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Abstract. The dynamics of beams that undergo large displacements is
analyzed in frequency domain and comparisons between models derived
by isogeometric analysis and p-FEM are presented. The equation of motion is derived by the principle of virtual work, assuming Timoshenko’s
theory for bending and geometrical type of nonlinearity.
As a result, a nonlinear system of second order ordinary differential equations is obtained. Periodic responses are of interest and the harmonic
balance method is applied. The nonlinear algebraic system is solved by
an arc-length continuation method in frequency domain.
It is shown that IGA gives better approximations than the p-FEM when
models with the same number of degrees of freedom are used.
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Introduction

Isogeometric analysis (IGA) is a relatively novel discretization technique which
was introduced by Hughes et al. [5]. The key idea of representing both the computational geometry as well as the trial functions using spaces of appropriate
spline functions afford the method several interesting advantages. It has been
demonstrated that IGA has superior spectral approximation properties compared to standard finite element method (FEM) discretizations [6]. The method
has been applied successfully to the structural analysis of various mechanical
models [3, 1, 4, 8]. Recently, nonlinear dynamics of beams in frequency domain
has been studied by isogeometric approach [15].
Higher natural frequencies become important in nonlinear dynamics of elastic
structures [7, 13]. Thus, it is expected that space discretization by isogeometric
analysis will give better approximations in the computations of nonlinear normal modes and nonlinear frequency-response function than discretization by the
finite element method. In the current work, the equation of motion of beams is
used for comparison of the nonlinear frequency-response function of models obtained by isogeometric analysis and p-FEM. The equation of motion is derived
by the principle of virtual work, Timoshenko’s beam theory is assumed and
geometrical nonlinearity is taken into account. External harmonic excitation is
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considered and the response is assumed to be periodic function of time, thus the
vector of generalized coordinates is expressed in Fourier series. The frequencyresponse function is obtained by the continuation method. It is shown that IGA
gives better approximations than a p-FEM, when models with the same number
of degrees of freedom are used.
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Isogeometric analysis

We present very briefly the construction of an isogeometric method in 1D. We
begin by setting up a B-spline basis
{Bj : [−1, 1] → R+
0 }j
of degree p over an open knot vector which spans the parameter interval [−1, 1].
Open means that the first and last knots are repeated p + 1 times. The interior
knots are repeated at most p times. For the definition of B-splines, see [12, 9, 2].
To each basis function Bj , we associate a control point (coefficient)
P Cj ∈ R
in such a way that we obtain an invertible geometry mapping F = j Cj Bj :
[−1, 1] → Ω = [−`/2, `/2], where Ω is an open interval representing the beam of
length `. The isogeometric basis functions on Ω are given by ψj (x) := Bj (F −1 (x))
and their span Vh := span{ψj } is the isogeometric trial space on Ω.
Note that in the 1D case it is always possible to choose the control points in
such a way that the parametrization F is linear. However, it is also possible to use
a nonlinear parametrization, which can be advantageous in certain situations.
For problems in higher space dimensions, NURBS, i.e., rational versions of
the B-spline basis functions, are commonly used to represent the geometry. For
the one-dimensional geometry of beams, however, we stick to the use of B-splines.
The linear longitudinal equation of motion of beams is used as an example
of space discretization using isogeometric analysis:
(EAu0 (x, t))0 + Fu (x, t) = µü(x, t)

∀x ∈ Ω, t ∈ (0, T ),

(1)

where E denotes the elastic modulus, A is the area of the cross section, µ the mass
per unit length, Fu the longitudinal external load, and u(x, t) the longitudinal
displacement at point x and time t. The variational form of (1) is
Z
Z
Z
0 0
µüv dx +
EAu v dx =
Fu v dx ∀v ∈ V
(2)
Ω

Ω

Ω

with an appropriate test space V. It is assumed that the ends of the beam are
fixed, i.e., u(x) = 0 at x = ±`/2.
The isogeometric discretization of the linear longitudinal equation of motion
is obtained by restricting the variational equation (2) to the isogeometric space
Vh,0 ⊂ Vh , where the first and last basis function have been removed from Vh to
enforce the essential boundary condition u(x) = 0 at x = ±`/2. That is, we seek
time-dependent coefficients (qju (t))j such that
X
uh (x, t) =
qju (t)ψju (x) ∈ Vh,0
j
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satisfies (2) for all vh ∈ Vh,0 . Here we write ψju := ψj for the basis functions to
make clear that they correspond to the displacement u. Later on, we will use
different bases for the transverse displacement and rotation components.
With the stiffness matrix, mass matrix, and load vector, respectively,
Z
Kij =

