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On metric pseudo-(sub)regularity of multifunctions and
optimality conditions for degenerated mathematical programs

Helmut Gfrerer∗

Abstract

This paper is devoted to the analysis of a special kind of regularity of multifunction which we
call metric pseudo-(sub)regularity, when the multifunction is not metrically (sub)regular at a given
point but is metrically (sub)regular at certain points in a neighborhood with moduli possibly tend-
ing to infinity with a certain order. By using advanced techniques of generalized differentiation
we derive conditions both necessary and sufficient for this property. As a byproduct we obtain a
new sufficient condition for metric subregularity. Then we apply these results to multifunctions
composed by a smooth mapping and a generalized polyhedral multifunction and obtain explicit
formulas for this case. Finally we show how the theory can be used to obtain necessary optimality
conditions when the constraint qualification condition of metric (sub)regularity is violated.
Key words. Metric regularity, subregularity, coderivative, optimality conditions
AMS subject classification. 49J53 49K27 90C48

1 Introduction

Recall that a multifunction M : X ⇒ Y between Banach spaces X and Y is said to be metrically
regular near the point (x̄, ȳ) ∈ gphM := {(x,y) ∈ X ×Y |y ∈M(x)} with modulus κ > 0, if there are
neighborhoods U of x̄ and V of ȳ such that

d(x,M−1(y))≤ κd(y,M(x)) ∀(x,y) ∈U×V. (1)

Here d(x,Ω) denotes the usual distance between a point x and a set Ω. Metric regularity plays an
important role in many fields of nonlinear analysis and its applications, in particular in optimization,
constraint qualification conditions and stability analysis. For a survey on the theory of metric reg-
ularity and also on the related notions of pseudo-Lipschitz continuity, Aubin property, Lipschitz-like
property and openness with a linear rate we refer to [19] and to the monographs [21], [26], [29] and
the references therein.

When fixing y = ȳ in (1) we obtain the weaker property of metric subregularity of M at (x̄, ȳ), i.e.
we require the estimate

d(x,M−1(ȳ))≤ κd(ȳ,M(x)) ∀x ∈U (2)

with some neighborhood Uof x̄ and a positive real κ > 0. This property as well as its equivalent
calmness counterpart for the inverse multifunction and their applications have been studied extensively
in recent years, see e.g. [5, 6, 7, 10, 11, 12, 13, 14, 15, 16, 17, 20, 22, 23, 27, 28, 30, 31, 32, 35, 36].
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In this paper we consider the case that the multifunction M : X ⇒ Y is not metrically regular near
(x̄, ȳ) respectively not metrically subregular at (x̄, ȳ). Metric regularity of order γ ≥ 1 has been studied
in [8] which is defined as the validity of the estimate (1) with d(y,M(x)) replaced by d(y,M(x))1/γ ,
see also [34]. Similarly, when replacing d(ȳ,M(x)) in (2) by d(ȳ,M(x))q, 0 < q ≤ 1, one obtains
the property of metric (Hölder) q-subregularity [25]. Here we use a different approach. We will
introduce directional versions of the concept of metric pseudo-(sub)regularity of order γ , γ ≥ 1, where
M is assumed to be regular near certain points (x,y) ∈ gphM respectively subregular at points (x, ȳ) ∈
gphM near (x̄, ȳ), but the moduli κ behave like O(1/‖x− x̄‖γ−1) for x→ x̄ and also the size of the
neighborhoods U and V depend on x and γ . For smooth mappings F : X→Y , i.e. M(x) = {F(x)}, this
concept with order γ = 2 is closely related to the 2-regularity property of F [1]. Further, metric pseudo-
(sub)regularity of order γ implies metric Hölder 1/γ-subregularity. We will also consider the case that
the multifunction M(x) = (M1(x), . . . ,Ms(x)) is composed by several multifunctions Mi : X ⇒ Yi and
the components Mi have pseudo-(sub)regular behavior of different orders γi.

The rest of the paper is organized as follows. After recalling some preliminaries in section 2,
we state in section 3 the definitions as well as the basic properties of metric pseudo-(sub)regularity
and present some examples. In section 4 we give an equivalent characterization of metric pseudo-
regularity and a sufficient criterion for pseudo-subregularity of arbitrary order by means of limiting
objects from generalized differentiation as originated by Mordukhovich. In section 5 we consider
multifunctions M(x) = (M1(x),M2(x)) of the form Mi(x) = Fi(x)+Si(x), i = 1,2, where Fi : X→Yi is
a sufficiently smooth mapping and Si : X ⇒Yi is a generalized polyhedral multifunction and formulate
explicit conditions for pseudo-(sub)regularity of order γi = i, i = 1,2. Finally, in the last section we
treat optimization problems of the form

min
x∈X

f (x) subject to 0 ∈ F(x)+S(x),

where F is a sufficiently smooth mapping and S is a generalized polyhedral multifunction. We obtain
necessary optimality conditions which, when applied to the mathematical programming problem with
equality and inequality constraints, contain and even improve the optimality conditions as presented
in [2, 3, 9].

Throughout this paper let X , Y , W and Z be Banach spaces equipped with norm ‖ · ‖. By X∗ we
denote the topological dual of X with the canonical pairing 〈·, ·〉 between X and X∗. BX := {x ∈
X |‖x‖ ≤ 1} denotes the closed unit ball and SX := {x ∈ X |‖x‖= 1} denotes the unit sphere. Unless
otherwise stated, we assume that the product space X ×Y of two spaces X and Y is equipped with
a norm satisfying max{‖x‖,‖y‖} ≤ ‖(x,y)‖ ≤ ‖x‖+ ‖y‖. Given an element of a product space, e.g.
z ∈ X ×Y respectively w ∈W1× . . .×Wm, we denote by appropriate indices the corresponding com-
ponents, e.g. z = (zx,zy) ∈ X ×Y respectively w = (w1, . . . ,wm) ∈∏

m
i=1Wi. Given a closed subspace

L⊂ X , we denote by L⊥ := {x∗ ∈ X∗ | 〈x∗, l〉= 0∀l ∈ L} the annihilator of L and by X/L the quotient
space. Note that (X/L)∗ can be identified with L⊥.

2 Preliminaries

At first let us recall some constructions from variational analysis. Let Ω be a nonempty subset of a
Banach space X and let x ∈Ω. The contingent cone to Ω at x, denoted by T (x;Ω), is given by

T (x;Ω) := {d ∈ X |∃(xk) ∈Ω,(tk) ↓ 0 :
xk− x

tk
→ d}.
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Given ε ≥ 0 we denote by

N̂ε(x;Ω) = {x∗ ∈ X∗ | limsup
x′ Ω→x

〈x∗,x′− x〉
‖x′− x‖

≤ ε} (3)

the set of ε-normals to Ω. When ε = 0, elements of (3) are called regular/Fréchet normals and their
collection is denoted by N̂(x;Ω). Finally, the limiting/Mordukhovich normal cone to Ω at x is defined
by

N(x;Ω) := {x∗ |∃(εk) ↓ 0, (xk)
Ω→x, (x∗k)

w∗→x∗ : x∗k ∈ N̂εk(xk;Ω)∀k}.

If x 6∈Ω we put T (x;Ω) = /0, N(x;Ω) = /0 and N̂ε(x;Ω) = /0 for all ε ≥ 0.
The Mordukhovich normal cone is generally nonconvex whereas the Fréchet normal cone is al-

ways convex. In the case of a convex set Ω, both the Fréchet normal cone and the Mordukhovich
normal cone coincide with the standard normal cone from convex analysis and moreover, the contin-
gent cone is equal to the tangent cone in the sense of convex analysis. Further, for convex sets Ω there
holds

N̂ε(x;Ω) = {x∗ ∈ X∗ |d(x∗, N̂(x;Ω))≤ ε}.

Given a multifunction M : X ⇒Y and a point (x̄, ȳ)∈ gphM, the contingent derivative of M at (x̄, ȳ)
is defined as the set-valued mapping CM(x̄, ȳ) : X ⇒Y with the values CM(x̄, ȳ)(u) := {v∈Y |(u,v)∈
T ((x̄, ȳ);gphM)}, i.e. CM(x̄, ȳ)(u) is the collection of all v ∈ Y such that there are sequences (tk) ↓ 0,
(uk,vk)→ (u,v) with (x̄+ tkuk, ȳ+ tkvk) ∈ gphM.

The normal coderivative of M at (x̄, ȳ) is a multifunction D∗NM(x̄, ȳ) :Y ∗⇒X∗, where D∗NM(x̄, ȳ)(y∗)

is the collection of all x∗ ∈X∗ for which there are sequences (εk) ↓ 0, (xk,yk)→ (x̄, ȳ) and (x∗k ,y
∗
k)

w∗→(x∗,y∗)
with (x∗k ,−y∗k) ∈ N̂εk((xk,yk);gphM).

The reversed mixed coderivative of M is the version of the normal coderivative with strong con-
vergence in X∗ and weak∗ convergence in Y ∗ and is denoted by D̃∗MM(x̄, ȳ). For more details on the
Mordukhovich normal cone and coderivatives we refer the reader to the monograph of Mordukhovich
[26].

The following directional version of these limiting constructions were introduced in [11]. Given
a direction u ∈ X , the Mordukhovich normal cone to a subset Ω⊂ X in direction u at x ∈Ω is defined
by

N(x;Ω;u) := {x∗ |∃(εk) ↓ 0, (tk) ↓ 0, (uk)→ u, (x∗k)
w∗→x∗ : x∗k ∈ N̂εk(x+ tkuk;Ω)∀k}.

For a multifunction M : X ⇒ Y and a direction (u,v) ∈ X ×Y , the normal coderivative (respectively
reversed mixed coderivative) of M in direction (u,v) at (x̄, ȳ) ∈ gphM is defined as the multifunction
D∗NM((x̄, ȳ);(u,v)) :Y ∗⇒X∗ (respectively D̃∗MM((x̄, ȳ);(u,v)) :Y ∗⇒X∗), where D∗NM((x̄, ȳ);(u,v))(y∗)
(respectively D̃∗MM((x̄, ȳ);(u,v))(y∗)) is the collection of all x∗ ∈ X∗ for which there exist sequences

(εk) ↓ 0, (tk) ↓ 0, (uk,vk)→ (u,v) and (x∗k ,y
∗
k)

w∗→(x∗,y∗) (respectively x∗k→ x∗, y∗k
w∗→y∗) with (x∗k ,−y∗k)∈

N̂εk((x̄+ tkuk, ȳ+ tkvk);gphM).
Note that N(x;Ω)=N(x;Ω;0), D∗NM(x̄, ȳ)=D∗NM((x̄, ȳ);(0,0)) and D̃∗MM(x̄, ȳ)= D̃∗MM((x̄, ȳ);(0,0)).
In [12],the strong coderivative of M in direction (u,v) at (x̄, ȳ) is defined as the set-valued mapping

D∗SM((x̄, ȳ);(u,v)) : Y ∗⇒ X∗, where D∗SM((x̄, ȳ);(u,v))(y∗) is the collection of all x∗ ∈ X∗ for which
there exist sequences (tk) ↓ 0, (uk,vk)→ (u,v) and (x∗k ,y

∗
k)→ (x∗,y∗) with (x∗k ,−y∗k)∈ N̂((x̄+ tkuk, ȳ+

tkvk);gphM). Further we set D∗SM(x̄, ȳ) := D∗SM((x̄, ȳ);(0,0)).
To study the directional behavior of multifunctions, it is convenient to introduce the following

neighborhoods of directions: Given a Banach space X , a direction u∈X and positive numbers ε,δ > 0,
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the set Vε,δ (u), is defined by

Vε,δ (u) := {x ∈ εBX |
∥∥‖u‖x−‖x‖u∥∥≤ δ‖x‖ ‖u‖}. (4)

This can be written also in the form

Vε,δ (u) =

{
{0}∪

{
x ∈ εBX \{0}|

∣∣ x
‖x‖ −

u
‖u‖
∣∣≤ δ

}
if u 6= 0,

εBX if u = 0.

Note that Vε,δ (u) = Vε,δ (αu), ∀α > 0 and that, given x̄ ∈ Z and a sequence (xk)→ x̄, there exist
sequences (tk) ↓ 0, (uk)→ u with xk = x̄+ tkuk if and only if for every ε > 0, δ > 0 there is some index
kε,δ such that xk ∈ z̄+ intVε,δ (u), ∀k ≥ kε,δ . Further, for all 0 6= u,u′ we have

‖ u
‖u‖
− u′

‖u′‖
‖ ≤ 2

‖u−u′‖
max{‖u‖,‖u′‖}

.

In the sequel we will also consider generalized polyhedral multifunctions. A convex generalized
polyhedral set is the intersection of a closed affine subspace and finitely many closed halfspaces. A
set-valued mapping S : X ⇒Y is called a generalized polyhedral multifunction, if its graph is the union
of finitely many convex generalized polyhedral sets, i.e.

gphS =
p⋃

i=1

Pi ⊂ X×Y, (5)

Pi = {(x,y) ∈ (x′i,y
′
i)+Li | 〈x∗i j,x〉+ 〈y∗i j,y〉 ≤ ζi j, j = 1, . . . ,mi}, i = 1, . . . , p, (6)

where for each i = 1, . . . , p, (x′i,y
′
i) ∈ X×Y , Li ⊂ X×Y denotes a closed subspace, x∗i j ∈ X∗, y∗i j ∈ Y ∗,

j)1, . . . ,mi are continuous linear functionals and ζi j ∈ R.
It was shown in [12, Lemma 3.8] that for a generalized polyhedral multifunction S : X ⇒ Y the

strong coderivative and the normal one coincide for all directions (u,v):

D∗NS((x̄, ȳ);(u,v)) = D∗SS((x̄, ȳ);(u,v)) =: D∗S((x̄, ȳ);(u,v)).

Finally, given an extended-real-valued function f : X → R̄, the regular/Fréchet subdifferential at
x ∈ dom f is given by

∂̂ f (x) := {x∗ ∈ X∗ | liminf
h→0

f (x+h)− f (x)−〈x∗,h〉
‖h‖

≥ 0}

and ∂̂ f (x) := /0 for x 6∈ dom f .

3 Metric pseudo-(sub)regularity of multifunctions

Throughout this section let s≥ 1 be an integer and let Mi : X ⇒Yi, i= 1, . . . ,s be closed multifunctions
between the Banach spaces X and Yi. Further we define the multifunction

M : X ⇒ Y := Y1× . . .×Ys, M(x) = (M1(x), . . . ,Ms(x)). (7)

For given y ∈ Y we denote by yi ∈ Yi, i = 1, . . . ,s the components of y

4



Definition 1. Let M be given by (7), (x̄, ȳ) ∈ gphM, and let the real numbers γi ≥ 1, i = 1, . . . ,s be
given.

1. Given a direction (u,v)∈ X×Y , we say that M is metrically pseudo-regular of order (γ1, . . . ,γs)
in direction (u,v) near (x̄, ȳ), if there are positive real numbers ε,δ and κ , such that

d(x,M−1(y))≤
s

∑
i=1

κ

‖x− x̄‖γi−1 d(yi,Mi(x)) (8)

holds for all (x,y) ∈ (x̄, ȳ)+Vε,δ (u,v) with x 6= x̄ and d(yi,Mi(x))≤ δ‖x− x̄‖γi , i = 1, . . . ,s.
We say that M is metrically pseudo-regular of order (γ1, . . . ,γs) near (x̄, ȳ), if this definition
holds for (u,v) = (0,0).

2. Given a direction u ∈ X, we say that M is metrically pseudo-subregular of order (γ1, . . . ,γs) in
direction u at (x̄, ȳ), if there are positive real numbers ε,δ and κ , such that

d(x,M−1(ȳ))≤
s

∑
i=1

κ

‖x− x̄‖γi−1 d(ȳi,Mi(x)) (9)

holds for all x ∈ x̄+Vε,δ (u) with x 6= x̄.
In case that this definition is fulfilled for u = 0 we say that M is metrically pseudo-subregular
of order (γ1, . . . ,γs) at (x̄, ȳ).

By the definition it follows that M is metrically pseudo-regular of every order in direction (u,v)
near (x̄, ȳ), if v 6∈ CM(x̄, ȳ)(u). Further, metric pseudo-subregularity of order 1 in direction u is the
same property as metric subregularity in direction u, which is defined by the validity of (2) for x ∈
x̄+Vε,δ (u) (cf.[11]).

