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On metric pseudo-(sub)regularity of multifunctions and
optimality conditions for degenerated mathematical programs

Helmut Gfrerer*

Abstract

This paper is devoted to the analysis of a special kind of regularity of multifunction which we
call metric pseudo-(sub)regularity, when the multifunction is not metrically (sub)regular at a given
point but is metrically (sub)regular at certain points in a neighborhood with moduli possibly tend-
ing to infinity with a certain order. By using advanced techniques of generalized differentiation
we derive conditions both necessary and sufficient for this property. As a byproduct we obtain a
new sufficient condition for metric subregularity. Then we apply these results to multifunctions
composed by a smooth mapping and a generalized polyhedral multifunction and obtain explicit
formulas for this case. Finally we show how the theory can be used to obtain necessary optimality
conditions when the constraint qualification condition of metric (sub)regularity is violated.

Key words. Metric regularity, subregularity, coderivative, optimality conditions
AMS subject classification. 49J53 49K27 90C48

1 Introduction

Recall that a multifunction M : X = Y between Banach spaces X and Y is said to be metrically
regular near the point (x,y) € gphM := {(x,y) € X xY |y € M(x)} with modulus k > 0, if there are
neighborhoods U of X and V of y such that

d(x, M~ (y)) < kd(y,M(x)) ¥(x,y) €U x V. (1)

Here d(x,Q) denotes the usual distance between a point x and a set Q. Metric regularity plays an
important role in many fields of nonlinear analysis and its applications, in particular in optimization,
constraint qualification conditions and stability analysis. For a survey on the theory of metric reg-
ularity and also on the related notions of pseudo-Lipschitz continuity, Aubin property, Lipschitz-like
property and openness with a linear rate we refer to [19] and to the monographs [21], [26], [29] and
the references therein.
When fixing y = ¥ in (1) we obtain the weaker property of metric subregularity of M at (X,5y), i.e.
we require the estimate
d(x, M '(5)) < xd(7,M(x)) VxeU ()

with some neighborhood Uof x and a positive real k¥ > 0. This property as well as its equivalent
calmness counterpart for the inverse multifunction and their applications have been studied extensively
in recent years, see e.g. [5, 6, 7, 10, 11, 12, 13, 14, 15, 16, 17, 20, 22, 23, 27, 28, 30, 31, 32, 35, 36].
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In this paper we consider the case that the multifunction M : X = Y is not metrically regular near
(x,¥) respectively not metrically subregular at (X,y). Metric regularity of order y > 1 has been studied
in [8] which is defined as the validity of the estimate (1) with d(y,M(x)) replaced by d(y,M(x))'/?,
see also [34]. Similarly, when replacing d(y,M(x)) in (2) by d(y,M(x))?, 0 < g < 1, one obtains
the property of metric (Holder) g-subregularity [25]. Here we use a different approach. We will
introduce directional versions of the concept of metric pseudo-(sub)regularity of order v, Y > 1, where
M is assumed to be regular near certain points (x,y) € gph M respectively subregular at points (x,y) €
gphM near (%,7), but the moduli k behave like O(1/|x —x||Y~!) for x — ¥ and also the size of the
neighborhoods U and V depend on x and y. For smooth mappings F : X — Y, i.e. M(x) = {F(x)}, this
concept with order ¥ =2 is closely related to the 2-regularity property of F [1]. Further, metric pseudo-
(sub)regularity of order y implies metric Holder 1/y-subregularity. We will also consider the case that
the multifunction M (x) = (M (x),...,M,(x)) is composed by several multifunctions M; : X =2 ¥; and
the components M; have pseudo-(sub)regular behavior of different orders ¥;.

The rest of the paper is organized as follows. After recalling some preliminaries in section 2,
we state in section 3 the definitions as well as the basic properties of metric pseudo-(sub)regularity
and present some examples. In section 4 we give an equivalent characterization of metric pseudo-
regularity and a sufficient criterion for pseudo-subregularity of arbitrary order by means of limiting
objects from generalized differentiation as originated by Mordukhovich. In section 5 we consider
multifunctions M (x) = (M) (x),Ma(x)) of the form M;(x) = F;(x) + Si(x), i = 1,2, where F; : X — Y; is
a sufficiently smooth mapping and S; : X 2 Y; is a generalized polyhedral multifunction and formulate
explicit conditions for pseudo-(sub)regularity of order ¥; = i, i = 1,2. Finally, in the last section we
treat optimization problems of the form

l;cIéi}I(lf(x) subject to 0 € F(x) +S(x),
where F is a sufficiently smooth mapping and S is a generalized polyhedral multifunction. We obtain
necessary optimality conditions which, when applied to the mathematical programming problem with
equality and inequality constraints, contain and even improve the optimality conditions as presented
in[2,3,9].

