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1.5 FEM for BVPs of Second-order ODEs
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Consider the one-dimensional boundary value problem

—u"(z) = f(x) z€(0,1),
U(O) = 9o,
u'(l) = g

Let Kj be the stiffness matrix obtained by the finite element method using the
Courant elements on a subdivision 0 =zp < x; < ... <azn, = 1.
Show that
miny, h}
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where D), = diag(K}), cp is the constant arising from Friedrichs’ inequality, and
hk =T — T—1-
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Hint: Use
Np,
) k) [Vk—1 V-1
(Dnvy,vp)e, = D,(l)vf +Z <D’(l) ( Vg, ) ’ < Uk ))e
k=2 2
with

1 1
D =K = 5 and DY = diag(K}") = - diag(K) = ;-D.

Consider the variational problem: find u € V, = Vp = Hg (0, 1):
1 1
/ u ()0 (z)dx = / f(x)v(x)dzr Vv € V.
0 0
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Solve this variational problem using the Galerkin method considering the finite
element space

Von = Vo = span{z(1 — z),2*(1 —z),..., 2" (1 —2)}.

Let f(x) = cos(kmx), k = [ + 1, and [ is the last digit from your study code (or
your age). Compute the stiffness matrix K, analytically and solve the linear system
Kpuy, = ih numerically using the Gauss method. Consider n = 2,4, 8,10, 50, 100.

Let M), be the mass matrix obtained by the finite element method using the Courant
elements on a uniform mesh 0 = xy <y < ... <y, =1, hy = 2, — 231 = h, VE.
Show that the condition number x(M},) = conds(M;,) = O(1).

Let Kj be the stiffness matrix obtained by the finite element method using the
Courant elements on a uniformmesh 0 = xy <21 < ... <zn, =1, by = T —2p—1 =
h, Vk. Show that the estimate on the condition number x(K}) given in the course

is sharp, i.e.
k(Kp) = O(h™?).

Hint: considering a special choice of v, € RV show that

Amin (Kp) = min (K, ) <Ch and Ay (Kp) = max (En, 1)

> Ch™t.
v, (v, 0p) v (U, )
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