Example 1. 1. For every γ ≥ 1 the mapping M : R ⇒ R, M(x) := {|x|γ} is metrically pseudo-
regular of order γ near (0,0). The case γ = 1 provides an example of a multifunction, which is
metrically pseudo-regular of order 1, but not metrically regular.

2. Given real numbers γi≥ 1, i= 1, . . . ,s, the multifunction M :Rs ⇒R, M(x) := {|x1|γ1 , . . . , |xs|γs}
is metrically pseudo-regular of order (γ1, . . . ,γs) near (0,0) in every direction (u,v) satisfying
∏

s
i=1 ui 6= 0.

Lemma 1. Let M : X ⇒Y be metrically pseudo-regular of order γ ≥ 1 in direction (u,v) near (x̄, ȳ) ∈
gphM. Then there are positive reals κ ′,ε ′,δ ′,ρ > 0 such that for every (x̃, ỹ) ∈ ((x̄, ȳ)+Vε ′,δ ′(u,v))∩
gphM with x̃ 6= x̄ one has

d(x,M−1(y))≤ κ ′

‖x̃− x̄‖γ−1 d(y,M(x))

for all (x,y) ∈ (x̃+ρ‖x̃− x̄‖BX)× (ỹ+ρ‖x̃− x̄‖γBY ).

Proof. Let the reals ε,κ,δ be chosen according to the definition of metric pseudo-regularity of order
γ and choose ε ′ = min{ε/2,1}, δ ′ = δ/2. Then for arbitrary κ ′ > κ we choose ρ < 1/2 small
enough such that 4ρ < δ/2, κ/(1− ρ)γ−1 ≤ κ ′ and ρ(κ + 1)/(δ (1− ρ)γ) ≤ κ ′. Now let (x̃, ỹ) ∈
((x̄, ȳ)+Vε ′,δ ′(u,v))∩gphM with x̃ 6= x̄ be arbitrarily fixed and consider (x,y) ∈ (x̃+ρ‖x̃− x̄‖BX)×
(ỹ+ ρ‖x̃− x̄‖γBY ). Since ‖x̃− x̄‖ ≤ ε ′ ≤ 1 and γ ≥ 1 we have ‖x̃− x̄‖γ ≤ ‖x̃− x̄‖ and therefore
‖(x,y)− (x̃, ỹ)‖ ≤ 2ρ‖x̃− x̄‖ ≤ 2ρ‖(x̃, ỹ)− (x̄, ȳ)‖ Hence ‖(x,y)− (x̄, ȳ)‖ ≤ (1+2ρ)ε ′ < ε and

‖ (x,y)− (x̄, ȳ)
‖(x,y)− (x̄, ȳ)‖

− (x̃, ỹ)− (x̄, ȳ)
‖(x̃, ỹ)− (x̄, ȳ)‖

‖ ≤ 4ρ
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showing (x,y) ∈ (x̄, ȳ)+Vε,δ (u,v). If d(y,M(x))≤ δ‖x− x̄‖γ then

d(x,M−1(y))≤ κ

‖x− x̄‖γ−1 d(y,M(x))≤ κ

((1−ρ)‖x̃− x̄‖)γ−1 d(y,M(x))≤ κ ′

‖x̃− x̄‖γ−1 d(y,M(x)).

On the other hand, if d(y,M(x))≥ δ‖x− x̄‖γ , we obtain because of d(y,M(x̃))≤ ρ‖x̃− x̄‖γ ≤ δ‖x̃− x̄‖γ

d(x,M−1(y)) ≤ ‖x− x̃‖+d(x̃,M−1(y))≤ ρ‖x̃− x̄‖+ κ

‖x̃− x̄‖γ−1 d(y,M(x̃))

≤ ρ‖x̃− x̄‖+ κ

‖x̃− x̄‖γ−1 ρ‖x̃− x̄‖γ =
ρ(1+κ)

‖x̃− x̄‖γ−1 ‖x̃− x̄‖γ

≤ ρ(1+κ)

‖x̃− x̄‖γ−1(1−ρ)γ
‖x− x̄‖γ ≤ ρ(1+κ)

δ‖x̃− x̄‖γ−1(1−ρ)γ
d(y,M(x))

≤ κ ′

‖x̃− x̄‖γ−1 d(y,M(x)).

Lemma 2. Let M : X ⇒ Y be metrically pseudo-subregular of order γ ≥ 1 in direction u at (x̄, ȳ) ∈
gphM. Then there are positive reals κ ′,ε ′,δ ′,ρ > 0 such that for every x̃ ∈ (x̄+Vε ′,δ ′(u))∩M−1(ȳ)
with x̃ 6= x̄ one has

d(x,M−1(ȳ))≤ κ ′

‖x̃− x̄‖γ−1 d(ȳ,M(x))

for all x ∈ x̃+ρ‖x̃− x̄‖BX .

Proof. Let the reals ε,κ,δ be chosen according to the definition of metric pseudo-regularity of order
γ and choose ε ′ = ε/2, δ ′ = δ/2. Then we choose some κ ′ > κ and ρ < 1 small enough such that
2ρ < δ/2, κ/(1−ρ)γ−1 ≤ κ ′. Now let x̃ ∈ (x̄+Vε ′,δ ′(u))∩M−1(ȳ) with x̃ 6= x̄ be arbitrarily fixed and
consider x ∈ x̃+ρ‖x̃− x̄‖BX . Then

‖ x− x̄
‖x− x̄‖

− x̃− x̄
‖x̃− x̄‖

‖ ≤ 2ρ <
δ

2

and together with ‖x− x̄‖≤ ‖x− x̃‖+‖x̃− x̄‖≤ (1+ρ)‖x̃− x̄‖< 2ε ′ = ε we conclude x∈ x̄+Vε,δ (u).
Hence

d(x,M−1(ȳ))≤ κ

‖x− x̄‖γ−1 d(ȳ,M(x))≤ κ

(1−ρ)γ−1‖x̃− x̄‖γ−1 d(ȳ,M(x))≤ κ ′

‖x̃− x̄‖γ−1 d(ȳ,M(x))

Lemma 3. Let M : X ⇒Y be metrically pseudo-regular of order γ ≥ 1 in direction (u,0) near (x̄, ȳ)∈
gphM. Then M is also metrically pseudo-subregular of order γ in direction u at (x̄, ȳ).

Proof. Let the reals ε,κ,δ be chosen according to the definition of metric pseudo-regularity of or-
der γ . Then, if x ∈ x̄ +Vε,δ (u) and d(ȳ,M(x)) > δ‖x− x̄‖γ we obtain d(x,M−1(ȳ)) ≤ ‖x− x̄‖ ≤

1
δ‖x−x̄‖γ−1 d(ȳ,M(x)) and hence

d(x,M−1(ȳ))≤ ‖x− x̄‖ ≤max{κ, 1
δ
} 1
‖x− x̄‖γ−1 d(ȳ,M(x)) ∀x ∈ x̄+Vε,δ (u),x 6= x̄

follows.
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We now show that pseudo-subregularity implies Hölder subregularity as considered in [25]. The
following lemma states a directional version.

Lemma 4. Let M : X ⇒ Y be metrically pseudo-subregular of order γ ≥ 1 in direction u at (x̄, ȳ) ∈
gphM. Then it is also metrically Hölder subregular of order 1

γ
in direction u at (x̄, ȳ), i.e. there exist

positive real numbers ε ′,δ ′,κ ′ > 0 such that

d(x,M−1(ȳ))≤ κ
′d(ȳ,M(x))

1
γ ∀x ∈ x̄+Vε ′,δ ′(u)

Proof. Let the reals ε,κ,δ be chosen according to the definition of metric pseudo-subregularity of
order γ and set ε ′ = ε , δ ′ = δ , κ ′ = κ

1
γ . Consider x ∈ x̄+Vε ′,δ ′(u). If d(ȳ,M(x))≥ 1

κ
‖x− x̄‖γ then we

obviously have d(x,M−1(ȳ))≤‖x− x̄‖≤ κ ′d(ȳ,M(x))
1
γ . On the other hand, if d(ȳ,M(x))< 1

κ
‖x− x̄‖γ

then

d(x,M−1(ȳ))≤ κ

‖x− x̄‖γ−1 d(ȳ,M(x))<
κ

(κd(ȳ,M(x)))
γ−1

γ

d(ȳ,M(x)) = κ
′d(ȳ,M(x))

1
γ .

The following example demonstrates that the order of pseudo-subregularity can be less than that
of pseudo-regularity.

Example 2. Consider the multifunction M : R⇒R2, M(x) := (x,1−x2)−BR2 at (x̄, ȳ) = (0,(0,0)),
where R2 is equipped with the Euclidean norm. Then M−1(0,0) = [−1,1] and therefore M is metri-
cally subregular (and hence metrically pseudo-subregular of order 1) at (x̄, ȳ). However, it is easy to
see that M is not metrically pseudo-regular of order 1 in any direction (u,(0,0)). Now let us verify
that M is metrically pseudo-regular of order 2 in every direction (u,(0,0)), 0 6= u ∈R. Consider arbi-
trary (x,(y1,y2)) ∈ (x̄, ȳ)+Vε,δ (u,(0,0)) with x 6= 0, 0 < d((y1,y2),M(x))≤ δ |x|2 with ε = δ = 0.01.
Then

‖(y1,y2)‖
‖(x,(y1,y2))‖

≤ ‖ (x,(y1,y2))

‖(x,(y1,y2))‖
− (

u
|u|

,(0,0))‖ ≤ δ

and ‖(y1,y2)‖ ≤ δ

1−δ
|x| ≤ 0.011|x| follows. Further

d((y1,y2),M(x)) =
√
(x− y1)2 +(1− x2− y2)2−1 = ζ ((x− y1)

2 +(1− x2− y2)
2−1)

= ζ ((x− y1)
2− (x2 + y2)(2− x2− y2))

where ζ = 1/(
√

(x− y1)2 +(1− x2− y2)2 +1) ∈ [0.4999,0.5001].
Now we will show that (y1,y2)∈M((1+ f )x), where f = 2d((y1,y2),M(x))/x2. We have (y1,y2)∈

M((1+ f )x) if and only if ‖((1+ f )x− y1,1− (1+ f )2x2− y2)‖2 ≤ 1 and this holds true because of

‖((1+ f )x− y1,1− (1+ f )2x2− y2)‖2−1≤ ‖((1+ f )x− y1,1− (1+2 f )x2− y2)‖2−1

= (x− y1)
2− (x2 + y2)(2− x2− y2)+2 f x2(1− y1

x
+

f
2
)−2 f x2(2−2 f x2−2(x2 + y2)))

= (x− y1)
2− (x2 + y2)(2− x2− y2)−2 f x2(1+

y1

x
− f

2
−2 f x2−2(x2 + y2))

= d((y1,y2),M(x))(
1
ζ
−4(1+

y1

x
− f

2
−2 f x2−2(x2 + y2)))< 0.

by taking into account |y1| ≤ 0.011|x|, f ≤ 2δ = 0.02, x2 ≤ 0.0001 and |y2| ≤ 0.00011.
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Hence d(x,M−1(y1,y2))≤ f |x|= 2d((y1,y2),M(x))/|x− x̄| showing that M is metrically pseudo-
regular of order 2 in direction u.

Note that the mapping x→ (x,1− x2) is not 2-regular at 0 with respect to BR2 in any direction u
in the sense of [4, Definition 1].

4 Pointbased characterizations of metric pseudo-(sub)regularity

Our sufficient conditions for metric pseudo-(sub)regularity are only valid under the following assump-
tion:

(A1) We say that the multifunction M : X ⇒ Y between Banach spaces fulfills assumption (A1) at
x̄ ∈ X if either

1. both X and Y are Asplund spaces, or

2. Y is Fréchet smooth, or

3. M is of the form M(x) = F(x)+S(x), where the mapping F : X → Y is continuously differen-
tiable in a neighborhood of x̄ and S : X ⇒ Y is either a generalized polyhedral multifunction or
a closed convex multifunction.

Theorem 1. Let the closed multifunction M : X ⇒ Y be given by (7), let (x̄, ȳ) ∈ gphM, let (u,v) ∈
X×Y and let γi ≥ 1, i = 1, . . . ,s.

1. Assume that assumption (A1) is fulfilled and that there do not exist sequences (εk) ↓ 0, (tk) ↓ 0,
(uk,vk) ∈ SX×Y ,(x∗k) ∈ X∗, (y∗k) = (y∗k1, . . . ,y

∗
ks) ∈ SY ∗ with uk 6= 0, ‖(u,v)‖(uk,vk)→ (u,v),

x∗k → 0 and

(x∗k ,(−‖x′k− x̄‖1−γ1y∗k1, . . . ,−‖x′k− x̄‖1−γsy∗ks)) ∈ N̂εk((x
′
k,y
′
k);gphM),

where x′k := x̄+ tkuk, y′k := ȳ+ tkvk. Then M is metrically pseudo-regular of order (γ1, . . . ,γs) in
direction (u,v) near (x̄, ȳ).

2. If assumption (A1) is fulfilled and there do not exist sequences (εk) ↓ 0, (tk) ↓ 0, (uk,vk) ∈
SX×Y ,(x∗k) ∈ X∗, (y∗k) = (y∗k1, . . . ,y

∗
ks) ∈ SY ∗ , (x′k,y

′
k) ∈ X ×Y with ‖uk‖ → 1, ‖u‖uk → u,

t1−γi
k vki→ 0, i = 1, . . . ,s, x∗k → 0, (x′k,y

′
k) = (x̄, ȳ)+ tk(uk,vk), x′k 6= x̄, y′k 6= ȳ,

(x∗k ,(−‖x′k− x̄‖1−γ1y∗k1, . . . ,−‖x′k− x̄‖1−γsy∗ks)) ∈ N̂εk((x
′
k,y
′
k);gphM) (10)

and

lim
k→∞

∑
s
i=1〈y∗ki,‖x′k− x̄‖1−γi(y′ki− ȳi)〉∥∥(‖x′k− x̄‖1−γ1(y′k1− ȳ1), . . . ,‖x′k− x̄‖1−γs(y′ks− ȳs))

∥∥ = 1, (11)

then M is metrically pseudo-subregular of order (γ1, . . . ,γs) in direction u at (x̄, ȳ).

3. Assume that there exist sequences (εk) ↓ 0, (tk) ↓ 0, (uk,vk)∈SX×Y ,(x∗k)∈X∗, (y∗k)= (y∗k1, . . . ,y
∗
ks)∈

SY ∗ with uk 6= 0, ‖(u,v)‖(uk,vk)→ (u,v), x∗k → 0 and

(x∗k ,(−‖xk− x̄‖1−γ1y∗k1, . . . ,−‖xk− x̄‖1−γsy∗ks)) ∈ N̂εk((xk,yk);gphM),

where xk := x̄+tkuk, yk := ȳ+tkvk. Then M is not metrically pseudo-regular of order (γ1, . . . ,γs)
in direction (u,v) near (x̄, ȳ).
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Proof. We proof the first part by contraposition. Assuming on the contrary that M is not pseudo-
regular of order (γ1, . . . ,γs) in direction (u,v), we can find for each k elements (xk,yk) ∈ (x̄, ȳ) +
V1

k ,
1
k
(u,v), yk = (yk1, . . . ,yks) such that xk 6= x̄, d(yki,Mi(xk))≤ 1

k‖xk− x̄‖γi , i = 1, . . . ,s and

d(xk,M−1(yk))> k
s

∑
i=1
‖xk− x̄‖1−γid(yki,Mi(xk)).

Then we can choose for each k some y̌k = (y̌k1, . . . , y̌ks)∈M(xk), such that ‖yki− y̌ki‖≤ 2d(yki,Mi(xk))
and

d(xk,M−1(yk))> k
s

∑
i=1
‖xk− x̄‖1−γi‖yki− y̌ki‖.

Define Ψk : Y → R by

Ψk(y1, . . . ,ys) = ‖(‖xk− x̄‖1−γ1y1, . . . ,‖xk− x̄‖1−γsys)‖.