EAψj0 ψi0

Z
dx,

Mij =

Ω

Z
µψj ψi dx,

fj =

Ω

Fu ψj dx,
Ω

we obtain the system of linear ordinary differential equations
Mq̈u + Kqu = f
for the vector-valued function q u (t) of displacement coefficients.
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An isogeometric formulation of Timoshenko beams

The equation of motion is derived by the principle of virtual work considering
Timoshenko’s theory for bending. It is assumed that the cross section remains
plain after deformation, but the transverse shear strain εxz is not neglected. We
denote the longitudinal and transverse displacements by u(x, z, t) and w(x, z, t),
respectively, they depend on space coordinates x and z and on time t. The
displacement field on the middle line is expressed as
u(x, z, t) = u0 (x, t) + zφy (x, t),

(3a)

w(x, z, t) = w0 (x, t),

(3b)

where u0 (x, t) and w0 (x, t) denote the longitudinal and transverse displacements
on the middle line and φy (x, t) is the rotation of the cross section about y axis.
Nonlinearity is taken into account by assuming nonlinear strain-displacement
relations. The axial and shear strains are derived from Green’s strain tensor and
the longitudinal terms of second order are neglected:
εx =

∂u 1
+
∂x 2



∂w
∂x

2
,

γxz =

∂w ∂u ∂w ∂w
+
+
.
∂x
∂z
∂z ∂x

(4)

Elastic isotropic materials are of interest, hence the stresses are related to
the strains by Hooke’s law,

σ=

σx
τxz





E 0
=
0 λG



εx
γxz


= Dε,

where E is the Young’s modulus of the material, G is the shear modulus and λ
5+5ν
is the shear correction factor. In the numerical experiments, λ = 6+5ν
is used.
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The middle line displacements are discretized as
u0 (x, t) =
w0 (x, t) =

pu
X
i=1
pw
X

ψiu (x)qiu (t),

(5a)

ψiw (x)qiw (t),

(5b)

i=1
pφy

φy (x, t) =

X

φ

φ

ψi y (x)qi y (t),

(5c)

i=1

where qu (t), qw (t) and qφy (t) are coefficient vectors depending on time t. Above,
pu , pw and pφy are the number of basis functions used for the discretization of
φy
each of the displacement components and ψ ui (x), ψ w
i (x) and ψ i (x) are the
basis functions for space discretization. For the isogeometric case, these functions are B-spline basis functions, and for the p-FEM, these sets are hierarchical
shape functions [11]. The basis functions must satisfy the geometric boundary
conditions. The sets of B-splines and hierarchical shape functions used in the
current work for the transverse displacement w0 are shown in Fig. 1.
The equation of motion is derived by the principle of virtual work,
δWV + δWin + δWE = 0,

(6)

where δWV is the virtual work of internal forces, δWin is the virtual work of
inertia forces and δWE is the virtual work of external forces. They are defined
as
Z
Z
Z
δWV = −
δεT σ dV, δWin = −
ρδdT d̈ dV, δWE =
δdT P dV, (7)
V

V

V

where δε is the vector of virtual strains, σ is the vector of stresses, ρ is the
density, δd represents the vector of virtual displacements, d̈ is the acceleration
of a point of the beam and P is the vector of external forces. Inserting equations
(7) into (6), we obtain the equation of motion
Mq̈(t) + Cq̇(t) + K(q(t))q(t) = f (t),

(8)

where M is the mass matrix, C is the damping matrix, K is the stiffness matrix
which depends on the coefficient vector q, and f is the load vector. A mass
proportional and frequency dependent damping is used. The longitudinal inertia
is neglected and the degrees of freedom of the equation of motion are reduced,
without neglecting the longitudinal displacement.
Since periodic responses are of interest, the coefficient vector is expressed in
Fourier series and inserted into the equation of motion (8). The harmonic balance
method (HBM) is employed and a nonlinear system of algebraic equations is
obtained. The new unknowns are the coefficients of the harmonic functions,
from the Fourier series, and the frequency of vibration. The nonlinear algebraic
system is solved by an arc-length continuation method in frequency domain.
Details about the application of the HBM and the continuation methods can be
found, for example in [14, 10].
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(b) (b)

Fig. 1: (a) B-spline basis functions of degree 4; (b) hierarchical basis of shape
functions.
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Results

In this section, numerical results of Timoshenko beam, obtained by isogeometric
analysis and by p-FEM, are compared. First, the natural frequencies are presented, and then, the nonlinear frequency-response functions are compared. The
beam is assumed to be clamped-clamped with dimensions l = 0.58m, b = 0.02m,
h = 0.002m, and isotropic material with properties (aluminum) E = 70GP a,
ν = 0.34, ρ = 2778kg/m3 .

