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On the Best Uniform Approximation by Low-Rank
Matrices

Irina Georgieva* Clemens Hofreitherf

December 7, 2016

Abstract

We study the problem of best approximation, in the elementwise maximum norm, of a
given matrix by another matrix of lower rank. We generalize a recent result by Pinkus that
describes the best approximation error in a class of low-rank approximation problems and
give an elementary proof for it. Based on this result, we describe the best approximation
error and the error matrix in the case of approximation by a matrix of rank one less than
the original one. For the case of approximation by matrices with arbitrary rank, we give
lower and upper bounds for the best approximation error in terms of certain submatrices of
maximal volume. We illustrate our results using 2 x 2 matrices as examples, for which we
also give a simple closed form of the best approximation error.

1 Introduction

We consider the problem of approximating a given matrix as closely as possible by a matrix
of the same size, but lower rank. When measuring the approximation error in the spectral or
Frobenius norms, a full description of the best approximation and its error is given in terms
of the singular value decomposition [I0, B]. In different matrix norms, very little was known
about this approximation problem until a recent article by Pinkus [8], where approximation by
a class of elementwise norms, and there in particular ¢;-like norms, was studied. Pinkus derives
expressions for the best approximation error in such norms and, in particular cases, shows that
a best approximating matrix matches the original matrix in a number of rows and columns.

In the present paper, we derive analogues of several of Pinkus’ results for the case of approx-
imation in the elementwise maximum norm. In the process, we generalize one core result from
[8] and prove it using only known basic results on best approximation, whereas the proof of the
original result relied heavily on the theory of n-widths. Building on this result, we obtain an
expression for the best approximation error of a matrix by another one with rank one less, as
well as a characterization of the matrix of best approximation.

For approximation where the difference in ranks is greater than one, we have no closed
formula for the best approximation error, but give lower and upper bounds for it involving
certain submatrices of maximal volumes, that is, with greatest modulus of their determinants.
These results are similar to some given by Babaev [I] in the continuous setting. The relevance of
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submatrices of maximal volume to the problem of low-rank approximation was first established
by Goreinov and Tyrtyshnikov [4].

The remainder of the paper is structured as follows. In Section [2| we state the low-rank
approximation problem and prove a result on the best approximation error which generalizes
a result by Pinkus. In Section [3] we focus on the case of approximating a matrix by another
matrix of rank one less, where the best approximation error can be described quite closely and we
obtain an equioscillation result for the error matrix. In Section [4] we deal with approximations
of arbitrary rank and give lower and upper bounds for the best approximation error in terms of
certain submatrices of maximal volume. Finally, in Section [f] we illustrate some of our results
in the simple case of 2 x 2-matrices, where we are also able to give a simple closed form for the
best approximation error.

2 Approximation with low-rank matrices

2.1 Problem statement

Let A € R™*™ and p, q € [1,00]. We define the entrywise matrix norm

p/a\ /P
m n

|Alp,q == Z Z|aij‘q )

i=1 \j=1

where as usual p = 0o or ¢ = oo means the maximum norm in the corresponding direction.
The two most common special cases are the entrywise maximum (or Chebyshev) norm and the
Frobenius norm,

1/2
|A|max = |A|oo,oo = Hl_la_x|aij|7 |A|F = |A|2,2 = Za?j
i i
For vectors, we denote by | - ||, the usual ¢,-vector norm.

Definition 1. For p,q € [1,00] and k € Ny, we define the best approximation error

k . :
Ep’q(A) T ran{(ntSk |A N G|p,qa

where G runs over all m x n matrices of rank at most k.