Then ε := Ψk(y̌k− yk)≤ ∑
s
i=1 ‖xk− x̄‖1−γi‖yki− y̌ki‖ ≤ 2s

k ‖xk− x̄‖ and by Ekeland’s variational prin-

ciple there are (x̃k, ỹk) ∈ gphM such that Ψk(ỹk − yk) ≤ Ψk(y̌k − yk), ‖(x̃k, ỹk)− (xk, y̌k)‖ ≤
√

k
2s ε ≤

1√
k
‖xk− x̄‖ and

Ψk(ỹk− yk)≤Ψk(y− yk)+
2s√

k
‖(x,y)− (x̃k, ỹk)‖, ∀(x,y) ∈ gphM. (12)

Note that
0 < (1− 1√

k
)‖xk− x̄‖ ≤ ‖x̃k− x̄‖ ≤ (1+

1√
k
)‖xk− x̄‖ ∀k ≥ 2. (13)

Further we have

d(xk,M−1(yk))> k
s

∑
i=1
‖xk− x̄‖1−γi‖yki− y̌ki‖ ≥ kΨk(y̌k− yk) = kε

and therefore

d(x̃k,M−1(yk))> kε−‖x̃k− xk‖ ≥ (k−
√

k
2s

)ε, (14)

showing yk 6∈M(x̃k) and yk 6= ỹk.
Since ‖y̌k− yk‖ ≤ ∑

s
i=1 ‖y̌ki− yki‖ ≤ 2

k ∑
s
i=1 ‖xk− x̄‖γi ≤ 2s

k ‖xk− x̄‖ we obtain

‖(x̃k, ỹk)− (xk,yk)‖ ≤ ‖(x̃k, ỹk)− (xk, y̌k)‖+‖(xk, y̌k)− (xk,yk)‖

≤ (
1√
k
+

2s
k
)‖xk− x̄‖ ≤ (

1√
k
+

2s
k
)‖(xk,yk)− (x̄, ȳ)‖,

implying

lim
k→∞

(x̃k, ỹk)− (x̄, ȳ)
‖(x̃k, ỹk)− (x̄, ȳ)‖

− (xk,yk)− (x̄, ȳ)
‖(xk,yk)− (x̄, ȳ)‖

= 0. (15)

In case that both X and Y are Asplund spaces, by using the fuzzy (semi-Lipschitzian) sum rule
(see for example [26, Theorem 2.33])), for arbitrary δk > 0 we can find points (x′k,y

′
k),(x

′′
k ,y
′′
k ) in

(x̃k, ỹk)+δkBX×Y and linear functionals (x̂∗k , ŷ
∗
k) ∈ N̂((x′k,y

′
k),gphM) and (x́∗k , ý

∗
k) ∈ ∂̂ (Ψk(y′′k − yk)+

2s√
k
‖(x′′k ,y′′k )−(x̃k, ỹk)‖) such that ‖(x̂∗k , ŷ∗k)+(x́∗k , ý

∗
k)‖≤ δk. Taking δk =

1
k min{‖x̃k− x̄‖,‖ỹk−yk‖}we
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have y′′k 6= yk and therefore, by convex analysis there is some linear functional y̌∗k = (y̌∗k1, . . . , y̌
∗
ks)∈SY ∗

such that
˜̌y∗k := (‖xk− x̄‖1−γ1 y̌∗k1, . . . ,‖xk− x̄‖1−γs y̌∗ks) ∈ ∂̂Ψk(y′′k − yk)

and ‖ŷ∗k + ˜̌y∗k‖≤ δk+
2s√

k
. Further we have ‖x̂∗k‖≤ δk+

2s√
k
. Defining ỹ∗ki :=−ŷ∗ki‖x′k− x̄‖γi−1, i= 1, . . . ,s

we conclude ‖ỹ∗ki

(
‖xk−x̄‖
‖x′k−x̄‖

)γi−1
− y̌∗ki‖ ≤ (δk +

2s√
k
)‖xk− x̄‖γi−1→ 0, i = 1, . . . ,s and therefore ‖ỹ∗k‖→ 1

by taking into account (13) and consequently

0 < (1− 1
k
)(1− 1√

k
)‖xk− x̄‖ ≤ (1− 1

k
)‖x̃k− x̄‖ ≤ ‖x′k− x̄‖

≤ (1+
1
k
)‖x̃k− x̄‖ ≤ (1+

1
k
)(1+

1√
k
)‖xk− x̄‖ ∀k ≥ 2.

Setting tk := ‖(x′k,y′k)−(x̄, ȳ)‖, (uk,vk) := ((x′k,y
′
k)−(x̄, ȳ))/tk, x∗k := x̂∗k/‖ỹ∗k‖, y∗k := ỹ∗k/‖ỹ∗k‖we obtain

the contradiction

(x∗k ,(−‖x′k− x̄‖1−γ1y∗k1, . . . ,−‖(x′k− x̄‖1−γsy∗ks)) ∈ N̂(x′k,y
′
k),gphM),

since (x′k,y
′
k) = (x̄, ȳ)+ tk(uk,vk), uk 6= 0, x∗k → 0 and ‖(u,v)‖(uk,vk)→ (u,v) follows from (15) and

‖(x′k,y′k)− (x̃k, ỹk)‖ ≤ δk ≤ 1
k‖(x̃k, ỹk)− (x̄, ȳ)‖.

In case that Y admits a Fréchet smooth renorm we can assume without loss of generality that the
original norm ‖·‖ on Y is Fréchet smooth. Because of ỹk 6= yk the function Ψk is Fréchet differentiable
at ỹk− yk and there exists a functional ỹ∗k = (ỹ∗k1, . . . , ỹ

∗
ks) ∈SY ∗ with

∇Ψk(ỹk− yk) = (‖xk− x̄‖1−γ1 ỹ∗k1, . . . ,‖xk− x̄‖1−γs ỹ∗ks)

By the definition of Fréchet differentiability there exists a positive radius ρk such that Ψk(y− yk)−
Ψk(ỹk− yk)≤ 〈∇Ψk(ỹk− yk),y− ỹk〉+ s√

k
‖y− ỹk‖, ∀y ∈ ỹk +ρkBY , implying

0≤ ∇Ψ(ỹk− yk)(y− ỹk)+
3s√

k
‖(x,y)− (x̃k, ỹk)‖

for all (x,y)∈ gphM∩((x̃k, ỹk)+ρkBX×Y ) and consequently (0,−∇Ψ(ỹk−yk))∈ N̂ 3s√
k
((x̃k, ỹk);gphM).

Because of (13) we have ũk 6= 0 and the functionals ŷ∗k = (ŷ∗k1, . . . , ŷ
∗
ks) with

ŷ∗ki :=
(
‖xk− x̄‖
‖x̃k− x̄‖

)1−γi

ỹ∗ki, i = 1, . . . ,s

satisfy limk→∞ ‖ŷ∗k‖ = 1. Taking tk := ‖(x̃k, ỹk)− (x̄, ȳ)‖, (uk,vk) := (x̃k, ỹk)− (x̄, ȳ))/tk, x∗k = 0, y∗k =
ŷ∗k/‖ŷ∗k‖, εk =

3s√
k‖ŷ∗k‖

, we obtain the contradiction

(x∗k ,(−‖x̃k− x̄‖1−γ1y∗k1, . . . ,−‖(x̃k− x̄‖1−γsy∗ks)) ∈ N̂εk((x̃k, ỹk),gphM).

Next consider the case when M(x) = F(x)+S(x) where the mapping F : X → Y is continuously
differentiable near x̄ and S is either a generalized polyhedral multifunction or a closed convex map-
ping. Let Fi : X → Yi, i = 1, . . . ,s denote the components of F . Then we can find a radius 0 < ρk <

1
k

such that

‖Fi(x)−Fi(x̃k)−∇Fi(x̃k)(x− x̃k)‖ ≤
s√
k
‖xk− x̄‖γi−1‖x− x̃k‖ ∀x ∈ x̃k +ρkBX , i = 1, . . . ,s
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We can assume without loss of generality that for all k the ball xk + ρkBX is contained in some
neighborhood of x̄ where F is Lipschitz continuous with modulus L. Since

|Ψ(y)−Ψ(y′)| ≤
s

∑
i=1
‖xk− x̄‖1−γi‖yi− y′i‖ ∀y,y′ ∈ Y,

we deduce from (12) that

Ψ(F(x̃k)+ p̃k−yk)≤Ψ(F(x̃k)+∇F(x̃k)(x− x̃k)+ p−yk)+
3s√

k
(1+L)‖(x− x̃k, p− p̃k)‖=: Ψ̃(x, p)

holds for all (x, p) ∈ gphS∩ (x̃k +ρkBX)×Y , where p̃k := ỹk−F(x̃k). In case that S is a generalized
polyhedral multifunction we obtain by using [12, Lemma 4.2] that 0∈ ∂̂ Ψ̃(x̃k, p̃k)+N((x̃k, p̃k);gphS).
Hence there is some linear functional linear (x̂∗k , p̂∗k) ∈ N((x̃k, p̃k),gphS)∩ (−∂̂ Ψ̃(x̃k, p̃k)). From [12,
Lemma 3.4] it follows that for arbitrary δk > 0 there is some (x′k, p′k) ∈ (x̃k, p̃k) + δkBX×Y with
(x̂∗k , p̂∗k) ∈ N̂((x′k, p′k);gphS) and by convex analysis it follows that there is some linear functional
y̌∗k = (y̌∗k1, . . . , y̌

∗
ks) ∈SY ∗ with

‖(
s

∑
i=1
‖xk− x̄‖1−γi∇Fi(x̃k)

∗y̌∗ki + x̂∗k ,(‖xk− x̄‖1−γ1 y̌∗k1, . . . ,‖xk− x̄‖1−γs y̌∗ks)+ p̂∗k)‖ ≤
3s√

k
(1+L).

Setting ỹ∗ki :=−p̂∗ki‖x′k− x̄‖γi−1, x̃∗k := x̂∗k−∇F(x′k)
∗ p̂∗k we have

〈x̃∗k ,x− x′k〉+ 〈−(‖x′k− x̄‖1−γ1 ỹ∗k1, . . . ,‖x′k− x̄‖1−γs ỹ∗ks),F(x)+ p−F(x′k)− p′k〉
= 〈x̂∗k ,x− x′k〉+ 〈p̂∗k , p− p′k〉+ 〈p̂∗k ,F(x)−F(x′k)−∇F(x′k)(x− x′k)〉

for all (x, p) ∈ X×Y and therefore

(x̃∗k ,−(‖x′k− x̄‖1−γ1 ỹ∗k1, . . . ,‖x′k− x̄‖1−γs ỹ∗ks)) ∈ N̂((x′k,F(x′k)+ p′k);gphM).

Taking δk≤ 1
k min{‖x̃k− x̄‖,‖ỹk−yk‖} small enough such that ‖∇Fi(x̃k)

∗−∇Fi(x′k)
∗‖≤ 1

k‖xk− x̄‖γi−1,
i = 1, . . . ,s and taking into account ‖x̂∗k−∇F(x̃k)

∗ p̂∗k‖ ≤ (1+‖∇F(x̃k)
∗‖) 3s√

k
(1+L) we obtain

‖x̃∗k‖ ≤ ‖x̂∗k−∇F(x̃k)
∗ p̂∗k‖+‖(∇F(x̃k)

∗−∇F(x′k)
∗)p̂∗k‖

≤ 3s√
k
(1+‖∇F(x̃k)

∗‖)(1+L)+
s

∑
i=1
‖(∇Fi(x̃k)

∗−∇Fi(x′k)
∗)p̂∗ki‖

≤ 3s√
k
(1+‖∇F(x̃k)

∗‖+
s

∑
i=1
‖∇Fi(x̃k)

∗−∇Fi(x′k)
∗‖)(1+L)

+
s

∑
i=1
‖(∇Fi(x̃k)

∗−∇Fi(x′k)
∗)‖xk− x̄‖1−γi y̌∗ki‖

≤ 3s√
k
(1+‖∇F(x̃k)

∗‖+
s

∑
i=1
‖∇Fi(x̃k)

∗−∇Fi(x′k)
∗‖)(1+L)+

s
k

showing x̃∗k → 0 as k→ ∞. Further we have for each i = 1, . . . ,s

‖y̌∗ki− ỹ∗ki‖ ≤ ‖xk− x̄‖γi−1∥∥‖xk− x̄‖1−γi y̌∗ki + p̂∗ki

∥∥≤ 3s√
k
(1+L)‖xk− x̄‖γi−1
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implying ‖ỹ∗k‖ → 1. Setting y′k = F(x′k)+ p′k, tk = ‖(x′k,y′k)− (x̄, ȳ)‖, (uk,vk) := ((x′k,y
′
k)− (x̄, ȳ))/tk,

x∗k := x̃∗k/‖ỹ∗k‖, y∗k := ỹ∗k/‖ỹ∗k‖ we obtain the contradiction

(x∗k ,(−‖x′k− x̄‖1−γ1y∗k1, . . . ,−‖(x′k− x̄‖1−γsy∗ks)) ∈ N̂(x′k,y
′
k),gphM).

In case that S is a closed convex multifunction we have 0 ∈ ∂̂ Ψ̃(x̃k, p̃k)+ N̂((x̃k, p̃k);gphS) by convex
analysis and similar arguments as before yield the contradiction.

Next we show the assertion about pseudo-subregularity by contraposition. Assuming that M is
not pseudo-subregular of order (γ1, . . . ,γs) in direction u, we can find for each k an element xk ∈
x̄+V1

k ,
1
k
(u) such that

d(xk,M−1(ȳ))> k
s

∑
i=1
‖xk− x̄‖1−γid(ȳi,Mi(xk)).

This implies xk 6= x̄ and for each i

‖xk− x̄‖1−γid(ȳi,Mi(xk))<
1
k

d(xk,M−1(ȳ))≤ 1
k
‖xk− x̄‖

and therefore
d(ȳi,Mi(xk))≤

1
k
‖xk− x̄‖γi .

Then we can proceed as before with yk = ȳ, v = 0 to find the sequence (x̃k, ỹk). Since Ψk(ỹk− yk) ≤
Ψk(y̌k−yk) = εk ≤ 2s

k ‖xk− x̄‖ we conclude ‖ỹki− ȳi‖ ≤ 2s
k ‖xk− x̄‖γi , i = 1, . . . ,s. Hence, if we define

the sequences t̃k := ‖(x̃k, ỹk)− (x̄, ȳ)‖, (ũk, ṽk) = ((x̃k, ỹk)− (x̄, ȳ))/t̃k we obtain (ũk, ṽk) ∈SX×Y and,
together with (13), ‖ũk‖ → 1, ‖u‖ũk → u, t̃1−γi

k ṽki → 0, i = 1, . . . ,s. Now, if we choose δk small
enough such that δk ≤ 1

k‖xk− x̄‖maxi γi also holds, then we can also conclude ‖uk‖ → 1, ‖u‖uk → u,
t1−γi
k vki → 0, i = 1, . . . ,s. There remains to show (11). In case that both X and Y are Asplund or in

case that M is of the form M(X) = F(x)+S(x), this follows from

s

∑
i=1
〈y̌∗ki,‖xk− x̄‖1−γi(y′′ki− ȳi)〉= ‖(‖xk− x̄‖1−γ1(y′′k1− ȳ1), . . . ,‖xk− x̄‖1−γs(y′′ks− ȳs))‖,

where y′′k := ỹk in case of M(x) = F(x)+S(x), together with (13), our choice of δk and y∗k− y̌∗k→ 0. If
Y is Fréchet smooth then we can use the relations

s

∑
i=1
〈ỹ∗ki,‖xk− x̄‖1−γi(ỹki− ȳi)〉= ‖(‖xk− x̄‖1−γ1(ỹk1− ȳ1), . . . ,‖xk− x̄‖1−γs(ỹks− ȳs))‖,

y∗k− ỹ∗k → 0 and (13) in order to show (11).
Now let us show the last part of the theorem. Assume that there exist sequences (εk) ↓ 0, (tk) ↓ 0,

(uk,vk) ∈SX×Y , (x∗k) ∈ X∗, (y∗k) = (y∗k1, . . . ,y
∗
ks) ∈SY ∗ with uk 6= 0, ‖(u,v)‖(uk,vk)→ (u,v), x∗k → 0

and
(x∗k ,(−‖xk− x̄‖1−γ1y∗k1, . . . ,−‖xk− x̄‖1−γsy∗ks)) ∈ N̂εk((xk,yk),gphM),

where xk := x̄+ tkuk, yk := ȳ+ tkvk. By passing to a subsequence we can assume that ‖xk− x̄‖ ≤ 1 and
‖x∗k‖+ εk <