Throughout this paper let X, Y, W and Z be Banach spaces equipped with norm || - ||. By X* we
denote the topological dual of X with the canonical pairing (-,-) between X and X*. %y := {x €
X |||x|]] < 1} denotes the closed unit ball and .#x := {x € X | ||x|| = 1} denotes the unit sphere. Unless
otherwise stated, we assume that the product space X X Y of two spaces X and Y is equipped with
a norm satisfying max{||x||, ||y||} < [[(x,y)|| < ||x[| + ||ly||. Given an element of a product space, e.g.
7 € X x Y respectively w € W; x ... x W,, we denote by appropriate indices the corresponding com-
ponents, e.8. z = (zr,2y) € X x Y respectively w = (wy,...,wy) € [T/, W;. Given a closed subspace
L C X, we denote by L+ := {x* € X*| (x*,1) = OVI € L} the annihilator of L and by X /L the quotient
space. Note that (X /L)* can be identified with L.

2 Preliminaries

At first let us recall some constructions from variational analysis. Let € be a nonempty subset of a
Banach space X and let x € Q. The contingent cone to Q at x, denoted by 7 (x;Q), is given by

X —X

T(xQ):={d € X|3(x) €Q, (1) L0 —d}.



Given € > 0 we denote by

(", X' = x)

Ne(x;Q) = {x* € X* lhmsup v —a]

x%x

<e} 3)

the set of €-normals to Q. When € = 0, elements of (3) are called regular/Fréchet normals and their
collection is denoted by N (x; Q). Finally, the limiting/Mordukhovich normal cone to  at x is defined
by

N(x; Q) :={x"|3(&) L 0, (xx) By, (x7) 5 x* 2 xf € N, (xi; Q)Vk}.

If x £ Q we put T (x; Q) = 0, N(x; Q) = 0 and N (x; Q) = 0 for all € > 0.

The Mordukhovich normal cone is generally nonconvex whereas the Fréchet normal cone is al-
ways convex. In the case of a convex set €, both the Fréchet normal cone and the Mordukhovich
normal cone coincide with the standard normal cone from convex analysis and moreover, the contin-
gent cone is equal to the tangent cone in the sense of convex analysis. Further, for convex sets Q there
holds

Ne(x; Q) = {x* e X*|d(x",N(x;Q)) < €}.

Given a multifunction M : X = Y and a point (%,¥) € gphM, the contingent derivative of M at (X, )
is defined as the set-valued mapping CM(X,y) : X =2 ¥ with the values CM (%,5)(u) :={v e Y| (u,v) €
T((x,7);gphM)}, i.e. CM(%,¥)(u) is the collection of all v € Y such that there are sequences (#) J. 0,
(ug,vi) = (u,v) with (X+ txug, 5+ t5v) € gph M.

The normal coderivative of M at (%,¥) is a multifunction DyM (X,y) : Y* = X*, where DyM(X,7) (y*)
is the collection of all x* € X* for which there are sequences (&) | 0, (x¢,yx) — (%,5) and (x7,y;) K>( V)
with (x;, —v;) € Ne, (i, y¢); gph M).

The reversed mixed coderivative of M is the version of the normal coderivative with strong con-
vergence in X* and weak* convergence in Y* and is denoted by D},M(%,7). For more details on the
Mordukhovich normal cone and coderivatives we refer the reader to the monograph of Mordukhovich
[26].

The following directional version of these limiting constructions were introduced in [11]. Given
a direction u € X, the Mordukhovich normal cone to a subset £ C X in direction u at x € Q is defined
by

N(x;Qu) = {x"|3(&) 1 0, (%) 1 0, (ug) — u, (x3) X 2 x5 € Ng, (x+ trug; Q) VK.

