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4.1 Mehrfachpendel

22./29.01.2002 (Zeit : 103 — 119 Uhr; Raum : KG 519 )

Die physikalische Modellierung fiir die Bewegung eines Doppelpendels ist im Anhang

dargestellt.

1. Simulieren Sie die Bewegung des Doppelpendels numerisch!

2. Modellieren Sie die Bewegung eines Dreifachpendels, und fithren Sie wieder nume-
rische Simulationen durch!
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4.1.1 Anhang

siche auch http://scienceworld.wolfram.com/physics/DoublePendulum.html
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A double pendulum consists of one pendulum attached to another. Double pendula are an example
of asimple physical system which can exhibit chaotic® behavior. Consider a double bob
pendulum with massesmi; and m2 attached by rigid massless wires of lengths i; and I . Further,

let the angles the two wires make with the vertical be denoted 6, and -, asillustrated above.
Finally, let gravity be given by g. Then the positions of the bobs are given by

T = lysin 8y 0
no = —I cos 6, 2
To = Lisin#, + lasinfs @
Y2 = —hcosfy — lacosfa. @

The potential energy of the system is then given by
V= magy +magys (5)

= —(m + ma)gl cosf — magls cosfa, (6)

and the kinetic energy by

T = %ml-v‘f + %mg-v.‘f )
= %mlfféf + %m-;[!fl@f + 1262 + 21,1,6,8, cos(6; — 6,)]. (8)
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The Lagrangian isthen

L=T-V
= 2(m; + mo ) 1262 + %mﬂ%é% + migly L6, 8, cos(6; — 6,)
+(m1 + ma)gh cos b + magls cos . )
Therefore, for 8, ,
::3__L = mﬂf’él -+ m-_;i'f’él + gl Ly By cos(f, — 6) (10)
06,
d (0_‘{‘) = (my +ms)28, + muli 1.8, cos(8; — 6) — moly 18, sin(8 — 8,)(6, — 85) (11)
dt \ 96,
E{;TI; = —lLg(m, +my)sind, — mol,1,6,8, sin(6; — 8,), (12)

so the Euler-Lagrange differential equation® for #, becomes
(m, + m-_;}ffgl + 1ol 16, cos(f;, — 6,)
+ Tﬂgilizé% sin(f, — 6,) + Lig(my +my)sind;, =0. (13)
Dividing through by i, , thissimplifiesto

(11 + ma)l 8y + malofs cos(fy — 6s)

-+ mzi-ﬁ% sin(#; —#y) + g(m,; +my)sind; = 0. (14)
Similarly, for 8-,

aL i :

.:)?_3 = myl3fs + myl 1.8, cos(f, — 6,) (15)
4 (d—L) = moylsfy + molylo8; cos(8; — 6y) — moyl 1,6, sin(8; — 6,)(6; — )
dr c)ﬂz 2talz 2182t 1 2 2t1taty 1 2 )\V1 2 (16)

oL _ malylof 6, sin(f; — 65) — Lymagsin 6.

8, = 2b1b2t) B 1 2 2Th2g 2 (17)

so the Euler-Lagrange differential equation® for 6, becomes
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Tﬂ‘gijig-g + gy 128, cos(fh — f2) — T}'ﬂ.‘g!li-glé‘f sin(f, — f2) + lamogsindy = (. (18)
Dividing through by 1. , this ssimplifiesto

alabls + maly by cos(fy — 6y) — '.rn.-_;—ill'il"f sin(fy; —f2) + magsin by = 0. (19)
#yir) (1)

' 12.5

10

7.5

The coupled second-order ordinary differential equations (14) and (19) can be solved numerically
for 81(t) and#f.(t), asillustrated above for one particular choice of parameters and initial

conditions. Plotting the resulting solutions quickly reveals the complicated motion.

The equations of motion can also be written in the Hamiltonian formalism. Computing the
generalized momenta gives

JL Y .

pe, = {_]?1 = (my +mo )38, + myl 1,8, cos(8, —8,) (20)
IL . )

po, = d?_, = mol38s + mol 158, cos(8; — 6,). (21)

The Hamiltonian is then given by
H=8p—-L= %{ml + my 368 + %m?i.‘ffiﬁ + gl 108, 9-3:1}5{91 —#,)

—(m1 + ma)gl cosBy — magls cos fs. (22)
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Solving (20) and (21) for #; and 8, and plugging back in to (22) and simplifying gives

_ iimngl+if(m1+m z}pgz—‘zmzhlzml Po, cos(f —fz )
- 2 ma[my +sin®(# —fa)ma]

H

— magla cos 6y — (my + ma)gli cos 6.

This leads to the Hamilton' s equations

oOH _ lapg, — lipgs fxlﬁ(ﬁl - 92}

6, = = i
! pa, Bls[my +ma 5i11‘?{191 — #2)]
6 — OH _ Ii(my + ma)pe. — lamaps, cos(fy — )
* Opa., Ligme[my + ma 5i11?{191 — 62)]
{ H - T T
Pg, = —E{;Tl =—(my +mq)glysinf, — C; +
aH .
P, = _E{;Tz = —maglysin fy + C) = O,
where

c}r = pgl pgt Si'“‘(.gl - H?)
' Lly[my + my sin® (8, — 6,)]

and

Gy = Bmap? + 3 (my + my)pd = Lilamap ps cos(8; — 8,)
° = 22 12[m, + mysin®(8, —6,)]2
Coupled Pendula, Hamiltonian, Lagrangian, Pendulum

sin[2(6 — 62)].
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