1
8sk holds for all k. Then for each k we can find some positive radius ρk > 0 such that

〈x∗k ,x− xk〉+ 〈ŷ∗k ,y− yk〉 ≤ (εk +
1

8sk
)‖(x− xk,y− yk)‖

holds for every (x,y) ∈ gphM ∩ ((xk,yk) + ρkBX×Y ), where ŷ∗k := (−‖xk − x̄‖1−γ1y∗k1, . . . ,−‖xk −
x̄‖1−γsy∗ks). Further we can find elements zki ∈SYi with 〈y∗ki,zki〉 ≥ 1

2‖y
∗
ki‖, i = 1, . . . ,s. Now define
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ŷk = (ŷk1, . . . , ŷks) by ŷki := yki−αk‖xk− x̄‖γizki, i= 1, . . . ,s, where αk :=min{ρk/(2sk‖xk− x̄‖),1/k}.
We obtain

‖ŷk− yk‖ ≤
s

∑
i=1

αk‖xk− x̄‖γi ≤ sαk‖xk− x̄‖

and

〈ŷ∗k , ŷk− yk〉=
s

∑
i=1

αk‖xk− x̄‖〈y∗ki,zki〉 ≥
αk

2
‖xk− x̄‖

s

∑
i=1
‖y∗ki‖ ≥

αk

2
‖xk− x̄‖ (16)

For each i∈ {1, . . . ,s}we have d(ŷki,Mi(xk))≤αk‖xk− x̄‖γi and thus ∑
s
i=1 ‖xk− x̄‖1−γid(ŷki,Mi(xk))≤

sαk‖xk− x̄‖. On the other hand we have d(xk,M−1(ŷk))≥ ksαk‖xk− x̄‖ since if there would be some
x̂k ∈ xk + ksαk‖xk− x̄‖BX with (x̂k, ŷk) ∈ gphM we would obtain

‖(x̂k, ŷk)− (xk,yk)‖ ≤ ‖x̂k− xk‖+‖ŷk− yk‖

≤ (k+1)sαk‖xk− x̄‖ ≤ ρk
k+1

2k
≤ ρk

and hence

〈ŷ∗k , ŷk− yk〉 ≤ (εk +
1

8ks
+‖x∗k‖)‖(x̂k− xk, ŷk− yk)‖

≤ (εk +
1

8ks
+‖x∗k‖)(k+1)sαk‖xk− x̄‖

<
k+1

4k
αk‖xk− x̄‖

contradicting (16) because of k+1
4k ≤

1
2 . Thus

d(xk,M−1(ŷk))≥ k
s

∑
i=1
‖xk− x̄‖1−γid(ŷki,Mi(xk))

and since d(ŷki,Mi(xk))≤ αk‖xk− x̄‖
1
qi , i = 1, . . . ,s, αk→ 0, t−1

k ((xk, ŷk)− (x̄, ȳ)) = (uk,vk + t−1
k (ŷk−

yk)) and

0≤ lim
k→∞

‖ ŷk− yk

tk
‖ ≤ lim

k→∞

sαk
‖xk− x̄‖

tk
= lim

k→∞

sαk‖uk‖= 0,

M is not metrically pseudo-regular of order (γ1, . . . ,γs) in direction (u,v) at (x̄, ȳ).

Remark 1. It follows from the proof that the sufficient conditions for metric pseudo-regularity re-
spectively metric pseudo-subregularity remain valid for εk ≡ 0 in case that both X and Y are Asplund
spaces or M(x) is of the form M(x) = F(x)+ S(x) with F continuously differentiable at x̄ and S is
either a generalized polyhedral multifunction or a closed convex multifunction.

Applying the second part Theorem 1 with s = 1 and γ1 = 1 we obtain the following new char-
acterization of (directional) metric subregularity, which improves the ones of [10], [11], [12] by the
additional condition (17).

Corollary 1. Given the multifiunction M : X ⇒ Y , a point (x̄, ȳ) ∈ gphM and a direction u ∈ X,
assume that M fulfills asuumption (A1) at x̄ and that there do not exist sequences (εk) ↓ 0, (tk) ↓ 0,
(uk,vk) ∈SX×Y ,(x∗k) ∈ X∗, (y∗k) ∈SY ∗ with ‖uk‖→ 1, ‖u‖uk→ u, vk→ 0, x∗k → 0,

(x∗k ,−y∗k) ∈ N̂εk((x
′
k,y
′
k);gphM)
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and

lim
k→∞

〈y∗k ,y′k− ȳ〉
‖y′k− ȳ‖

= 1, (17)

where x′k := x̄+ tkuk 6= x̄, y′k := ȳ+ tkvk 6= ȳ. Then M is metrically subregular in direction u at (x̄, ȳ).

Remark 2. By taking into account (14) and the fact, that in case of proving pseudo-subregularity
we have yk = ȳ, the sufficient conditions for metric pseudo-subregularity of Theorem 1(2.) could be
strengthened by the additional requirement x′k 6∈ M−1(ȳ). However, we do not use this condition,
because on the one hand the required information on the set M−1(ȳ) is in general not available and
on the other hand it makes it more challenging or even impossible to develop comprehensive calculus
rules, see e.g. [10, Example 1.2]. We also refer to [25, Remark 3.5] for more discussion on this topic.

Example 3. Let us apply Theorem 1 and Corollary 1 to the multifunction M :R⇒R2, M(x) :=F(x)−
BR2 of Example 2 at (x̄, ȳ) = (0,(0,0)), where F(x) := (x,1−x2). Given x ∈R and p = (p1, p2)∈R2

we obtain

N̂((x,F(x)− p);gphM) =


/0 if p 6= BR2 ,

{(0,(0,0))} if p ∈ intBR2 ,
R+{(p1−2xp2,(−p1,−p2))} if p ∈SR2

We first show that M is metrically subregular at (x̄, ȳ). Consider sequences (uk,vk) ∈SR×R2 , (x∗k) ∈
R, (y∗k) ∈ SR2 with ‖uk‖ → 1, vk → (0,0), x∗k → 0 such that (x∗k ,−y∗k) ∈ N̂((x′k,y

′
k);gphM), where

(x′k,y
′
k) = (tkuk, tkvk) and according to Remark 1 we can take εk = 0. Using y∗k ∈ SR2 we obtain

tkvk =F(x′k)− pk with pk ∈SR2 , y∗k = pk and x∗k = pk1−2x′k pk2→ 0. Since ‖F(x′k)‖2 = 1−x′2k +x′4k < 1
for all k sufficiently large we have

〈y∗k ,y′k− ȳ〉= 〈pk,F(x′k)− pk〉 ≤ ‖pk‖‖F(x′k)‖−‖pk‖2 = ‖F(x′k)‖−1 < 0

and thus (17) cannot be fulfilled, showing that M is metrically subregular at (x̄, ȳ).
Next we show by contradiction that M is metrically pseudo-regular of order 2 in direction (u,(0,0))

for every u 6= 0 . Assume there are sequences (uk,vk) ∈SR×R2 , (x∗k) ∈ R, (y∗k) ∈SR2 with ‖uk‖→ 1,
vk → (0,0), x∗k → 0 satisfying (x∗k ,−‖x′k − x̄‖−1y∗k) ∈ N̂((x′k,y

′
k);gphM) and ‖(u,(0,0))‖(uk,vk)→

(u,(0,0)), where (x′k,y
′
k) = (tkuk, tkvk). As before we obtain from y∗k ∈SR2 that tkvk = F(xk)− pk with

pk ∈SR2 and consequently y∗k = pk and x∗k = ‖x′k− x̄‖−1(pk1−2x′k pk2). From vk = t−1
k (F(x′k)− pk) =

ukx′−1
k (x′k − pk1,1− x′2k − pk2)→ (0,0) and |uk| → 1 we conclude pk1/|x′k| → signu and pk2 → 1,

showing x∗k = pk1/|x′k|−2pk2signuk→−signu 6= 0, a contradiction.
Finally we show that for every u 6= 0 and every γ ∈ [1,2) M is not metrically pseudo-regular of

order γ in direction (u,(0,0)). Let u 6= 0 and γ ∈ [1,2) be arbitrarily fixed and let x′k := 1
k signu, pk :=

(x′k,
√

1− x′2k ) ∈SR2 , y′k := F(x′k)− pk = (0,1−
√

1−1/k2), y∗k := pk, x∗k := |x′k|1−γ(pk1−2x′k pk2) =

kγ−2signu(1− 2
√

1−1/k2), (uk,vk) := (x′k,y
′
k)/‖(x′k,y′k)‖, tk := ‖(x′k,y′k)‖. Then obviously x∗k → 0

and since ‖y′k‖= 1−
√

1−1/k2 = ξk/k2 with ξk→ 1/2 we obtain limktk = lim‖(kx′k,ky′k)‖= 1 and
thus tk→ 0, limvk = limky′k = (0,0). Together with the fact that (x∗k ,−|x′k|1−γy∗k) ∈ N̂((x′k,y

′
k);gphM)

we conclude from Theorem 1(3.), that M is not metrically pseudo-regular of order γ in direction
(u,(0,0)).

We consider now the following coderivative-like construction:

Definition 2. Let M : X ⇒ Y be of the form (7), (x̄, ȳ) ∈ gphM, (u,v) ∈ X×Y and γi ≥ 1, i = 1, . . . ,s.
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1. The reversed mixed pseudo-coderivative of order γ := (γ1, . . . ,γs) in direction (u,v) is the
multifunction D̃∗M,γM((x̄, ȳ);(u,v)) : Y ∗ ⇒ X∗ whose values D̃∗M,γM((x̄, ȳ);(u,v))(y∗) consist
of such x∗ ∈ X∗ for which there are sequences (εk) ↓ 0, (tk) ↓ 0, (uk,vk) ∈ SX×Y ,(x∗k) ∈ X∗,

(y∗k) = (y∗k1, . . . ,y
∗
ks) ∈ Y ∗ with uk 6= 0, ‖(u,v)‖(uk,vk)→ (u,v), y∗k

w∗→y∗, x∗k → x∗ and

(x∗k ,(−‖x′k− x̄‖1−γ1y∗k1, . . . ,−‖x′k− x̄‖1−γsy∗ks)) ∈ N̂εk((x
′
k,y
′
k);gphM),

where x′k := x̄+tkuk, y′k := ȳ+tkvk. In case (u,v)= (0,0) we call D̃∗M,γM(x̄, ȳ) := D̃∗M,γM((x̄, ȳ);(0,0))
the reversed mixed pseudo-coderivative of order γ := (γ1, . . . ,γs).

2. The mapping M is called partially sequentially normally compact of order γ := (γ1, . . . ,γs)
(PSNC(γ)) in direction (u,v) at (x̄, ȳ) with respect to Y , if for all sequences (εk) ↓ 0, (tk) ↓ 0,
(uk,vk) ∈SX×Y , (x∗k) ∈ X∗, (y∗k) = (y∗k1, . . . ,y

∗
ks) ∈ Y ∗, (x′k,y

′
k) with uk 6= 0, ‖(u,v)‖(uk,vk)→

(u,v), y∗k
w∗→0, x∗k → 0, (x′k,y

′
k) = (x̄, ȳ)+ tk(uk,vk) and

(x∗k ,(−‖x′k− x̄‖1−γ1y∗k1, . . . ,−‖x′k− x̄‖1−γsy∗ks)) ∈ N̂εk((x
′
k,y
′
k);gphM)

one has y∗k → 0 as k→ ∞.

If s = 1 and γ1 = 1, the reversed mixed pseudo-coderivative of order 1 in direction (u,v) coincides
with the reversed mixed coderivative of M in direction (u,v) as defined in [11], provided u 6= 0.
Similarly, if u 6= 0 the properties PSNC(1) in direction (u,v) and PSNC in direction (u,v) (cf. [11])
are the same.

Corollary 2. Let M : X ⇒ Y be a closed-graph multifunction of the form (7), (x̄, ȳ) ∈ gphM, (u,v) ∈
X ×Y and let γi ≥ 1, i = 1, . . . ,s. Assume that assumption (A1) is fulfilled and assume that every
bounded sequence in Y ∗ has a weak∗ convergent subsequence. Then the following statements are
equivalent:

(a) M is metrically pseudo-regular of order γ := (γ1, . . . ,γs) in direction (u,v) at (x̄, ȳ).

(b) M is PSNC(γ) in direction (u,v) at (x̄, ȳ) with respect to Y and ker D̃∗M,γM((x̄, ȳ);(u,v)) = {0}.

Proof. We prove (a)⇒ (b) by contradiction. If M is not PSNC(γ) in direction (u,v) at (x̄, ȳ) with
respect to Y or 0 6= y∗ ∈ ker D̃∗M,γM((x̄, ȳ);(u,v)), then there are sequences (ε̃k) ↓ 0, (tk) ↓ 0, (uk,vk) ∈
SX×Y , (x̃∗k) ∈ X∗, (ỹ∗k) = (ỹ∗k1, . . . , ỹ

∗
ks) ∈ Y ∗, (x′k,y

′
k) with uk 6= 0, ‖(u,v)‖(uk,vk)→ (u,v), x̃∗k → 0,

(x′k,y
′
k) = (x̄, ȳ)+ tk(uk,vk), (x̃∗k ,(−‖x′k− x̄‖1−γ1 ỹ∗k1, . . . ,−‖x′k− x̄‖1−γs ỹ∗ks)) ∈ N̂ε̃k((x

′
k,y
′
k);gphM) and

0 < liminfk→∞ ‖ỹ∗k‖. Hence, by taking (εk,x∗k ,y
∗
k) := (ε̃k, x̃∗k , ỹ

∗
k)/‖ỹ∗k‖ we have εk ↓ 0, x∗k → 0 and y∗k ∈

SY ∗ and (x∗k ,(−‖x′k− x̄‖1−γ1y∗k1, . . . ,−‖x′k− x̄‖1−γsy∗ks)) ∈ N̂εk((x
′
k,y
′
k);gphM). Now it follows from

Theorem 1(3.) that M is not metrically pseudo-regular of order γ in direction (u,v). The reverse impli-
cation (b)⇒ (a) is also shown by contradiction. Let us assume that M is not metrically pseudo-regular
of order γ in direction (u,v). Then, by Theorem 1(3.) we can find sequences (εk) ↓ 0, (tk) ↓ 0, (uk,vk)∈
SX×Y , (x∗k) ∈ X∗, (y∗k) = (y∗k1, . . . ,y

∗
ks) ∈SY ∗ , (x′k,y

′
k) with uk 6= 0, ‖(u,v)‖(uk,vk)→ (u,v), x∗k → 0,

(x′k,y
′
k) = (x̄, ȳ)+ tk(uk,vk) and (x∗k ,(−‖x′k− x̄‖1−γ1y∗k1, . . . ,−‖x′k− x̄‖1−γsy∗ks)) ∈ N̂εk((x

′
k,y
′
k);gphM).

By our assumption the sequence (y∗k) has a weak∗ convergent subsequence and we may assume that
the sequence (y∗k) weakly∗ converges to some y∗ ∈ Y ∗. If y∗ = 0 then M is not PSNC(γ) in direction
(u,v) since y∗k 6→ 0 because of y∗k ∈ SY ∗ . On the other hand, if y∗ 6= 0 we obtain the contradiction
0 6= y∗ ∈ ker D̃∗M,γM((x̄, ȳ);(u,v)).
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Remark 3. Corollary 2 is an analogue to the famous Mordukhovich criterion for metric regularity of
multifunctions in Asplund spaces, cf. [26, Theorem 4.18]. Note that the weak∗ sequential compactness
assumption of bounded sequences in Y ∗ is automatically fulfilled in Asplund spaces and hence it is
only needed in the last case of assumption (A1) when M(x) = F(x)+ S(x). However, we conjecture
that in the case, when S is generalized polyhedral, by using similar arguments as in [12, Theorem
4.5], both this weak∗ sequential compactness assumption and the PSNC(γ) property can be replaced
by the requirement that certain linear operators have closed range.

