the same assumptions as in exercises and .

Let u(t) be the exact solution of the initial-value problem and consider the implicit
Euler method:

Ujpr = uj + 7f (i1, wjr) -
Show that
u(tjzr) = u(ty) + 7f (i, ultje)) + 70 (1)
and
ejr1 = €5 + 7(f(tjr1, ultyr1)) — f (Gt wirn)) + 797 (i) (1.30)

where e, = u(tx) — uy denotes the global error.

Consider the same notations as in exercise . Show that the following estimate
holds:

lejall < llejll + 7lir (521l -

Hint: multiply (1.30) by e;41 = u(tj+1) — w41 and use Cauchy’s inequality at the
right-hand side.

Using the same assumptions and notations as in exercise , show that

tj
lulty) — wyl| < 7 / " (s)]| ds.
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