The only completely solved instance of the above best approximation problem is in the Frobe-
nius norm |- |p = | - |2,2 (and the spectral norm, which however does not fall into our class of
elementwise norms) [I0] [3]. In this case, given the singular value decomposition

A=UxVT, UeR™E 3 =dag(oy,...,0x), VeR™E

where K = rank A, both U and V have mutually orthonormal columns, and o1 > ... > o >0
are the singular values of A, the best approximation of rank k£ < K is given by the truncated
singular value decomposition

Ay, = Udiag(oy,...,04,0,...,00V "
and the best approximation error is given by

A= Aplt =0p i+ ...+ 0%,



2.2 Characterization of the best approximation error

The following theorem yields an expression for the best low-rank approximation error in arbitrary
elementwise norms. Here and in what follows, for ¢ € [1, 00|, we denote its Holder conjugate by
¢ such that 1/g+1/¢' = 1.

Theorem 1. Let A € R™*™ with rows (a;)™, be of rank n and p,q € [1,00]. Then the best
approzimation error by a matriz of rank k € {0,...,n} in the | - |p q-norm is given by

k o
Epq(A) = nf ||| max |h-a ;

h|l =1 .
Inl, S

where the infimum runs over all subspaces U,,_ C R™ of dimension n — k.

For k=n—1, we have
_ . ||AR]]
E"1(A) = min I P 1
pa =00, .

Remark 1. The statement for the case k = n—1 of the above theorem is already given by Pinkus
in [8, Corollary 2.3]. However, whereas Pinkus arrived at this result via the theory of n-widths,
we give below a more direct proof which relies only on a fundamental result from approximation
theory and allows us to cover also the case k < n — 1. However, our approach does not yield the
result on n-widths which is also a part of [§, Corollary 2.3].

For the proof of Theorem [I} we make use of the following classical characterization of best
approximation by duality.

Theorem 2 (|12 2]). Let (X, |- ||) a normed linear space and U C X a closed subspace. Then
u € U is a best approzimant in U to x € X \ U if and only if there exists a

heUt:={heX*:(hu)=0 YuecU}
with the properties
1Pl =1,

(hy, 2 —u) = [l = ul|.

Furthermore, the best approximation error is given by

inf ||z —ul| = sup (h, z).
inflle—ull = s ()
1All=1
Here, X* denotes the continuous dual, || - ||« the dual norm and (-, -) the duality product.

Applying this result to the space (R™, || - |lp), p € [1,00], which has dual space (R™, | - ||,/),
1/p+1/p’ =1, we immediately obtain the following statements.

Corollary 1. For x € R™ and Uy, C R™ a k-dimensional subspace, let Ukl C R™ denote the
orthogonal complement to Uy. Then
Jaf ey = max fhal. (2)
1Rl =1

For z € R” and U,,_1 C R™ a (n — 1)-dimensional subspace, let h € R™ orthogonal to U, _4
with ||h|l,y = 1. Then
inf . =|h-z|.
it e —ull, = |h-al 3)

n—1



By treating the low-rank matrix approximation problem as a simultaneous approximation
problem for the rows of the matrix, we obtain the following proof.

Proof of Theorem[1 The problem of rank k approximation is equivalent to finding a k-dimensional
subspace Ur C R™ and approximating each row in Uy with error

e = ulenli la; — ullq, i=1,...,m. (4)

The total error is then given by
||(617 B eWL)HP'
Thus the first statement follows by using the identity to represent the errors .

For k = n — 1, we can identify each subspace U,,_1 with a vector h € R", ||h| = 1, which is
orthogonal to U,_y. Thus, from we obtain

n71 = 1 . . .
EIMZ (A) - \|hrﬁlql,n:1 H(|h az|)z=1,...,m”p-

Since the vector (h - a;)i=1,...,m is nothing but Ah, the second statement follows. O

3 Approximation with rank reduced by one

Due to the simple form of the best approximation error given in the case Kk = n — 1 in
Theorem [T} much more can be said for approximation of a matrix of rank n by one of rank at
most n — 1.

3.1 Description of the best approximation error

We introduce, for any square matrix B of size n, a quantity «, ,(B) which we will show to be
a lower bound for the best approximation error in the |- |, , norm by a matrix of rank at most
n — 1. As we will see, in certain cases this quantity coincides with the best approximation error.