Remark 4. In a similar way we could also find a sufficient coderivative-like criterion for metric
pseudo-subregularity, we omit working out details. We want only discuss some relations with the
reverse outer mixed q-coderivative as defined by Li and Mordukhovich [25]. In case that s = 1 and
both X and Y are Asplund spaces, we can take εk = 0 and hence (10) holds iff

(x̂∗k ,−y∗k) ∈ N̂((x′k,y
′
k);gphM)

where x̂∗k := ‖x′k− x̄‖γ−1x∗k . Hence, in this situation a sufficient coderivative-like criterion based on
Theorem 1(2.), together with the condition x′k 6∈ M−1(ȳ), but without the condition (11), yields the
sufficient conditions of [25, Theorem 3.6] with q = 1/γ and the reverse outer mixed q-coderivative
modified as indicated in [25, Remark 3.5(iii)]

5 Characterizations of pseudo-(sub)regularity of order (1,2) for a class
of multifunctions

In this section we study multifunctions of the form

M := (M1,M2) : X ⇒ Y := Y1×Y2, Ml(x) = Fl(x)+Sl(x), l = 1,2 (18)

between Banach spaces, where Fl : X →Yl , l = 1,2 are sufficiently smooth mappings and Sl : X ⇒Yl ,
l = 1,2 are generalized polyhedral multifunctions. In the sequel we denote by F := (F1,F2) and
S(x) := S1(x)× S2(x) the composite mappings. Then by [12, Lemma 3.9], S is again a generalized
polyhedral multifunction, and we assume that the graph of S has the representation (5),(6).

In what follows we denote for (x,s)∈ gphS by P(x,s) := {i∈ {1, . . . , p}|(x,s)∈ Pi} the index set
of the convex generalized polyhedral sets containing (x,s) and by Ai(x,s)= { j∈{1, . . . ,mi}|〈x∗i j,x〉+
〈y∗i j,y〉= ζi j}, i ∈P(x,s) the index sets of active inequality constraints.

Given (x̄, s̄) ∈ gphS and a direction (u,v) ∈ X ×Y we denote by I ((x̄, s̄);(u,v)) the collection of
index sets P ⊂ {1, . . . , p} such that there exist sequences (tk) ↓ 0, (uk,vk)→ (u,v) with (x̄+ tkuk, s̄+
tkvk)∈ gphS and P =P(x̄+ tkuk, s̄+ tkvk). Given in addition functionals x∗ ∈ X∗, y∗ ∈Y ∗ we denote
by K ((x̄, s̄);(u,v);(x∗,y∗)) the collection of all index sets P such that there are sequences (tk) ↓ 0,
(uk,vk)→ (u,v) with (x∗,−y∗)∈ N̂((x̄+tkuk, s̄+tkvk);gphS) and P =P(x̄+tkuk, s̄+tkvk). It follows
from [12, Lemma 3.8] that K ((x̄, s̄);(u,v);(x∗,y∗)) 6= /0 if and only if x∗ ∈ D∗S((x̄, s̄);(u,v))(y∗).

For every nonempty index set /0 6= P ⊂ {1, . . . , p} we define the operator Ǎ∗P : Y ∗2 ×∏i∈P L⊥i →
∏i∈P(X∗×Y ∗) by

Ǎ∗P(y∗2,(l
∗
i )i∈P) := ((∇F2(x̄)∗y∗2,(0,y

∗
2))+ l∗i )i∈P

and for given u 6= 0 we define the operator Â∗P(u) : Y ∗2 ×∏i∈P L⊥i ×Y ∗×∏i∈P L⊥i → ∏i∈P(X∗×
Y ∗×X∗×Y ∗) by

Â∗P(u)(y∗2,(l
∗
i )i∈P ,z∗,(w∗i )i∈P) :=

(
(∇F2(x̄)∗y∗2,(0,y

∗
2))+ l∗i

(∇F(x̄)∗z∗+(∇2F2(x̄) u
‖u‖)

∗y∗2,z
∗)+w∗i

)
i∈P
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Theorem 2. Let the multifunction M be given by (18), let (x̄, ȳ)∈ gphM and let (u,v)∈X×Y with u 6=
0. Further assume that F is continuously differentiable at x̄ and that F2 is twice Fréchet differentiable
at x̄ and assume that for every nonempty subset /0 6=P ∈I ((x̄, s̄);(u,v−∇F(x̄)u)) the operators Ǎ∗P
and Â∗P(u) have closed range.

1. M is metrically pseudo-regular of order (1,2) in direction (u,v) at (x̄, ȳ) if and only if there are
not multipliers ȳ∗ = (0, ȳ∗2) ∈ Y ∗1 ×Y ∗2 and z̄∗ ∈ Y ∗ such that (z̄∗1, ȳ

∗
2) 6= 0,

−∇F(x̄)∗ȳ∗ ∈ D∗S((x̄, s̄);(u,v−∇F(x̄)u))(ȳ∗),

−∇F(x̄)∗z̄∗− (∇2F2(x̄)
u
‖u‖

)∗ȳ∗2 ∈CD∗S((x̄, s̄);(u,v−∇F(x̄)u))(ȳ∗,−∇F(x̄)∗ȳ∗)(z̄∗),

where s̄ := ȳ−F(x̄).

2. Assume that v = 0 and that there are not multipliers ȳ∗ = (0, ȳ∗2)∈Y ∗1 ×Y ∗2 , z̄∗ ∈Y ∗ and an index
set /0 6= P ∈K ((x̄, s̄);(u,−∇F(x̄)u);(−∇F(x̄)∗ȳ∗, ȳ∗)) such that (z̄∗1, ȳ

∗
2) 6= 0,

−∇F(x̄)∗ȳ∗ ∈ D∗S((x̄, s̄);(u,−∇F(x̄)u))(ȳ∗), (19)

−∇F(x̄)∗z̄∗− (∇2F2(x̄)
u
‖u‖

)∗ȳ∗2 ∈CD∗S((x̄, s̄);(u,−∇F(x̄)u))(ȳ∗,−∇F(x̄)∗ȳ∗)(z̄∗), (20)

and

〈ȳ∗2,∇2F2(x̄)(u,u)〉= sup{〈y∗2,∇2F2(x̄)(u,u)〉 |(−∇F2(x̄)∗y∗2,(0,−y∗2)) ∈ N((x̄, s̄);Pi)}

for every i ∈P . Then M is metrically pseudo-subregular of order (1,2) in direction u at (x̄, ȳ).

Proof. We proof the if-part of the first assertion by contraposition. Assuming that M is not pseudo-
regular of order (1,2) in direction (u,v), then by Theorem 1(1.) and taking into account Remark 1
there are sequences (tk) ↓ 0, (uk,vk) ∈SX×Y , (x∗k) ∈ X∗, (y∗k) ∈SY ∗ with uk 6= 0, ‖(u,v)‖(uk,vk)→
(u,v), x∗k → 0 and

(x∗k ,(−y∗k1,−‖x′k− x̄‖−1y∗k2)) ∈ N̂((x′k,y
′
k),gphM),

where x′k := x̄+ tkuk, y′k := ȳ+ tkvk. Then for each k we have (x′k,s
′
k)∈ gphS, where s′k := y′k−F(x′k) =

s̄+ tk(vk −∇F(x̄)uk + rk) with rk → 0. By passing to a subsequence if necessary we can assume
that there are index sets P ∈ I ((x̄, s̄);(u,v−∇F(x̄)u)) and Ai ⊂ {1, . . . ,mi}, i ∈P , such that for
all k we have P = P(x′k,s

′
k) and Ai(x′k,s

′
k) = Ai, i ∈P . By denoting ŷ∗k := (y∗k1,‖x′k − x̄‖−1y∗k2)

we obtain (x∗k −∇F(x′k)
∗ŷ∗k ,−ŷ∗k) ∈ N̂((x′k,s

′
k),gphS) as a consequence of [26, Theorem 1.62] and,

because N̂((x′k,s
′
k),gphS) is a cone, we also have ‖x′k− x̄‖(x∗k −∇F(x′k)

∗ŷ∗k ,−ŷ∗k) ∈ N̂((x′k,s
′
k),gphS).

Using the relation N̂((x′k,s
′
k),gphS) =

⋂
i∈P N̂((x′k,s

′
k);Pi) and the generalized Farkas Lemma (see,

e.g. [12]) we can find for each i ∈P some linear functionals l∗ki ∈ L⊥i and nonnegative numbers
λki j ≥ 0, j ∈Ai such that

‖(∇F2(x̄)∗y∗k2,(0,y
∗
k2))+ l∗ki + ∑

j∈Ai

λki j(x∗i j,y
∗
i j)‖ ≤ ‖x′k− x̄‖τk

where τk := ‖(x∗k −∇F1(x′k)
∗y∗k1,(−y∗k1,0))‖+ ‖x′k − x̄‖−1‖(∇F2(x′k)−∇F2(x̄))∗y∗k2‖ is bounded by

some constant τ . Next consider the operator which assigns to every y∗2 ∈ Y ∗2 , (l∗i )i∈P ∈∏i∈P L⊥i and
(λi j)i∈P, j∈Ai the value

((∇F2(x̄)∗y∗2,(0,y
∗
2))+ l∗i + ∑

j∈Ai

λi j(x∗i j,y
∗
i j))i∈P .
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The range of this operator is the sum of range the of Im Ǎ∗P and a finite dimensional subspace and
therefore closed by our assumption. Hence we can invoke Hoffman’s Lemma [18, Theorem 3] to find
ỹ∗k2 ∈ Y ∗2 , l̃∗ki ∈ L⊥i and nonnegative numbers λ̃ki j ≥ 0, i ∈P , j ∈Ai such that

‖y∗k2− ỹ∗k2‖+ ∑
i∈P

(‖l∗ki− l̃∗ki‖+ ∑
j∈Ai

|λki j− λ̃ki j|)≤ βτ‖x′k− x̄‖,

where the constant β > 0 does not depend on k, and

(∇F2(x̄)∗ỹ∗k2,(0, ỹ
∗
k2))+ l̃∗ki + ∑

j∈Ai

λ̃ki j(x∗i j,y
∗
i j) = 0, i ∈P.

By eventually passing once more to a subsequence we can find index sets ¯Ai ⊂ Ai, i ∈P and a
constant δ̄ > 0 such that

λ̃ki j ≥ 3δ̄ ∀k, i ∈P, j ∈ ¯Ai

and
δk := ∑

i∈P
∑

j∈Ai\ ¯Ai

λ̃ki j→ 0

Using Hoffman’s Lemma once more we find y̌∗k2 ∈ Y ∗2 , ľ∗ki ∈ L⊥i and nonnegative numbers λ̌ki j ≥ 0,
i ∈P , j ∈ ¯Ai such that

‖y̌∗k2− ỹ∗k2‖+ ∑
i∈P

(‖ľ∗ki− l̃∗ki‖+ ∑
j∈ ¯Ai

|λ̌ki j− λ̃ki j|)≤ β̌ δk,

where the constant β̌ > 0 does not depend on k, and

(∇F2(x̄)∗y̌∗k2,(0, y̌
∗
k2))+ ľ∗ki + ∑

j∈ ¯Ai

λ̌ki j(x∗i j,y
∗
i j) = 0, i ∈P.

Since limk δk = 0 we can assume without loss of generality that λ̌ki j ≥ 2δ̄ , ∀k, i ∈P, j ∈ ¯Ai. Now
consider for each i ∈P the convex cone

Ki := {(x,s) ∈ Li | 〈x∗i j,x〉+ 〈y∗i j,s〉= 0, j ∈ ¯Ai; 〈x∗i j,x〉+ 〈y∗i j,s〉 ≤ 0, j ∈Ai \ ¯Ai}

Then we have
〈∇F2(x̄)∗y̌∗k2,x〉+ 〈(0, y̌∗k2),s〉= 0, ∀(x,s) ∈ Ki

and, since Ki is a subset of the tangent cone to Pi at (x′k,s
′
k), we obtain for all (x,s) ∈ Ki

0 ≥ 〈x∗k−∇F(x′k)
∗ŷ∗k ,x〉+ 〈−ŷ∗k ,s〉

= 〈x∗k−∇F(x′k)
∗ŷ∗k ,x〉+ 〈−ŷ∗k ,s〉+‖x′k− x̄‖−1(〈∇F2(x̄)∗y̌∗k2,x〉+ 〈(0, y̌∗k2),s〉)

≥ 〈−∇F1(x̄)∗y∗k1− (∇2F2(x̄)
u
‖u‖

)∗y̌∗k2−∇F2(x̄)∗
y∗k2− y̌∗k2
‖x′k− x̄‖

,x〉+ 〈(−y∗k1,−
y∗k2− y̌∗k2
‖x′k− x̄‖

),s〉

−εk‖(x,s)‖,

where

εk := ‖x∗k‖+‖(∇F1(x′k)−∇F1(x̄))∗y∗k1‖+‖
(

∇F2(x′k)−∇F2(x̄)
‖x′k− x̄‖

−∇
2F2(x̄)

u
‖u‖

)∗
y∗k2‖

+‖(∇2F2(x̄)
u
‖u‖

)∗(y∗k2− y̌∗k2)‖.
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Denoting z∗k := (y∗k1,
y∗k2−y̌∗k2
‖x′k−x̄‖ ) we obtain

−(∇F(x̄)∗z∗k +(∇2F2(x̄)
u
‖u‖

)∗y̌∗k2,z
∗
k) ∈ N̂εk((0,0);Ki)

and, since N̂((0,0),Ki) is the polar cone of Ki, by the generalized Farkas Lemma there are functionals
w∗ki ∈ L⊥i and real numbers µki j, j ∈Ai with µki j ≥ 0, j ∈Ai \ ¯Ai such that

‖(∇F(x̄)∗z∗k +(∇2F2(x̄)
u
‖u‖

)∗y̌∗k2,z
∗
k)+w∗ki + ∑

j∈Ai

µki j(x∗i j,y
∗
i j)‖ ≤ εk.

Then, since the range of the operator which assigns to every y∗2 ∈Y ∗2 , (l∗i )i∈P ∈∏i∈P L⊥i , (λi j)i∈P, j∈ ¯Ai
,

z∗ ∈ Y ∗, (w∗i )i∈P ∈∏i∈P L⊥i and (µi j)i∈P, j∈Ai the value(
(∇F2(x̄)∗y∗2,(0,y

∗
2))+ l∗i +∑ j∈ ¯Ai

λi j(x∗i j,y
∗
i j)

(∇F(x̄)∗z∗+(∇2F2(x̄) u
‖u‖)

∗y∗2,z
∗)+w∗i +∑ j∈Ai µi j(x∗i j,y

∗
i j)

)
i∈P

,

is the sum of Im Â∗P(u) and a finite dimensional subspace and therefore closed by our assumption,
we can again apply Hoffman’s lemma to find ȳ∗k2 ∈ Y ∗2 , (l̄∗ki)i∈P ∈∏i∈P L⊥i , (λ̄ki j)i∈P, j∈ ¯Ai

, z̄∗k ∈ Y ∗,
(w̄∗ki)i∈P ∈∏i∈P L⊥i and (µ̄ki j)i∈P, j∈Ai with λ̄ki j ≥ 0, j ∈ ¯Ai, i ∈P , µ̄ki j ≥ 0, j ∈Ai \ ¯Ai such that

‖ȳ∗k2− y̌∗k2‖+‖z̄∗k− z∗k‖+ ∑
i∈P

(‖l̄∗ki− ľ∗ki‖+‖w̄∗ki−w∗ki‖+ ∑
j∈ ¯Ai

|λ̄ki j− λ̌ki j|+ ∑
j∈Ai

|µ̄ki j−µki j|)≤ β̄ εk

for some constant β̄ independent of k, and for each i ∈P

(∇F2(x̄)∗ȳ∗k2,(0, ȳ
∗
k2))+ l̄∗ki + ∑

j∈ ¯Ai

λ̄ki j(x∗i j,y
∗
i j) = 0,

(∇F(x̄)∗z̄∗k +(∇2F2(x̄)
u
‖u‖

)∗ȳ∗k2, z̄
∗
k)+ w̄∗ki + ∑

j∈Ai

µ̄ki j(x∗i j,y
∗
i j) = 0.

