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1.5 FEM for BVPs of Second-order ODEs

25 Let

K̂ =

(

1 −1
−1 1

)

, M̂ =

(

1/3 1/6
1/6 1/3

)

, D̂ =

(

1 0
0 1

)

.

Show that
1

6
D̂ ≤ M̂ and K̂ ≤ 2D̂.

26 Consider the one-dimensional boundary value problem

−u′′(x) = f(x) x ∈ (0, 1),

u(0) = g0,

u′(1) = g1.

Let Kh be the stiffness matrix obtained by the finite element method using the
Courant elements on a subdivision 0 = x0 < x1 < . . . < xNh

= 1.

Show that
mink h2

k

6c2
F

Dh ≤ Kh ≤ 2Dh,

where Dh = diag(Kh), cF is the constant arising from Friedrichs’ inequality, and
hk = xk − xk−1.

Hint: Use

(Dhvh, vh)ℓ2 = D
(1)
h v2

1 +

Nh
∑

k=2

(

D
(k)
h

(

vk−1

vk

)

,

(

vk−1

vk

))

ℓ2

with

D
(1)
h = K

(1)
h =

1

h1
and D

(h)
h = diag(K

(k)
h ) =

1

hk

diag(K̂) =
1

hk

D̂.

27 Consider the variational problem: find u ∈ Vg = V0 = H1
0 (0, 1):

∫ 1

0

u′(x)v′(x)dx =

∫ 1

0

f(x)v(x)dx ∀v ∈ V0.
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Solve this variational problem using the Galerkin method considering the finite
element space

V0h = V0n = span{x(1 − x), x2(1 − x), . . . , xn−1(1 − x)}.

Let f(x) = cos(kπx), k = l + 1, and l is the last digit from your study code (or
your age). Compute the stiffness matrix Kh analytically and solve the linear system
Khuh = f

h
numerically using the Gauss method. Consider n = 2, 4, 8, 10, 50, 100.

28 Let Mh be the mass matrix obtained by the finite element method using the Courant
elements on a uniform mesh 0 = x0 < x1 < . . . < xNh

= 1, hk = xk − xk−1 = h, ∀k.
Show that the condition number κ(Mh) = cond2(Mh) = O(1).

29∗ Let Kh be the stiffness matrix obtained by the finite element method using the
Courant elements on a uniform mesh 0 = x0 < x1 < . . . < xNh

= 1, hk = xk−xk−1 =
h, ∀k. Show that the estimate on the condition number κ(Kh) given in the course
is sharp, i.e.

κ(Kh) = O(h−2).

Hint: considering a special choice of vh ∈ R
Nh , show that

λmin(Kh) = min
v

h

(Khvh, vh)

(vh, vh)
≤ Ch and λmax(Kh) = max

v
h

(Khvh, vh)

(vh, vh)
≥ Ch−1.
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