Definition 2. For any square matrix B € R"*™ and any p, q € [1, 00], we let

1
————, det B #0,
apq(B) = 1B pg
0, det B =0.
In the following, we let (n) := {1,...,n}. For a matrix A € R™*"™ and vectors of indices

I C (m),J C (n), we write A; ; € RIIXIVI for the submatrix of A formed by taking the rows
from the index vector I and the columns from the index vector J. We denote the set of all square
submatrices of A with size k by

Sk(A) ={Ars: 1 C(m),J Cn),|I| =|J]=k}.
The rank of a nonzero matrix can be characterized as
rank(A) = max{k € N : 3By, € Sx(A) : det By, # 0}.

In addition to the entrywise matrix norms |- |, 4, we will also make use of the operator norms

A
1Al = max 1AZhe — o Az,
w20 ||zllg  lzllg=1

The following simple lemma gives a relation between these two classes of norms. It is not
new, but we prove it here for the sake of completeness.



Lemma 1. For any matriz B € R™*" and p,q € [1,00], we have

[Bllg.p = max [[Bz|lq <[Blgp-

lzll,=1
Proof. Assume ||z|, = 1. Using Hélder’s inequality, we estimate
N q

q
1Bxllg = 1> Bijzs| <> | D 1Buail | <D (Bl llally)” =D I1Billy,
=1 i i=1

i=1 [j=1 j=1 i=1
where by B;,. we mean the i-th row of B. It follows

a/p'\ 4

[Bxllg < (Z IIBi*IIZ/> = > [ D 1Byl = [Blgp- o
i=1

i=1 \j=1

Using the above lemma, we can now bound the best approximation error from below.

Lemma 2. For any square matriz A € R™*™ and p, q € [1, 0], we have

Eg,Zl(A) > aq’,p’(A)' (5)
Proof. Due to Theorem [T} we have
Az||
En—l A) = : H P.
pa ) =20 Tl

If A is singular, the statement is trivial. Hence let A be nonsingular. We have

A , A_l , 1
N PN ] PSS B
2#0 ||z|q 2#0 || Azl|p v20  |yllp A= g p
With Lemma [I] it follows that
A,
- 71 b
a0 ||zg A=y pr
which is the desired result. O

Remark 2. For a special case of the above result, Pinkus [8, Theorem 2.5] has proved equality.
In particular, he shows that for A € R™"*" of full rank, it holds that

EPTHA) = 1/|A7 0,00 = Qoo,00(A)

(where the second equality is merely a rewriting in our notation). What is more, he proves that
there exists a best rank n — 1 approximation which agrees with A on n — 1 rows and n — 1
columns. Note that this result only holds for the |- |1 ;-norm and the approximation by a matrix
of rank n — 1. In the case of uniform approximation, an additional condition is necessary for this
equality to hold, as we show below.

Definition 3. We say that a matrix B € R™*™ has rank 1 sign pattern if there exist
O'i,ij{—l,l}, t=1,....m,5=1,...,n,

such that
O'l'BijijO Vizl,...,m,jzl,...ﬂ%.

That is, B can be made nonnegative by flipping the sign of an arbitrary number of rows and
columns.



For this class of matrices and the maximum norm, the inequality in Lemma [2| becomes an
equality, giving us a characterization of the best approximation error. This is the statement of
the following theorem. Here and in the sequel we write E¥_ for Efom.

Theorem 3. For A € R™*" of full rank whose inverse has rank 1 sign pattern, we have

En_l(A) = 041)1(14).

max

Proof. As in the proof of Lemma [2] we have
Eiax (A) = /|47 1,00

ax

For convenience, denote B := A~!. Its norm is given by

1B

n n
l,co = max [|Bz|; = max ZBijxj . (6)
Joll=1 lelloe=1 & |

By assumption, we have o;,p; € {—1,1} such that, for fixed ¢, the products B;;p; are either
nonnegative or nonpositive for all j. Therefore, the maximum in @ is clearly attained for the
choice z; := pj, and it follows

IBll1oo = > > IBijl = [Bli1 = 1/a11(A). O

i=1 j=1

Remark 3. By inspection of the proof, it becomes clear that A~! having rank 1 sign pattern
is both a sufficient and a necessary condition for to become an equality when using the
maximum norm.