Because of εk→ 0 we can assume without loss of generality that λ̄ki j≥ δ̄ > 0, ∀k, i∈P, j∈ ¯Ai. Hence
for every k there is some positive real ᾱk > 0 such that λ̄ki j +αµ̄ki j ≥ 0, ∀α ∈ [0, ᾱk], i ∈P, j ∈ ¯Ai

and therefore we have

−(∇F(x̄)∗ȳ∗k , ȳ
∗
k)−α(∇F(x̄)∗z̄∗k +(∇2F2(x̄)

u
‖u‖

)∗ȳ∗k2, z̄
∗
k)

= l̄∗ki +αw̄∗ki + ∑
j∈ ¯Ai

(λ̄ki j +αµ̄ki j)(x∗i j,y
∗
i j)+ ∑

j∈Ai\ ¯Ai

αµ̄ki j(x∗i j,y
∗
i j) ∈ N̂((x′k,s

′
k);Pi) (21)

for all i ∈P and for all α ∈ [0, ᾱk], where ȳ∗k := (0, ȳ∗k2). Using [12, Lemma 3.8] we conclude that

−∇F(x̄)∗z̄∗k− (∇2F2(x̄)
u
‖u‖

)∗ȳ∗k2 ∈CD∗S((x̄, s̄);(u,v−∇F(x̄)u))(ȳ∗k ,−∇F(x̄)∗ȳ∗k)(z̄
∗
k).

Since ‖z̄∗k1− y∗k1‖+ ‖ȳ∗k2− y∗k2‖ → 0 we have (z̄∗k1, ȳ
∗
k2) 6= 0 for all k sufficiently large and taking into

account that −∇F(x̄)∗ȳ∗k ∈ D∗S((x̄, s̄);(u,v−∇F(x̄)u))(ȳ∗k), we obtain a contradiction and the if-part
is proved.
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To show the only-if-part, assume that there is some z̄∗ ∈ Y ∗, ȳ∗ = (0, ȳ∗2) ∈ Y ∗1 ×Y ∗2 such that
(z̄∗1, ȳ

∗
2) 6= 0, −∇F(x̄)∗ȳ∗ ∈ D∗S((x̄, s̄);(u,v−∇F(x̄)u))(ȳ∗) and

−∇F(x̄)∗z̄∗− (∇2F2(x̄)
u
‖u‖

)∗ȳ∗2 ∈CD∗S((x̄, s̄);(u,v−∇F(x̄)u))(ȳ∗,−∇F(x̄)∗ȳ∗)(z̄∗).

The Mordukhovich normal cone of the union of finitely many convex generalized polyhedral sets can
be written as the union of finitely many intersections of finitely many normal cones of convex general-
ized polyhedral sets, see [12, Lemma 3.4]. Since the normal cone of a convex generalized polyhedral
set is again generalized polyhedral (see e.g. [12, Example 2]) and the intersection of two general-
ized polyhedral sets is generalized polyhedral, we conclude that N((x̄, s̄);gphS;(u,v−∇F(x̄)u)) and
hence also gphD∗S((x̄, s̄);(u,v−∇F(x̄)u)) is generalized polyhedral. Hence the contingent cone of
gphD∗S((x̄, s̄);(u,v−∇F(x̄)u)) is the union of finitely many tangent cones to convex generalized
polyhedral sets and thus there is some ᾱ > 0 such that

w∗(α) := −(∇F(x̄)∗ȳ∗, ȳ∗)−α(∇F(x̄)∗z̄∗+(∇2F2(x̄)
u
‖u‖

)∗ȳ∗2, z̄
∗)

∈ N((x̄, s̄);gphS;(u,v−∇F(x̄)u))

holds for all α ∈ [0, ᾱ]. Taking an arbitrary sequence (αk) ↓ 0, we conclude from [12, Lemma 3.4],
that there are sequences (x′k,s

′
k)→ (x̄; s̄) such that

lim
k→∞

(x′k,s
′
k)− (x̄, s̄)

‖(x′k,s′k)− (x̄, s̄)‖
=

(u,v−∇F(x̄)u)
‖(u,v−∇F(x̄)u)‖

(22)

and w∗(αk) ∈ N̂((x′k,s
′
k);gphS). After eventually passing to a subsequence we can assume that there

are index sets P ∈I ((x̄, s̄);(u,v−∇F(x̄)u)), Ai, i ∈P such that for all k we have P = P(x′k,s
′
k),

Ai = Ai(x′k,s
′
k), i ∈P , implying

N̂((x′k,s
′
k);gphS) =

⋂
i∈P

(L⊥i +{∑
j∈Ai

λi j(x∗i j,y
∗
i j) |λi j ≥ 0}).

Since the set on the right hand side does not depend on k and is the intersection of convex sets, we can
conclude that w∗(α)∈ N̂((x′k,s

′
k);gphS) for all k and all α ∈ (0,α1). Because of (22) and u 6= 0 we can

assume that x′k 6= x̄ ∀k and (x′k− x̄)/‖x′k− x̄‖→ u/‖u‖. Then, setting ỹ∗k1 := z̄∗1, ỹ∗k2 := ȳ∗2 +‖x′k− x̄‖z̄∗2,

x̃∗k :=
(

∇F2(x′k)−∇F2(x̄)−∇2F2(x̄)(x′k− x̄)
‖x′k− x̄‖

+∇
2F2(x̄)(

x′k− x̄
‖x′k− x̄‖

− u
‖u‖

)

)∗
ȳ∗2

+(∇F(x′k)−∇F(x̄))∗z̄∗

we obtain

w∗(‖x′k− x̄‖) = (‖x′k− x̄‖(x̃∗k−∇F1(x′k)ỹ
∗
k1)−∇F2(x′k)

∗ỹ∗k2,(−‖x′k− x̄‖ỹ∗k1,−ỹ∗k2))

∈ N̂((x′k,s
′
k);gphS).

Since N̂((x′k,s
′
k);gphS) is a cone, we also have w∗(‖x′k − x̄‖)/(‖x′k − x̄‖‖ỹ∗k‖) ∈ N̂((x′k,s

′
k);gphS).

Then we obtain from [26, Theorem 1.62] (x∗k ,−(y∗k1,‖x′k − x̄‖−1y∗k2)) ∈ N̂((x′k,F(x′k) + s′k);gphM),
where (x∗k ,y

∗
k) := (x̃∗k , ỹ

∗
k)/‖ỹ∗k‖. Because of ‖ỹ∗k‖ → ‖(z̄∗1, ȳ∗2)‖ 6= 0 we have x∗k → 0. Now define

t ′k := ‖(x′k,s′k)− (x̄, s̄)‖/‖(u,v−∇F(x̄)u)‖, u′k := (x′k − x̄)/t ′k, σ ′k := (s′k − s̄)/t ′k. Then t ′k → 0 and
u′k → u, σ ′k → v−∇F(x̄)u by (22) and, by the definition of Fréchet differentiability, we have v′k :=
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σ ′k + (F(x̄+ t ′ku′k)−F(x̄))/t ′k → v. Defining (uk,vk) := (u′k,v
′
k)/‖(u′k,v′k)‖, tk := t ′k‖(u′k,v′k)‖, y′k :=

F(x̄) + s̄+ tkvk = F(x′k) + s′k we have (x′k,y
′
k) = (x̄, ȳ) + tk(uk,vk), (uk,vk)→ (u,v)/‖(u,v)‖ and by

Theorem 1(3.) it follows that M is not metrically pseudo-regular of order (1,2) in direction (u,v) at
(x̄, ȳ).

We prove the assertion about metric pseudo-subregularity also by contraposition. Assuming that
M is not pseudo-subregular of order (1,2) in direction u, by Theorem 1(2.) there are sequences (tk) ↓ 0,
(uk,vk)∈SX×Y , (x∗k)∈X∗, (y∗k)∈SY ∗ with uk 6= 0, ‖uk‖→ 1, ‖u‖uk→ u, vk1→ 0, t−1

k vk2→ 0, x∗k→ 0
and

(x∗k ,(−y∗k1,−‖x′k− x̄‖−1y∗k2)) ∈ N̂((x′k,y
′
k),gphM),

where x′k := x̄ + tkuk, y′k := ȳ + tkvk. Then we can proceed as before to find the sequences (s′k),
(ȳ∗k2) and (z̄∗k). Fixing some index k̄ sufficiently large and setting ȳ∗ := (0, ȳ∗2) := (0, ȳ∗k̄2), z̄∗ = z̄∗k̄
we have (z̄∗1, ȳ

∗
2) 6= 0, conditions (19) and (20) are fulfilled, −(∇F(x̄)∗ȳ∗, ȳ∗)) ∈ N̂((x′k,s

′
k);gphS), ∀k

and 〈∇F(x̄)∗ȳ∗,x′k− x̄〉+ 〈ȳ∗,s′k− s̄〉= 〈∇F2(x̄)∗ȳ∗2,x
′
k− x̄〉+ 〈ȳ∗2,s′k2− s̄2〉= 0, ∀k since P ⊂P(x̄, s̄),

Ai ⊂Ai(x̄, s̄), i ∈P . Taking into account ‖x′k− x̄‖/tk = ‖uk‖→ 1 we obtain

0 = lim
k→∞

t−1
k 〈ȳ

∗
2,vk2〉= lim

k→∞

t−2
k 〈ȳ

∗
2,y
′
k2− ȳ2〉= lim

k→∞

t−2
k 〈ȳ

∗
2,F2(x′k)+ s′k2−F2(x̄)− s̄2〉

= lim
k→∞

t−2
k 〈ȳ

∗
2,∇F2(x̄)(x′k− x̄)+ s′k2− s̄2 +

1
2

∇
2F2(x̄)(x′k− x̄,x′k− x̄)〉

= 〈ȳ∗2,
1
2

∇
2F2(x̄)(

u
‖u‖

,
u
‖u‖

)〉.

By construction we have P ∈K ((x̄, s̄);(u,−∇F(x̄)u);(−∇F(x̄)∗ȳ∗, ȳ∗). Now let i ∈P and y∗2 ∈ Y ∗2
with (−∇F2(x̄)∗y∗2,(0,−y∗2) ∈ N((x̄, s̄);Pi) be arbitrarily fixed. Then

0≥ 〈−∇F2(x̄)∗y∗2,x
′
k− x̄〉+ 〈(0,−y∗2),s

′
k− s̄〉=−〈y∗2,∇F2(x̄)(x′k− x̄)+ s′k2− s̄2〉

and we obtain

0 = 〈ȳ∗2,
1
2

∇
2F2(x̄)(

u
‖u‖

,
u
‖u‖

)〉

= lim
k→∞

t−1
k 〈y

∗
2,vk2〉= lim

k→∞

t−2
k 〈y

∗
2,y
′
k2− ȳ2〉= lim

k→∞

t−2
k 〈y

∗
2,F2(x′k)+ s′k2−F2(x̄)− s̄2〉

= lim
k→∞

t−2
k 〈y

∗
2,∇F2(x̄)(x′k− x̄)+ s′k2− s̄2 +

1
2

∇
2F2(x̄)(x′k− x̄,x′k− x̄)〉

≥ lim
k→∞

t−2
k 〈y

∗
2,

1
2

∇
2F2(x̄)(x′k− x̄,x′k− x̄)〉

= 〈y∗2,
1
2

∇
2F2(x̄)(

u
‖u‖

,
u
‖u‖

)〉,

a contradiction.

Remark 5. Let us consider the special case S(x) ≡ {0}. Then we have gphS = X ×{0} = P1 = L1,
L⊥1 = {0}×Y ∗

D∗S((x̄,0);(u,v))(y∗) =

{
/0 if v 6= 0
{0} if v = 0

,

CD∗S((x̄,0);(u,0))(y∗,x∗)(v∗) =

{
/0 if x∗ 6= 0
{0} if x∗ = 0
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and

I ((x̄, s̄);(u,v−∇F(x̄)u)) =

{
{{1}} if v = ∇F(x̄)u
/0 else

Now let u 6= 0. If v = ∇F(x̄)u, then the only nonempty subset /0 6= P ∈I ((x̄, s̄);(u,v−∇F(x̄)u)) is
P = {1} and it follows that the operators Ǎ∗P and Â∗P(u) have closed range, if and only if the opera-
tors Y ∗2 3 y∗2→∇F2(x̄)∗y∗2 ∈ X∗ and Y ∗2 ×Y ∗ 3 (y∗2,z∗)→ (∇F2(x̄)∗y∗2,∇F(x̄)∗z∗+(∇2F2(x̄) u

‖u‖)
∗y∗2)∈

X∗×X∗ have closed range. It turns out that this is equivalent to the condition that the operators
∇F2(x̄)∗ : Y ∗2 → X∗ and G∗u : Y ∗×ker∇F2(x̄)∗→ X∗, G∗u(z

∗,y∗2) := ∇F(x̄)∗z∗+(∇2F2(x̄) u
‖u‖)

∗y∗2 have
closed range. By virtue of the Closed Range Theorem this holds true if and only if the operators
∇F2(x̄) and Gu : X → Y × (Y2/ Im∇F2(x̄)), Gu(h) = (∇F(x̄)h, [∇2F2(x̄)( u

‖u‖ ,h)]) have closed range,
where [y2] denotes the equivalence class of an element y2 ∈ Y2 defined by the equivalence relation
y2 ∼ y′2 ⇔ y2− y′2 ∈ Im∇F2(x̄) and we have taken into account that ker∇F2(x̄)∗ = (Im∇F2(x̄))⊥ is
the dual space of Y2/ Im∇F2(x̄).

Hence, if ∇F2(x̄) and Gu have closed range, then the multifunction M(x) = {F(x)} is metrically
pseudo-regular of order (1,2) in direction (u,∇F(x̄)u) at (x̄,0), if and only if there does not exist
multipliers ȳ∗2 ∈ Y ∗2 and z∗ ∈ Y ∗ such that (ȳ∗2, z̄

∗
1) 6= 0 and

∇F2(x̄)∗ȳ∗2 = 0, ∇F(x̄)∗z̄∗+(∇2F2(x̄)
u
‖u‖

)∗ȳ∗2 = 0,

which is equivalent to (ImGu)
⊥ = kerG∗u = ({0}× ker∇F2(x̄)∗)×{0} respectively ImGu = (Y1×

Im∇F2(x̄))× (Y2/ Im∇F2(x̄)).
If F =F2, Y =Y2 and the direction u satisfies ∇F(x̄)u= 0, ∇2F(x̄)(u,u)∈ Im∇F(x̄), the condition

ImGu = Im∇F(x̄)× (Y/ Im∇F(x̄)) was already used by Avakov [1], the mapping F is then usually
called 2-regular in direction u. We see that for single-valued mappings the concepts of 2-regularity
and metric pseudo-regularity of order 2 are equivalent for such directions u. However, as already
pointed out in Example 2, this is not true for more general multifunctions.

The following proposition states a result which is closely related to directional metric pseudo-
subregulaity of order (1,2). We denote by Ξ(u) the set of all multipliers ȳ∗ = (0, ȳ∗2) ∈ Y ∗1 ×Y ∗2 ,
z̄∗ ∈Y ∗ such that the sufficient condition for metric pseudo-subregularity of order (1,2) in direction u
of Theorem 2 are violated, i.e. the set of all ȳ∗ = (0, ȳ∗2) ∈ y∗1×Y ∗2 , z̄∗ ∈Y ∗ fulfilling (z̄∗1, ȳ

∗
2) 6= 0, (19),

(20) and there is an index set P ∈K ((x̄, s̄);(u,−∇F(x̄)u);(−∇F(x̄)∗ȳ∗, ȳ∗)) such that

〈ȳ∗2,∇2F2(x̄)(u,u)〉= sup{〈y∗2,∇2F2(x̄)(u,u)〉 |(−∇F2(x̄)∗y∗2,(0,−y∗2)) ∈ N((x̄, s̄);Pi)} ∀i ∈P.

Note that 〈ȳ∗2,∇2F2(x̄)(u,u)〉 = 0 ∀ȳ∗2 ∈ Ξ(u) follows, because the set {y∗2 |(−∇F2(x̄)∗y∗2,(0,−y∗2)) ∈
N((x̄, s̄);Pi)} is a nonempty cone for all i ∈P .

Proposition 1. Let the multifunction M be given by (18), let (x̄, ȳ)∈ gphM and let 0 6= u∈ X. Further
assume that F is twice Fréchet differentiable at x̄ and that F2 is 3 times Fréchet differentiable at x̄
and assume that for every nonempty subset /0 6=P ∈I ((x̄, s̄);(u,v−∇F(x̄)u)) the operators Ǎ∗P and
Â∗P(u) have closed range. Then, if

〈z∗,∇2F(x̄)(
u
‖u‖

,
u
‖u‖

)〉+ 1
3
〈y∗2,∇3F2(x̄)(

u
‖u‖

,
u
‖u‖

,
u
‖u‖

)〉< 0

holds for all ((0,y∗2),z
∗)∈Ξ(u), then there are constants δ > 0 and κ > 0 such that for all x∈ x̄+δBX

with x 6= x̄,
∥∥∥x− x̄−‖x− x̄‖ u

‖u‖

∥∥∥≤ δ‖x− x̄‖3/2 and

d(ȳi,Mi(x))≤ δ‖x− x̄‖i+1/2, i = 1,2
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one has
d(x,M−1(ȳ))≤ κ(d(ȳ1,M1(x))+‖x− x̄‖−1d(ȳ2,M2(x))).