For a multifunction M : X =2 Y and a direction (u,v) € X x Y, the normal coderivative (respectively
reversed mixed coderivative) of M in direction (u,v) at (¥,y) € gphM is defined as the multifunction
DiyM((%,5); (u,v)) : Y* = X* (respectively Dj,M((%,7); (u,v)) : Y* = X*), where DM ((%,5); (u,v))(y*)
(respectively DM ((%,7); (u,v))(y*)) is the collection of all x* € X* for which there exist sequences
(&) 4.0, (1) 1O, (ug,v) = (u,v) and (x7, ;) K*>()c*,y") (respectively x; — x*, y; K*>y"‘) with (x;, —y;) €
Ne (R + teug, 7+ trvi); gph M)

Note that N (x; Q) = N(x;Q;0), DyM(%,5) = DM ((%,7)

In [12],the strong coderivative of M in direction (u,v) at
DiM((%,¥); (u,v)) 1 Y* = X*, where DM ((X,5); (u,v))(y*) i
there exist sequences () J 0, (ug,vk) — (u,v) and (xk,yk)
tvk);gphM). Further we set DM (X, ) : D;M(()E,y);(0,0)).

To study the directional behavior of multifunctions, it is convenient to introduce the following
neighborhoods of directions: Given a Banach space X, a direction u € X and positive numbers €, 5 > 0,

:(0,0)) and DM (%, 5) = D3 M((%,7): (0,0)).
(%,¥) is defined as the set-valued mapping
is the collection of all x* € X* for which
(x*,y*) with (x, —y;) GN((X-HkMka)"F



the set V, 5(u), is defined by
Ves(u) == {x € eBx| ||[|ullx — [[xlue|| < x| [Juell}. 4
This can be written also in the form

vestay = [T LxE B0 [ — i <8} ituzo
" ehx if u=0.

Note that V, 5(u) = V, s(ou), Vo > 0 and that, given X € Z and a sequence (x;) — X, there exist
sequences (#) | 0, (ux) — u with x; = X+ tuy, if and only if for every € > 0, § > 0 there is some index
ke 5 such that x; € Z+intV, 5(u), Vk > k, 5. Further, for all 0 # u,u’ we have

u u l|lu—u||

—— | <2 .
loal | o’} moaxf a1}

In the sequel we will also consider generalized polyhedral multifunctions. A convex generalized
polyhedral set is the intersection of a closed affine subspace and finitely many closed halfspaces. A
set-valued mapping S : X =3 Y is called a generalized polyhedral multifunction, if its graph is the union
of finitely many convex generalized polyhedral sets, i.e.

p
gphS=| P CXxY, (5)
i=1
b= {(x,y) S (x;>y:)+Ll‘ <x:'<j7x> + <y;kj7y> < Clja] = 1,...,7’}’11‘}, i= 17"'1p7 (6)
where foreachi=1,...,p, (x,y}) € X xY, L; C X x Y denotes a closed subspace, x;; € X*, yi; € Y™,
7)1,...,m; are continuous linear functionals and {;; € R.

It was shown in [12, Lemma 3.8] that for a generalized polyhedral multifunction S : X = Y the
strong coderivative and the normal one coincide for all directions (u,v):

DyS((%,5): (u,v)) = DsS((%,9): (u,v)) =: D*S((%,9); (u,v)).

Finally, given an extended-real-valued function f : X — R, the regular/Fréchet subdifferential at
x € dom f is given by

Sl h) — £ — ()
7] =0}

df(x) == {x* € X*| liminf
h—0
and éf(x) := 0 for x ¢ dom f.

3 Metric pseudo-(sub)regularity of multifunctions

Throughout this section let s > 1 be an integer and let M; : X =3 Y;,i=1,...,s be closed multifunctions
between the Banach spaces X and Y;. Further we define the multifunction

M:X=Y =Y x...xY, M) =(M/x),... Mix)). (7)

For given y € Y we denote by y; € Y;,i =1, ...,s the components of y



Definition 1. Let M be given by (7), (%,7) € gphM, and let the real numbers y; > 1, i=1,...,s be
given.