3.2 Properties of the error matrix

We now derive some properties of the error matrix between A and its best approximation with
lower rank. For this, we first prove a characterization of minimizers of the type of expressions

appearing in .

Lemma 3. Let A € R"*" of full rank. Let p € {1,00} and q € [1,00]. There exists a minimizer
h* € R™ for

_[lAR]lp
h#0 ||hllq
with |h*||q = 1 and the following properties.
e For p =1, it satisfies Ah* = *ce; for some j =1,...,n, where ¢ > 0 and e; denotes the

unit vector in the positive direction of the j-th coordinate azis.
e Forp = oo, it satisfies Ah* = ¢(£1,...,+1) for some ¢ > 0.

Proof. Since

AR, _ <||A-1<Ah>||q)1
2, [4nll, ’

Hﬁﬁ‘”p is attained at h* € R™\ {0} if and only if the maximum for

attained at ¢g* = Ah*. Therefore we can equivalently consider

x |47 gllq-

m
llgll»<t

the minimum for



We note that ||A=1gl|, is a convex function of g for all ¢ € [1, 00]. Therefore, its maximum over
the bounded, convex polytope {||g||, < 1} is attained at an extreme point of that polytope (see,
e.g., [9, Corollary 32.3.4]). Therefore, for p = 1, the maximizing argument has the form g* = +e;
for some j =1,...,n. For p = oo, it has the form g* = (£1,...,+1) € R". The minimum in the
original expression is attained at h* = A~ 1g*, i.e.,

- [[AR] g™ Il

min = .
ol AT gl

In both cases, the constant c is determined by ¢ = 1/||A~ g*|,- O

Using the above lemma, we can now prove certain properties of the error matrices in best
low-rank approximation. In particular, for p = 1, the error is zero on n — 1 rows, whereas for
p = q = oo, the error matrix equioscillates elementwise, that is, all of its entries have the same
modulus.

Theorem 4. Let A € R™*"™ of full rank. Let p € {1,00} and q € [1,00]. There exists a best
approximation matriz G € R™ ™ of rank n — 1 satisfying

E;l,;l(A) =[A=Glpyq
with the following properties.
o [fp=1, the matrizr G agrees with A on n — 1 rows.

e [fp = oo, the row-wise error is constant, i.e., for the rows a; and g; of A and G respectively,
it holds
lai = gilly = BAHA) Vi1, (7)

If in addition g = oo, then the error matriz equioscillates in the sense that
Proof. Let h* € R™ be a minimizer as described in Lemma [3] for

ARl
[l

Let G be the best approximation matrix constructed as in the proof of Theorem|[I], where each row
g; is the best approximation to a; with respect to the norm ||-||4 in U,,—1 := {z € R" : - h* = 0}.
It was shown there that the vector of row-wise errors e € R™ has the components

ei := |la; — gillq = [[AR"];], i=1,...,n.

If p =1, due to Lemma[3] the vector Ah* has exactly one non-zero component. This implies
that the error e; is zero in n — 1 rows, which proves the desired statement.

If p = 0o, due to Lemma [3] the components of the vector Ah* all have equal magnitude,
which shows that e; is constant, proving . If, in addition, ¢ = oo, recall that each row g; is
chosen as a minimizer of

min ||a; — gil|oo-
gi€Un—1 H ! ngoo
Due to standard results on best uniform approximation in the linear space U, _1, (see, e.g., [12|
Chapter II, Theorem 1.3]), the error a; — g; equioscillates in the sense that

laij — gij] = llai — gillo = BL L(A)  Vij=1,...,n. O



Remark 4. The case p = 1 of the above theorem was already proved by Pinkus [§, Proposition
2.4] by different means. Even more, for p = ¢ = 1, he proved that there exists a best approxi-
mation matrix which agrees with A on n — 1 rows and n — 1 columns. The result for p = oo is
new.