Proof. Assume on the contrary that there is a sequence (xk)→ x̄ such that for every k we have xk 6= x̄,∥∥∥xk− x̄−‖xk− x̄‖ u
‖u‖

∥∥∥≤ 1
k‖xk− x̄‖3/2, d(ȳi,Mi(xk))≤ 1

k‖xk− x̄‖i+1/2, i = 1,2 and

d(xk,M−1(ȳ))> k(d(ȳ1,M1(xk))+‖xk− x̄‖−1d(ȳ2,M2(xk))).

Then we can proceed as in the proof of Theorem 1(2.) with s = 2, (γ1,γ2) = (1,2) to find the sequence
(x̃k, ỹk). By our assumption we have ε = Ψk(y̌k−yk)≤ 4

k‖xk− x̄‖3/2 and therefore ‖x̃k−xk‖ ≤
√

k
4 ε ≤

1√
k
‖xk− x̄‖3/2. Then choosing δk <

1
k‖xk− x̄‖3/2 we can conclude that

lim
k→∞

∥∥∥x′k− x̄−‖x′k− x̄‖ u
‖u‖

∥∥∥
‖x′k− x̄‖3/2 = 0. (23)

Then we can proceed as in the proof of Theorem 2 to find the sequences (ȳ∗k) and (z̄∗k), such that
(ȳ∗k , z̄

∗
k)∈Ξ(u) holds for all k sufficiently large and 〈z̄∗k ,∇2F(x̄)( u

‖u‖ ,
u
‖u‖)〉+

1
3〈ȳ
∗
k2,∇

3F2(x̄)( u
‖u‖ ,

u
‖u‖ ,

u
‖u‖)〉<

0 for all k sufficiently large follows. By eventually passing to a subsequence,

limsup
k→∞

〈z̄∗k ,∇2F(x̄)(
u
‖u‖

,
u
‖u‖

)〉+ 1
3
〈ȳ∗k2,∇

3F2(x̄)(
u
‖u‖

,
u
‖u‖

,
u
‖u‖

)〉=:−2σ < 0

follows, since otherwise we could construct ȳ∗k2, z̄
∗
k fulfilling also the equation

〈z̄∗,∇2F(x̄)(
u
‖u‖

,
u
‖u‖

)〉+ 1
3
〈ȳ∗2,∇3F2(x̄)(

u
‖u‖

,
u
‖u‖

,
u
‖u‖

)〉= 0, (24)

because adding the single equation (24) to the system defining ȳ∗k2, z̄
∗
k does not affect the applicability

of Hoffman’s lemma. Now taking into account that ‖z̄∗k1− y∗k1‖+ ‖ȳ∗k2− y∗k2‖ → 0, ‖x′k− x̄‖z̄∗k2 → 0
and 〈y∗k1,y

′
k1− ȳ1〉+‖x′k− x̄‖−1〈y∗k2,y

′
k2− ȳ1〉 ≥ 1

2‖(y
′
k1− ȳ1,‖x′k− x̄‖−1(y′k2− ȳ2))‖ by (11), we obtain

for all k sufficiently large

〈z̄∗k1,y
′
k1− ȳ1〉+‖x′k− x̄‖−1〈ȳ∗k2 +‖x′k− x̄‖z̄∗k2,y

′
k2− ȳ1〉 ≥

1
4
‖(y′k1− ȳ1,‖x′k− x̄‖−1(y′k2− ȳ2))‖

implying

0 ≤ ‖x′k− x̄‖−3〈ȳ∗k +‖x′k− x̄‖z̄∗k ,y′k− ȳ〉
= ‖x′k− x̄‖−3〈(ȳ∗k +‖x′k− x̄‖z̄∗k ,F(x′k)+ s′k−F(x̄)− s̄〉

= ‖x′k− x̄‖−3(〈(0, ȳ∗k2)+‖x′k− x̄‖z̄∗k ,∇F(x̄)(x′k− x̄)+ s′k− s̄+
1
2

∇
2F(x̄)(x′k− x̄,x′k− x̄)〉

+
1
6
〈ȳ∗k2,∇

3F2(x̄)(x′k− x̄,x′k− x̄,x′k− x̄)〉)+ηk,

where ηk→ 0. Since P ⊂P(x̄, s̄) and Ai ⊂Ai(x̄, s̄) ∀i ∈P we deduce from (21) that

〈(∇F(x̄)∗ȳ∗k , ȳ
∗
k)+‖x′k− x̄‖(∇F(x̄)∗z̄∗k +(∇2F2(x̄)

u
‖u‖

)∗ȳ∗k2, z̄
∗
k),(x

′
k− x̄,s′k− s̄)〉= 0
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and since 〈ȳ∗k2,∇
2F2(x̄)(u,u)〉= 0 we have

〈(0, ȳ∗k2)+‖x′k− x̄‖z̄∗k ,∇F(x̄)(x′k− x̄)+ s′k− s̄+
1
2

∇F2(x̄)(x′k− x̄,x′k− x̄)〉

= 〈(∇F(x̄)∗ȳ∗k , ȳ
∗
k)+‖x′k− x̄‖(∇F(x̄)∗z̄∗k +(∇2F2(x̄)

u
‖u‖

)∗ȳ∗k2, z̄
∗
k),(x

′
k− x̄,s′k− s̄)〉

+
1
2
〈ȳ∗k2,∇

2F2(x̄)(x′k− x̄−‖x′k− x̄‖ u
‖u‖

,x′k− x̄−‖x′k− x̄‖ u
‖u‖

)〉

−1
2
‖x′k− x̄‖2〈ȳ∗k2,∇

2F2(x̄)(
u
‖u‖

,
u
‖u‖

)〉+ 1
2
‖x′k− x̄‖〈z̄∗k ,∇2F(x̄)(x′k− x̄,x′k− x̄)〉

=
1
2
〈ȳ∗k2,∇

2F2(x̄)(x′k− x̄−‖x′k− x̄‖ u
‖u‖

,x′k− x̄−‖x′k− x̄‖ u
‖u‖

)〉

+
1
2
‖x′k− x̄‖〈z̄∗k ,∇2F(x̄)(x′k− x̄,x′k− x̄)〉.

Hence, using (23) we obtain the contradiction

0 ≤ limsup
k→∞

‖x′k− x̄‖−3〈(0, ȳ∗k2)+‖x′k− x̄‖z̄∗k ,y′k− ȳ〉

= limsup
k→∞

1
2
〈z̄∗k ,∇2F(x̄)(

x′k− x̄
‖x′k− x̄‖

,
x′k− x̄
‖x′k− x̄‖

)〉+ 1
6
〈ȳ∗k2,∇

3F2(x̄)(
x′k− x̄
‖x′k− x̄‖

,
x′k− x̄
‖x′k− x̄‖

,
x′k− x̄
‖x′k− x̄‖

)〉

= limsup
k→∞

1
2
〈z̄∗k ,∇2F(x̄)(

u
‖u‖

,
u
‖u‖

)〉+ 1
6
〈ȳ∗k2,∇

3F2(x̄)(
u
‖u‖

,
u
‖u‖

,
u
‖u‖

)〉=−σ < 0

and the proposition is proved.

6 Optimality conditions

Consider the optimization problem

min f (x) subject to 0 ∈Mi(x), i = 1, . . . ,s (25)

where the objective function f : X → R is defined on the Banach space X and the multifunctions
Mi : X ⇒ Yi, i = 1, . . . ,s have values in another Banach space Yi. Given a point x̄ ∈ X we define the
multifunction M0 : X ⇒R by M0(x) := f (x)− f (x̄)+R+ respectively for arbitrary x∗ ∈ X∗ and γ ≥ 1
we define the multifunction Mx∗,γ

0 : X ⇒ R by Mx∗,γ
0 (x) := f (x)− f (x̄)+ |〈x∗,x− x̄〉|γ+2 +R+.

The base of deriving necessary optimality conditions from sufficient conditions for metric pseudo-
(sub)regularity is given by the following observation:

Proposition 2. Let x̄ be a local minimizer for the problem (25) and let u ∈ X. Assume that there are
real numbers γ0,γ1 . . . ,γs ≥ 1 and a sequence (xk)→ x̄ such that xk 6= x̄, ‖u‖ xk−x̄

‖xk−x̄‖ → u and

lim
k→∞

d(0,Mi(xk))

‖xk− x̄‖γi
= 0, i = 0, . . . ,s

Then (M0,M1, . . . ,Ms) is not metrically pseudo-regular of order (γ0, . . . ,γs) in direction (u,0) at (x̄,0).
In addition, if u 6= 0 then there is a functional x∗ ∈ X∗ such that (Mx∗,γ0

0 ,M1, . . . ,Ms) is not metrically
pseudo-subregular of order (γ0, . . . ,γs) in direction u at (x̄,0).
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Proof. To show the first assertion, assume on the contrary that M̃ := (M0,M1, . . . ,Ms) is metrically
pseudo-regular of order (γ0, . . . ,γs) in direction (u,0) near (x̄,0) with modulus κ . By passing to a
subsequence we can assume that d(0,Mi(xk)) ≤ ‖xk−x̄‖γi

k , i = 0, . . . ,s holds for all k. Taking yk :=
(−‖xk−x̄‖γ0

k ,0, . . . ,0) we obtain for all k sufficiently large that

d(xk,M̃−1(yk))≤ κ

s

∑
i=0

d(yki,Mi(xk))

‖xk− x̄‖γi−1 ≤
κ(s+2)‖xk− x̄‖

k
.

Thus there is some x̃k ∈ xk +κ(s+3)‖xk−x̄‖
k such that yk ∈ M̃(x̃k), i.e. f (x̃k)− f (x̄) ≤ −‖x̃k−x̄‖γ0

k < 0,
0 ∈Mi(x̃k), i = 1, . . . ,s, contradicting the optimality of x̄.

To show the second assertion choose x∗ ∈SX∗ such that 〈x∗,u〉 6= 0. Now assuming that M̃ :=
(Mx∗,γ0

0 ,M1, . . . ,Ms) is metrically pseudo-subregular of order (γ0, . . . ,γs) in direction u at (x̄,0) with
modulus κ and, by passing to a subsequence, that d(0,Mi(xk)) ≤ ‖xk−x̄‖γi

k , i = 0, . . . ,s holds for all k,
we obtain for all k sufficiently large

d(xk,M̃−1(0, . . . ,0))≤ κ(
d(0,Mx∗,γ0

0 (xk))

‖xk− x̄‖γ0−1 +
s

∑
i=1

d(0,Mi(xk))

‖xk− x̄‖γi−1 )≤
κ(s+1)‖xk− x̄‖

k
+κ‖xk− x̄‖3.

Thus for all k sufficiently large there is some x̃k ∈ xk+κ(s+2)‖xk−x̄‖
k such that 0∈ M̃(x̃k), i.e. f (x̃k)−

f (x̄)≤−|〈x∗, x̃k− x̄〉|γ0+2, 0 ∈Mi(x̃k), i = 1, . . . ,s. Since

lim
k→∞

x̃k− x̄
‖x̃k− x̄‖

= lim
k→∞

xk− x̄
‖xk− x̄‖

=
u
‖u‖

we obtain 〈x∗, x̃k− x̄〉 6= 0 and consequently the contradiction f (x̃k)− f (x̄)< 0.

Remark 6. If x̄ is a local minimizer for the problem (25), u 6= 0 and the sequence (xk) of Proposition
2 fulfills

lim
k→∞

xk−x̄
‖xk−x̄‖ −

u
‖u‖

‖xk− x̄‖ 1
2

= 0, lim
k→∞

d(0,Mi(xk))

‖xk− x̄‖γi+
1
2
= 0, i = 0, . . . ,s, (26)

then one can show by using similar arguments as before that we can find some functional x∗ ∈ X∗ in
such a way that there cannot be real numbers δ > 0, κ > 0 such that for all x ∈ x̄+δBX with x 6= x̄,
‖x− x̄−‖x− x̄‖ u

‖u‖‖ ≤ δ‖x− x̄‖ 3
2 and d(0,Mi(x))≤ δ‖x− x̄‖γi+

1
2 , i = 0, . . . ,s one has

d(x,(Mx∗,γ0
0 ,M1, . . . ,Ms)

−1(0, . . . ,0))≤ κ(
d(0,Mx∗,γ0

0 )

‖x− x̄‖γ0−1 +
s

∑
i=1

d(0,Mi)

‖x− x̄‖γi−1 ).

We will now explicitly formulate the necessary optimality conditions for the problem

min f (x) (27)

subject to 0 ∈Mi(x) := Fi(x)+Si(x), i = 1,2

with γi = i, i = 1,2 and γ0 ∈ {1,2}, where M := (M1,M2) is of the form (18) as we studied in the
previous section. We associate with the problem (27) the Lagrangian

L : X×R×Y ∗→ R, L (x,y∗0,y
∗) := y∗0 f (x)+ 〈y∗,F(x)〉.

Further we denote by

C (x̄) := {u ∈ X | 〈∇ f (x̄),u〉 ≤ 0,−∇F(x̄)u ∈CS(x̄,−F(x̄))(u))}

the cone of critical directions.
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Theorem 3. Let x̄ be a local minimizer of the problem (27) and assume that f and F are continuously
differentiable at x̄ and F2 is twice Fréchet differentiable at x̄. Let 0 6= u ∈ C (x̄) be any nonzero critical
direction such that there exist some w ∈ X with

(w,−∇F2(x̄)w−
1
2

∇
2F2(x̄)(u,u)) ∈ T ((u,−∇F2(x̄)u);T ((x̄,−F2(x̄));gphS2)) (28)

and for every nonempty subset /0 6= P ∈I ((x̄,−F(x̄));(u,−∇F(x̄)u)) the operators Ǎ∗P and Â∗P(u)
have closed range. Then the following hold:

1. (γ0 = 1): There exist multipliers ȳ∗0 = 0, ȳ∗ = (0, ȳ∗2) ∈Y ∗1 ×Y ∗2 , z̄∗0 ∈R+, z̄∗ = (z̄∗1, z̄
∗
2) ∈Y ∗1 ×Y ∗2

with (z̄∗0, z̄
∗
1, ȳ
∗
2) 6= 0, z̄∗0〈∇ f (x̄),u〉= 0,

0 ∈ ∇xL (x̄, ȳ∗0, ȳ
∗)+D∗S((x̄,−F(x̄));(u,−∇F(x̄)u))(ȳ∗), (29)

0∈∇xL (x̄, z̄∗0, z̄
∗)+∇

2
xL (x̄, ȳ∗0, ȳ

∗)
u
‖u‖

+CD∗S((x̄,−F(x̄));(u,−∇F(x̄)u))(ȳ∗,−∇xL (x̄, ȳ∗0, ȳ
∗))(z̄∗),

(30)
and some index set P ∈K ((x̄,−F(x̄));(u,−∇F(x̄)u);(−∇xL (x̄, ȳ∗0, ȳ

∗), ȳ∗)) with

∇
2
xL (x̄,0, ȳ∗)(u,u) =

sup{∇2
xL (x̄,0,(0,y∗2))(u,u) |(−∇F2(x̄)∗y∗2,(0,−y∗2)) ∈ N((x̄,−F(x̄));Pi)}, ∀i ∈P.

