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1.6 FEM for BVPs of Second-order ODEs
Consider the problem
find u € Von HY(0,1) :  a(u,v) = (F,v) Vv € Vp,

with V5 = {v € H'(0,1)] v(0) = 0}, and let u; be a conforming finite element
approximation of u based on Courant elements. Show that we have convergence at
least in H'(0,1):

hm |lu — w1 < ™2 i inf lu—wpls — 0,
1 h—0vp€V)

where V}, is a conforming internal approximation of H'(0,1), and p;, us are the
coercivity and continuity constants of the bilinear form a(u, v), respectively.

Hint: Recall that H?(0,1) is dense in H'(0,1).
Consider the model problem
find u € Hy(0,1):  a(u,v) = (F,v) Vv € Hy(0,1)

where a(u,v) fo v'dr and (F,v) = fol fvdz, and consider its finite element
approximation based on linear Courant elements. Let p; be the coercivity constant
of the bilinear form a(-,-). Then, the following a-posteriori error estimate holds:

C
|u —uplls < In(uh)v ¢ >0, (1.19)

where
Np
?(un) = Zﬁia M= thngTk :
k=1

Write a function ErrorEstimator (|mesh, | (*f) (x), Terror) which implements the
a-posteriori error estimator (1.19).

Use the functions implemented in Tutorials III-IV to discretize the following one-
dimensional problem: find u such that
—u'(z) = 8 x€(0,1),
u(0) = -1,



Solve the discretized problem

Khu, :ih

by the preconditioned Richardson method with Jacobi preconditioner C = D, =
diag(K}), and compute the error estimate (1.19).

Let K be a symmetric and positive definite matrix, and let u*Y) be an approxi-
mation of the exact solution u of the linear system

Ku=f,
obtained with the iterative method
u ) = o) o) (1.20)

where p(™ is a given search direction and a(™ € R. Determine the parameter o™
such that (1.20) satifies the following condition:

If = Ku® g, = min )Ilf — K[,

vEu(m) +span(p(n)

Hint: the function g(a) = ||f — K[u™ + ap™]||2 is a quadratic function in a.
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