4 Approximations with arbitrary rank

In the case where the difference in rank between A and its approximation is greater than one,
we cannot give an explicit characterization of the best approximation error; instead, we provide
lower and upper bounds. To this end, we first recall some results from the theory of skeleton
approximations.

4.1 Skeleton approximation

Recall that we denoted (n) := {1,...,n}. Given a matrix A € R™*", assume we have row and
column indices I = (41,...,1) and J = (j1,...,jx) such that the submatrix A := A; ; situated
on rows I and columns J is nonsingular. With the matrices

C = Ay, € R™*F, R:= A, € R
containing k columns and rows of A, respectively, we can define a rank k approximation
CA™'R e R™*"

which agrees with A on the k rows I and the k columns J. If A has rank k, then A = CA~'R.
These facts are easily verified by the Schur complement factorization formulae (see, e.g., [7]). A
theoretical framework for skeleton and pseudo-skeleton approximation is given in [6].

We define, for i € (m), j € (n), the matrix

Ai,j Ai,jl e Ai,jk
Ay A A

Eig)=| 7 T T T e DG
Aikvj Aikvjl s Ailmjk

which contains A in its lower right block. The following representation of the error matrix
resulting from skeleton approximation is the discrete version of an analogous identity for functions
given by Schneider [I1].

Lemma 4. Let index vectors I and J be given and assume that Ay j is nonsingular. Then the
entries of the error matriz for the skeleton approximation

E=A— Ay (A1) AL
are given by
Eij _ det 5k(27j)
’ det A[,J
Proof. By developing the determinant of & (7, j) along the first row and then the resulting de-
terminants along the first column, we obtain

k
det gk(l,j) = Aij det A[’J — Z (_1)a+6 det B(a7/B)Ai,j[in,1,j7
a,B=1



where B(a, ) € RFE=Dx(k=1) denotes the matrix Ay, with the a-th row and the S-th column
removed. Thus we obtain

det &(i, 5)
— PAVY7 - Aij —
det A]J

(=1)**7 det B(a, B)
E: A A
,]8 detALJ Lasd

Since the entries of the inverse matrix are given by the well-known cofactor identity

(—1)2*A det B(a, B)
det ALJ

[A7 )80 =
the statement follows. O

4.2 Upper and lower bounds on the approximation error

Before we derive approximation error bounds, we need the simple result that submatrices can be
approximated at least as well as the whole matrix.

Lemma 5. Let A € R™*™. For any submatriz B of A, we have

k k
B, (B) < B, (4).
Proof. Let G4 € R™*™ be a matrix of rank at most k which realizes the best approximation
error to A. Such a matrix always exists since the set of matrices of rank at most & is closed. By
deleting the appropriate rows and columns from G 4, we obtain a matrix G which has the same
size as B and rank at most k. Clearly, Ef (B) < |B —Gplpq <|A—Galpq = EF (A). O

The next result generalizes Lemma [2] to the case of approximation by matrices with arbitrary
rank.

Lemma 6. Let A € R™*" and p,q € [1,00]. Then

k—1
Eyq (A) = Bgﬁ@ ag p (B).

Proof. For any submatrix B € Sj(A), using Lemma [2] we have
Ef.f,;l(B) > O‘q’yp/(B)
The statement then follows from Lemma [Bl O

Using Lemma [6] we can now prove a lower and upper bound for the best approximation
error with low rank matrices in the maximum norm. The quantity which we use in the lower
and upper bounds involves the maximally achievable modulus of determinants of submatrices of
certain sizes. Goreinov and Tyrtyshnikov [4] use such “maximal volumes” to derive some error
estimates for skeleton approximation of matrices. In the following, we follow their nomenclature
and call the modulus of the determinant the “volume” of a matrix.