If in addition f and F are twice Fréchet differentiable at x̄ and F2 is three times Fréchet differ-
entiable at x̄, then one also has

∇
2
xL (x̄, z̄∗0, z̄

∗)(
u
‖u‖

,
u
‖u‖

)+
1
3

∇
3
xL (x̄, ȳ∗0, ȳ

∗)(
u
‖u‖

,
u
‖u‖

,
u
‖u‖

)≥ 0. (31)

2. (γ0 = 2): If f is twice Fréchet differentiable at x̄ and

−〈∇ f (x̄),w〉− 1
2

∇
2 f (x̄)(u,u) ∈ T (−〈∇ f (x̄),u〉;R+), (32)

then there exist multipliers ȳ∗0 ∈ R+, ȳ∗ = (0, ȳ∗2) ∈ Y ∗1 ×Y ∗2 , z̄∗0 ∈ T (ȳ∗0;R+), z̄∗ = (z̄∗1, z̄
∗
2) ∈

Y ∗1 ×Y ∗2 such that (ȳ∗0, z̄
∗
1, ȳ
∗
2) 6= 0, ȳ∗0〈∇ f (x̄),u〉= z̄∗0〈∇ f (x̄),u〉= 0, conditions (29) and (30) are

fulfilled and there is some index set P ∈K ((x̄,−F(x̄));(u,−∇F(x̄)u);(−∇xL (x̄, ȳ∗0, ȳ
∗), ȳ∗))

with

∇
2
xL (x̄, ȳ∗0, ȳ

∗)(u,u) = sup{∇2
xL (x̄,y∗0,(0,y

∗
2))(u,u) |(−y∗0∇ f (x̄)−∇F2(x̄)∗y∗2,(0,−y∗2))

∈ N((x̄,−F(x̄));Pi),y∗0 ≥ 0,y∗0〈∇ f (x̄),u〉= 0}, ∀i ∈P. (33)

If in addition F is twice Fréchet differentiable at x̄ and f , F2 are three times Fréchet differen-
tiable at x̄, then one also condition (31) holds true.

Proof. T ((u,−∇F2(x̄)u);T ((x̄,−F2(x̄));gphS2)) is the union of finitely many convex generalized
polyhedral cones because the contingent cone to the union of finitely many convex generalized poly-
hedral sets at some point is the union of finitely many convex generalized polyhedral cones. Hence

(u+ tw,−∇F2u− t(∇F2(x̄)w+
1
2

∇
2F2(x̄)(u,u))) ∈ T ((x̄,−F2(x̄));gphS2) ∀t ≥ 0
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follows and consequently there is some t̄ ≥ 0 such that

(x̄,−F2(x̄))+ t(u+ tw,−∇F2(x̄)u− t(∇F2(x̄)w+
1
2

∇
2F2(x̄)(u,u))) ∈ gphS2∀t ∈ [0, t̄].

Since u is a critical direction we can also assume

(x̄,−F(x̄))+ t(u,−∇F(x̄)u) ∈ gphS(x̄,−F(x̄)) ∀t ∈ [0, t̄].

To show the first assertion, choose any sequence (tk) ↓ 0 and define the sequence xk := x̄+ tku+ t2
k w.

Then limk→∞ ‖xk− x̄‖/tk = ‖u‖,

lim
k→∞

d(0,M0(xk))

‖x− xk‖
≤ lim

k→∞

| f (xk)− f (x̄)− tk〈∇ f (x̄),u〉|
tk‖u‖

= 0,

lim
k→∞

d(0,M1(xk))

‖x− xk‖
≤ lim

k→∞

‖F1(xk)−F1(x̄)− tk∇F1(x̄)u‖
tk‖u‖

= 0,

lim
k→∞

d(0,M2(xk))

‖x− xk‖2 ≤ lim
k→∞

‖F2(xk)−F2(x̄)− tk(∇F2(x̄)u+ tk(∇F2(x̄)w+ 1
2 ∇2F2(x̄)(u,u)))‖

t2
k ‖u‖2 = 0

and by Proposition 2 there is some x∗ ∈ X∗ such that the multifunction M̃ := (M̃1,M̃2) : X ⇒ (R×
Y1)×Y2

M̃1(x) := F̃1(x)+ S̃1(x) := ( f (x)− f (x̄)+ |〈x∗,x− x̄〉|3,F1(x))+R+×S1(x), M̃2(x) := F2(x)+S2(x)

is not metrically pseudo-regular of order (1,2) in direction u at (x̄,0). Now consider the multifunction
S̃(x) := R+×S(x) and let (x,(ϕ,s)) ∈ gph S̃, i.e. ϕ ≥ 0, s ∈ S(x). Then we obviously have

N̂((x,(ϕ,s));gph S̃) = {(x∗,(y∗0,y∗)) |(x∗,y∗) ∈ N̂((x,s);gphS),y∗0 ∈ N̂(ϕ,R+)}

and

D∗S̃((x̄,(0,−F(x̄)));(u,−(〈∇ f (x̄),u〉,∇F(x̄)u)))(y∗0,y
∗)

=

{
D∗S((x̄,−F(x̄));(u,−∇F(x̄)u))(y∗) if y∗0 ≥ 0, y∗0〈∇ f (x̄),u〉= 0,
/0 else

follows. Further, gph S̃ =
⋃p

i=1 P̃i, where P̃i = {(x,φ ,s) |(x,s) ∈ Pi,ϕ ≥ 0}. Hence the subspaces
L̃i associated with the convex generalized polyhedral sets P̃i are L̃i = {(x,φ ,s) |(x,s) ∈ Li,φ ∈ R}
and thus L̃⊥i = {(x∗,0,s∗) |(x∗,s∗) ∈ L⊥i }. Moreover, if ϕ ≥ 0, then {i |(x,ϕ,s) ∈ P̃i}= {i |(x,s) ∈ Pi}
Hence, denoting F̃ :=(F̃1,F2) and given some index set P ∈I ((x̄,−F̃(x̄));(u,−∇F̃(x̄)u)) associated
with (M̃1,M̃2), we also have P ∈ I ((x̄,−F(x̄));(u,−∇F(x̄)u)) associated with (M1,M2) and the
range of the operator Ǎ∗P associated with (M̃1,M̃2) can be identified with the range of the operator Ǎ∗P
associated with (M1,M2) and is therefore closed. Further the range of the operator Â∗P(u) associated
with (M̃1,M̃2) is the collection of all(

(∇F2(x̄)∗y∗2,(0,y
∗
2))+ l̃∗i

(∇ f (x̄)ϕ∗+∇F(x̄)∗z∗+(∇2F2(x̄) u
‖u‖)

∗y∗2,(ϕ
∗,z∗))+ w̃∗i

)
i∈P

,

where y∗2 ∈ Y ∗2 , (l̃∗i )i∈P ,(w̃∗i )i∈P ∈ ∏i∈P L̃⊥i , z∗ ∈ Y ∗, ϕ∗ ∈ R. Thus it can be identified by the sum
of the range of the operator Â∗P(u) associated with (M1,M2) and a finite dimensional subspace and is
therefore closed by the assumption of the Theorem.
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Now straightforward application of Theorem 2 gives the stated result. To show (31) we take into
account that f , F1 are twice Fréchet differentiable and F2 is three times Fréchet differentiable and
therefore

limsup
k→∞

d(0,M0(xk))

‖x− xk‖2 ≤ lim
k→∞

| f (xk)− f (x̄)− tk〈∇ f (x̄),u〉|
t2
k ‖u‖2 =

|∇ f (x̄)w+ 1
2 ∇2 f (x̄)(u,u)|
‖u‖2 < ∞,

limsup
k→∞

d(0,M1(xk))

‖x− xk‖2 ≤ lim
k→∞

‖F1(xk)−F1(x̄)− tk∇F1(x̄)u‖
t2
k ‖u‖2 =

‖∇F1(x̄)w+ 1
2 ∇2F2(x̄)(u,u)‖
‖u‖2 < ∞,

limsup
k→∞

d(0,M2(xk))

‖x− xk‖3 ≤ lim
k→∞

‖F2(xk)−F2(x̄)− tk(∇F2(x̄)u+ tk(∇F2(x̄)w+ 1
2 ∇2F2(x̄)(u,u)))‖

t3
k ‖u‖3

=
‖∇2F2(x̄)(u,w)+ 1

6 ∇3F2(x̄)(u,u,u)‖
‖u‖3 < ∞.

This implies that (26) is fulfilled and (31) follows from Remark 6 and Proposition 1.
The second assertion follows by using similar arguments with γ0 = 2. We omit the details.

We now apply these results to the mathematical programming problem with equality and inequal-
ity constraints

min f0(x) (34)

subject to G(x) = 0,

fi(x)≤ 0, i = 1, . . .m.

where G : X→V carries the Banach space X on another Banach space V and fi : X→R, i = 0, . . . ,m.
Associated with problem (34) is the Lagrangian

L : X×R×Rm×V ∗→ R,L (x,λ0,λ ,v∗) :=
m

∑
i=0

λi fi(x)+ 〈v∗,G(x)〉.

and the cone of critical directions at some feasible point x̄ is

C (x̄) = {u ∈ X | 〈∇ fi(x̄),u〉 ≤ 0, i ∈ {0}∪ I(x̄),∇G(x̄)u = 0}

where I(x̄) := {i ∈ {1, . . . ,m}| fi(x̄) = 0} denotes the index set of active inequality constraints. We
further denote by

Λ(x̄) := {(λ0,λ ,v∗) ∈ R+×Rm
+×V ∗ |∇xL (x̄,λ0,λ , v̄∗) = 0,λi = 0, i ∈ {1, . . . ,m}\ I(x̄)}

the set of multipliers fulfilling the first-order optimality condition of Fritz-John-type.

Corollary 3. Let x̄ be a local minimizer of the problem (34), assume that fi, i = 0, . . . ,m and G are
three times Fréchet differentiable at x̄ and that the range of ∇G(x̄) is closed. Then for any nonzero
critical direction 0 6= u∈C (x̄) there is some nonzero multiplier (0,0,0) 6= (λ̄0, λ̄ , v̄∗)∈Λ(x̄) such that

∇
2
xL (x̄, λ̄0, λ̄ , v̄∗)(u,u)≥ 0. (35)

If
0 = ∇

2
xL (x̄, λ̄0, λ̄ , v̄∗)(u,u) = sup{∇2

xL (x̄,λ0,λ ,v∗)(u,u) |(λ0,λ ,v∗) ∈ Λ(x̄)} (36)
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and the operator A(u) : X×X →V ×V ,

A(u)(x1,x2) := (∇G(x̄)x1 +∇
2G(x̄)(

u
‖u‖

,x2),∇G(x̄)x2) (37)

has closed range, then there also exist multipliers (µ̄0, µ̄, w̄∗) ∈ R×Rm×V ∗ such that (µ̄0, µ̄) ∈
T ((λ̄0, λ̄ );R+×Rm

+), µ̄i = 0, i ∈ {1, . . . ,m}\ I(x̄),

∇xL (x̄, µ̄0, µ̄, w̄∗)+∇
2
xL (x̄, λ̄0, λ̄ , v̄∗)

u
‖u‖

= 0 (38)

and
∇

2
xL (x̄, µ̄0, µ̄, w̄∗)(

u
‖u‖

,
u
‖u‖

)+
1
3

∇
3
xL (x̄, λ̄0, λ̄ , v̄∗)(

u
‖u‖

,
u
‖u‖

,
u
‖u‖

)≥ 0. (39)

Proof. First note that (35) is the standard second-order optimality condition due to Levitin, Miljutin
and Osmolovskii [24], if ∇G(x̄) is surjective. If ∇G(x̄) is not surjective, there exists 0 6= v∗ ∈ V ∗

with ∇G(x̄)∗v∗ = 0 and (35) follows with (λ̄0, λ̄ , v̄∗) = (0,0,±v∗). Now assume that condition (36)
is fulfilled. To ease the notation we assume I(x̄) = {1, . . . ,m}. We apply Theorem 3 (γ0 = 2) to
problem (34) with Y1 := {0}, F1(x) := 0, S1(x) := {0} and Y2 := Rm ×V , F2 = ( f1, . . . , fm,G),
S2(x) = Rm

+ ×{0V}. Hence gphS is formed by one convex generalized polyhedral set P1 = X ×
Rm
+×{0V}. For every v∗ ∈ ker∇G(x̄)∗ we have (0,0,±v∗) ∈ Λ and we deduce from condition (36)

that ∇2
xL (x̄,0,0,±v∗)(u,u) = 〈±v∗,∇2G(x̄)(u,u)〉 ≤ 0. Thus ∇G2(x̄)(u,u) ∈ (ker∇G(x̄)∗)⊥ and by

using the Closed Range Theorem we obtain ∇G2(x̄)(u,u) ∈ Im∇G(x̄). Hence there is some ele-
ment w0 ∈ X satisfying ∇G(x̄)w0 +∇2G(x̄)(u,u) = 0. Now we choose some finite dimensional sub-
space E ⊂ ker∇g(x̄) such that (∇ f0(x̄), . . . ,∇ fm(x̄))(E) = (∇ f0(x̄), . . . ,∇ fm(x̄))(ker∇G(x̄)) and let
denote a∗i respectively ã∗i denote the restriction of ∇ fi(x̄) to ker∇G(x̄) respectively E. Then for ev-
ery λ0, . . . ,λm ≥ 0 satisfying ∑

m
i=0 λiã∗i = 0 we also have ∑

m
i=0 λia∗i = 0 and therefore ∑

m
i=1 λi∇ fi(x̄) ∈

(ker∇G(x̄))⊥. By utilizing the Closed Range Theorem once more we can find some v∗ ∈V ∗ such that
∑

m
i=0 λi∇ fi(x̄)+∇G(x̄)∗v∗ = 0 and therefore (λ0,λ ,v∗) ∈ Λ(x̄). Hence

0≥∇
2
xL (x̄,λ0,λ ,v∗)(u,u)=

m

∑
i=0

λi∇
2 fi(x̄)(u,u)−〈∇G(x̄)∗v∗,w0〉=

m

∑
i=0

λi(∇
2 fi(x̄)(u,u)+〈∇ fi(x̄),w0〉)

and due to the Farkas Lemma we can find some element w1 ∈ E ⊂ ker∇G(x̄) such that

〈ã∗i ,w1〉+(∇2 fi(x̄)(u,u)+ 〈∇ fi(x̄),w0〉) = 〈∇ fi(x̄),w0 +w1〉+∇
2 fi(x̄)(u,u)≤ 0, i = 0, . . . ,m.

It follows that w := 1
2(w0 +w1) fulfills conditions (28) and (32). There remains to show that the

operators Ǎ∗P and Â∗P(u), P = {1}, have closed range. The linear subspace L1 associated with P1 is
X ×Rm×{0V}. Hence L⊥1 = {0X}×{0Rm}×V ∗ is the dual space of the quotient space X ×Rm×
{0V}/L1 which can be identified with V . Hence Ǎ∗P is the adjoint operator of ǍP : X × (Rm×V )→
(Rm×V )×V ,

ǍP(x,(r1, . . . ,rm),v) = ((〈∇ fi(x̄),x〉+ ri)i=1,...,m,∇G(x̄)x+ v,v)

and due to the closed range of ∇G(x̄), the operator ǍP and its adjoint operator Ǎ∗P have closed range.
Further Â∗P(u) is the adjoint operator of ÂP(u) : X × (Rm×V )×X × (Rm×V )→ (Rm×V )×V ×
(Rm×V )×V ,

ÂP(u)(x1,(r1
1, . . . ,r

1
m),v

1,x2,(r2
1, . . . ,r

2
m),v

2) = ((〈∇ fi(x̄),x1〉+ r1
i +∇

2 fi(x̄)(
u
‖u‖

,x2))i=1,...,m,

∇G(x̄)x1 + v1 +∇
2G(x̄)(

u
‖u‖

,x2),v1,(〈∇ fi(x̄),x2〉+ r2
i )i=1,...,m,∇G(x̄)x2 + v2,v2).
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Since A(u) is assumed to have closed range, it follows that also ÂP(u) and consequently Â∗P(u) have
closed range. Hence the assertion follows from Theorem 3 (γ0 = 2).

Condition (38) can be already found in [9, Corollary 5.1] but the necessary condition (39) is
new. Let us mention that in a similar way the necessary optimality conditions of [3, Theorem 4] for
the problem (34) follow from Theorem 3 (γ0 = 1). Further, the necessary optimality conditions of
[2, Theorem 2] also follow from Theorem 3 (γ0 = 1) with F1(x) := ( f1(x), . . . , fm(x)), S1(x) := R+

m ,
F2(x) := G(x), S2(x) := {0V}.

Example 4. Consider the problem

minx3 subject to x3 ≤ 0.

Then at x̄ = 0 the necessary optimality conditions of [3, Theorem 4] and [2, Theorem2] are fulfilled.
However, the necessary conditions of Corollary 3 are violated for u =−1, verifying that x̄ = 0 is not
a local minimizer.
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