Comparison of natural frequencies. It has been shown that the isogeometric analysis gives better approximation to the higher natural frequencies than
the the FEM [6]. In this section, the natural frequencies of both approaches are
compared, keeping the same number of degrees of freedom. The bending natural
frequencies are presented in Table 1, where five functions are used for the transverse displacement w0 from (5b), and the corresponding derivatives are used for
the rotation of the cross section φy from (5c). In addition, the results are also
compared with the conveged frequencies from [8].
B-splines of varying degree are considered in the isogeometric analysis. The
p-FEM is used with hierarchical shape functions [13] and the beam is modeled
as one finite element. It can be seen that the fourth degree B-splines yield much
better approximations to the natural frequencies than those obtained by the
p-FEM.
The longitudinal natural frequencies are presented in Table 2. Six functions
are used for the longitudinal displacement given in (5a). In this case, quadratic
B-splines are more suitable than higher order B-splines or p-FEM.
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Table 1: Comparison of bending natural frequencies (rad/s) obtained by IGA
and p-FEM, 10 DOF.
Mode Converged values
1
192.74
2
531.24
3
1041.27
4
1720.99
5
2570.24

ref. [8] IGA p = 3 IGA p = 4 IGA p = 5
192.74
192.79
192.74
192.74
531.29
532.71
531.47
531.58
1041.49 1055.76
1046.73
1041.68
1721.52 1795.28
1865.64
1947.05
2571.47 2668.90
2601.51
2758.14

p-FEM
192.74
531.42
1043.24
1910.51
3041.97

Table 2: Comparison of longitudinal natural frequencies (rad/s) obtained by IGA
and p-FEM, 6 DOF.
Mode Converged values
1
2.7190E+04
2
5.4379E+04
3
8.1569E+04
4
1.0876E+05
1.3595E+05
5
6
1.6314E+05

IGA p = 2
2.7191E+04
5.4436E+04
8.2106E+04
1.1156E+05
1.4415E+05
1.6421E+05

IGA p = 3
2.7190E+04
5.4385E+04
8.1714E+04
1.0955E+05
1.5600E+05
1.7369E+05

IGA p = 4
2.7190E+04
5.4381E+04
8.1818E+04
1.0877E+05
1.6433E+05
1.8766E+05

p-FEM
2.7190E+04
5.4379E+04
8.1728E+04
1.0947E+05
1.6214E+05
2.0673E+05

Comparison of nonlinear frequency-response functions. Taking into account the results from Tables 1 and 2, and considering that in nonlinear dynamics
of elastic structures the higher modes of vibration become important, an isogeometric Timoshenko beam model is generated using five B-splines of degree four
for the transverse displacement w0 and six quadratic B-splines for the longitudinal displacement u0 . The total number of degrees of freedom is 16, and after
neglecting the longitudinal inertia the model has 10 DOFs. A nonlinear model
with the same number of DOFs is generated by the p-FEM, by using hierarchical set of shape functions. External harmonic force is applied on the middle
of the beam in transverse direction, Fz (t) = 0.035 cos(ωt)N . Harmonics up to
fifth order are used in the Fourier series, hence the algebraic nonlinear equation has 110 DOFs. The bifurcation diagrams of these models are presented and
compared in Fig. 2. In addition, a model based on the isogeometric analysis but
using B-splines of degree four for the longitudinal and transverse displacement
is generated and included in the comparisons. The reference solution is obtained
by p-FEM with 15 shape functions for each displacement component. It was
verified that the results of this model are converged.
The nonlinear frequency-response function of the first harmonic is approximated very well by both methods, there is no visible difference. The difference
appears in the third harmonic (Fig. 2(b)), where it is obvious that the isogeometric analysis yields a better approximation. The better approximation of the
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(a) (a)
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Fig. 2: Comparison of nonlinear frequency-response functions obtained with 10
DOF. (a) amplitude of the first harmonic, (b) amplitude of the third harmonic;
black: reference results, red: p-FEM, green: IGA, p = 4 for longitudinal and
transverse displacements, blue: IGA, p = 2 for longitudinal and p = 4 for transverse displacements.

(a) (a)

(b) (b)

Fig. 3: Comparison of shapes of vibration for point ω/ωl = 1.45 from the bifurcation diagram. (a) transverse displacement w0 , (b) rotation of the cross section
φy ; black: reference results, red: p-FEM, green: IGA, p = 4 for longitudinal
and transverse displacements, blue: IGA, p = 2 for longitudinal and p = 4 for
transverse displacements.
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nonlinear frequency-response function is consequence of the better approximation of the higher linear frequencies of vibration.
The shapes of vibration of the transverse displacement w0 and the rotation
of the cross section φy , for point ω/ωl = 1.45 from the bifurcation diagram, are
shown in Fig. 3.
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