Let
maXBkesk(A) | det Bk|

ﬂk (A) = )
MaXp, _;eSp_1(A) | det Br_1 ‘

that is, the quotient of the maximal volumes obtainable in a size k and a size k — 1 submatrix,
respectively. If the denominator is zero, then so is the numerator and we set 5 (A) := 0 in this
case. If k = 1, the denominator is considered to be 1 so that 81(A) = | A|max-



The following result is similar to one obtained by Babaev [I] in the continuous setting using
his technique of exact annihilators. It is possible to employ this proof technique also in our
discrete setting. However, we found that using the approximation result stated in Theorem
yields a much shorter proof.

Theorem 5. Let A € R™*" and k < min{m,n} an integer. We have the bounds

1/K2B1(A) < Priax (4) < Bi(A).
Proof. We first prove the lower bound. Let By, € Sk(A) be of maximal volume. From Lemma [f]
we have
Ek_l(A) Z 04171(Bk).

max

If By is singular, then A has rank at most k£ — 1 and the statement is trivial. Otherwise, using
the cofactor identity for the entries of I, ! we obtain

1 |det Bk| |det Bkl
ai1(By) = ——— = > -
‘Bk |1’1 ZCES;C,I(B;C) |det C| k MaXCeSy,_1(By) |detC’|
|det Bk|

= 1/k*B(A).

— k2 MaXp, _,eS,_1(A) | det Bk,1|
To prove the upper bound, we let Bx_1 € Sk—1(A) and By € S;(A) be of maximal volume.

We denote by I = (i1,...,9-1) and J = (j1,...,jk—1) the rows and columns on which Bj_1 is
located within A, that is, By_; = Ay ;. We construct the skeleton approximation

Akfl = A(m),J(kal)ilA]’(n) S ]Rmxn’
which has rank at most k£ — 1. Therefore,

Ek_l(A) S |A - Akrfllma)r

max

Due to Lemma [d] the entries of the error matrix satisfy

| det Ex—1(,7)]

A=Ayl =
| k 1|J |detBk_1|

9)
Since &;_1(4,J) is a submatrix of size k X k of A and By, is the maximal volume submatrix of

that size, we have
| det Ex—1(7,5)| < | det By

and thus
|A - Ak71|max S Bk (A)u (10)
which finishes the proof. O

Remark 5. The low-rank approximation Aj_; used in the above proof is just the skeleton ap-
proximation where the skeleton component is chosen as the submatrix Bj_; of maximal volume,
cf. [6]. Equation thus also gives an error estimate for this approximation method, and by
combining it with the lower bound from Theorem [f] we obtain the quasi-optimality estimate
proven in [5],

|A - Ak—1|max < szk_l(A)~

max

10



5 The case of 2 x 2 matrices

We begin by considering some examples of different rank 1 approximation techniques in the case
of 2 x 2 matrices and observe that common techniques (cross approximation, approximation in
the space spanned by one column) do not generally yield best approximations in the maximum
norm. We then give a closed formula for the best uniform approximation error in this setting
and examine the sharpness of our error estimates.

1 b
=0 o)
with b > 0. We study the maximum entrywise error of various rank 1 approximation strategies.

Approximation matching on one column and one row (Skeleton approximation).
By pivoting on the upper left or upper right matrix entry, respectively, we obtain the rank 1

skeleton approximations
1 0 1 0
Cl = (b b2) ’ 02 = (O 0)

‘A_Cl|max:b2a |A_02|max:b~

Example 1. Let

which have maximum errors

Pinkus [8] shows that in the | - |; ;-norm, there always exists a best approximation of this form,
i.e., matching in all but one entry. The same does not hold for the | - |ax-norm.

Approximation matching on one column. By approximating the right column by a
scaled version of the left one or vice versa, we obtain the rank 1 approximations

1 ~ b b
(b fyb)’ (0 0)’ TR,

with best achievable approximation errors using v = b/(b+ 1) and v = 1/b, respectively,
2

2
P11 < min{b*, b} and b.

Pinkus [§] shows that in the |- |, 1-norm for any p € [1, 0], there always exists a best approxi-
mation matching on all but one column; our Theorem [4] makes the analogous statement for the
rows. No such best approximating matrix exists in the | - |pax-norm.

Approximation by a constant matrix. By choosing the best possible constant d =

max(1,b)/2, we obtain the error
d d
(o 3

Approximation by arbitrary rank 1 matrix. With the rank 1 matrix

1 (b+1
G_%H( ' >(b+1 b,

b2
20+1

max(1,b)
—

max

we obtain
|A - G|max =

11



which is better than all previous approximations. In fact, we have a;1(4) = %, and thus it

follows from Lemma |2| that G is the best rank 1 approximation in the | - |pax-norm. The error

matrix 2
-1 1
AG2b+1<1 —1>

equioscillates in the sense of Theorem [4]
We point out that an invertible 2 x 2 matrix, due to the way its inverse is formed, has a rank 1

sign pattern (in the sense of Deﬁnition if and only if its inverse has a rank 1 sign pattern. Thus
b2

A satisfies the assumptions of Theorem (3} which is another way to show that aq,1(4) = g5 is

its best approximation error.

The following theorem gives a closed formula for the best uniform approximation error of a
2 X 2 matrix by a rank 1 matrix.

) ) b ) . .
Theorem 6. A nonsingular real matric A = <CCL d) has uniform best approrimation error

| det A|
max{|la+c|+|b+d| |a—c|+|b—d|}

El (A=

max

by a matriz of rank 1 or less.

Proof. From Theorem [I] we have

El

max

AN
A) = min .
) = 8

As in the proof of Lemma 3] it follows that

A g\ 7
El (A :minllg”°°:<max|
max(4) =W T T U ol

and that the maximum is attained in one of the four corners of [—1, 1]?. Since
1 d —b
At =
det A (c a ) ’

the statement follows by considering the four cases

max {[|A™" (D) [, 147 (3 I (1478 () [l AT (Z5) I}

of which the first and last as well as the second and third have identical values. O
Since a1,1(A4) = m as one can compute directly, and recalling that an invertible

2 x 2 matrix has a rank 1 sign pattern if and only if its inverse does, Theorem [f] illustrates that
the condition given in Definition [3]is both necessary and sufficient for the statement of Theorem 3]
to hold, i.e., for the best approximation error to be equal to ay 1(A), in the 2 x 2 setting. The
following example illustrates a case where the rank 1 sign pattern condition does not hold and
therefore the inequality in Lemma[2]is strict, i.e., the best approximation error is strictly greater
than i1 (A)

1 1
1 -1
rank 1 approximation G has |A — G|max = 1 (realized, for instance, by the zero matrix).

Example 2. Let A = . Then oy 1(A) = % However, Theorem [6[ shows that the best

12



a b

Remark 6. For A = (c d) of full rank, we have

| det A
max{|a +c| + |b+d|,|a —c| + |b—d|}

| det Al

E! .
max{|al,[b],|c|,|d|}

max

(4) = B2(A) =
In Theorem [5] which holds for approximations with arbitrary ranks, we proved the lower and
upper bounds

162(A) < By (A) < Ba(A).

Without loss of generality, assume that a is the maximum entry of A in modulus. If the upper
bound in the above estimate were to be sharp, we would have

max{|a +¢c|+ |b+d|,Ja —¢|+ |b—d|} =]al.

If ¢ # 0, the above maximum is greater than |a|. If ¢ = 0, the only way to achieve equality is by
setting b = d = 0, in which case A does not have full rank.
For the lower bound in Theorem [5[ to be sharp, we would require

4|la| = max{|a + ¢|+ |b+d|,|a — ¢| + |b—d|},

and by similar arguments, one easily sees that this cannot hold if A has full rank.
This shows that, in the case of 2 x 2 matrices of full rank, both the lower and the upper
bounds in Theorem [5| are never sharp, i.e., we have

152(4) < Bpax(4) < Ba(A).
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