1. Given a direction (u,v) € X XY, we say that M is metrically pseudo-regular of order (y1,...,%)
in direction (u,v) near (X,y), if there are positive real numbers €,6 and K, such that

N

d(x M; 8
. =0 M) ®
holds for all (x,y) € (X,¥) + Vg s(u,v) with x # X and d(y;, M;(x)) < 0||x = ||, i=1,...,s
We say that M is metrically pseudo-regular of order (yi,...,Ys) near (X,y), if this definition
holds for (u,v) = (0,0).

2. Given a direction u € X, we say that M is metrically pseudo-subregular of order (yi,...,%) in
direction u at (X,y), if there are positive real numbers €, and K, such that

e d (7, Mi(x)) ©)

holds for all x € X+ V¢ 5(u) with x # X.
In case that this definition is fulfilled for u = 0 we say that M is metrically pseudo-subregular
of order (1i,...,%) at (%,¥).

By the definition it follows that M is metrically pseudo-regular of every order in direction (u,v)
near (X,y), if v CM(X,y)(u). Further, metric pseudo-subregularity of order 1 in direction u is the
same property as metric subregularity in direction u, which is defined by the validity of (2) for x €
X+ Ve 5(u) (cf.[11]).

Example 1. 1. For every ¥ > 1 the mapping M : R = R, M(x) := {|x|"} is metrically pseudo-
regular of order y near (0,0). The case y = 1 provides an example of a multifunction, which is
metrically pseudo-regular of order 1, but not metrically regular.

2. Given real numbers y; > 1,i=1,...,s, the multifunction M : R* = R, M (x) := {|x;|", ..., |x|"}
is metrically pseudo-regular of order (1,...,Ys) near (0,0) in every direction (u,v) satisfying

Lemma 1. Let M : X ==Y be metrically pseudo-regular of order y > 1 in direction (u,v) near (%,y) €
gphM. Then there are positive reals k',€',8',p > 0 such that for every (%,5) € ((X,5) + Ver 5 (u,v)) N
gph M with X # X one has

/

Al M () < 0 M)

forall (x,y) € (¥+p||¥— || Zx) x (y+ pl|¥ — %" Zy).

Proof. Let the reals €, k, 0 be chosen according to the definition of metric pseudo-regularity of order
y and choose € = min{e/2,1}, 8’ = 6/2. Then for arbitrary ¥ > Kk we choose p < 1/2 small
enough such that 4p < §/2, k/(1—p)"!' <k’ and p(k+1)/(5(1 —p)?) < k. Now let (%) €
((%,9) + Ve 5 (u,v)) N gph M with X # X be arbitrarily fixed and consider (x,y) € (X+ p||x — %[ %Bx) x
(F+p||x—x||"%y). Since ||f—x|| <& <1and y>1 we have || —x||” < ||¥— x| and therefore
15,9) — (59)| < 2p[15 5] < 20| (7.5) — (%,5) | Hence ||(x,y) — (5, 9)]| < (1+2p)¢’ < € and

) -5 (G5 (E)
e e e

5




showing (x,y) € (X,5) + Vg s(u,v). If d(y,M(x)) < &]x — || then

~

K K
—pie—ayr 14O = e

On the other hand, if d(y, M(x)) > &||x—x||?, we obtain because of d(y,M (X)) < p||Xx—x||* < d||x—x||”

(e, M~ (y) € —=——d(y,M(x)) <

< T (s M().

AeM0)) < ol M (0)) < Pl + e dOsM )
< pllE— xH+HKHy_lpHx XHY_HP}I—i_Hf_)l”N x|
p(1+kK) gl < p(1+kK) .
Far i —py = iy O M)
< oo M),

O

Lemma 2. Let M : X =Y be metrlcally pseudo-subregular of order 'y > 1 in direction u at (%,y) €
gphM. Then there are positive reals k',€',8',p > 0 such that for every % € (X+ Vg 5 (u)) "M~ (5)

with X # X one has
/

d(xe, M (5)) < ——

< Wd(i,M(x))

forall x € ¥+ p||x — X|| Bx.

Proof. Let the reals €, k, 0 be chosen according to the definition of metric pseudo-regularity of order
y and choose €' = €/2, 5’ 0/2. Then we choose some k' > kK and p < 1 small enough such that
2p <8/2,k/(1—p)"! < k'. Now let X € (¥+ Ve 5 (1)) N\M ! (§) with £ # % be arbitrarily fixed and
consider x € ¥+ p||% — X||#x. Then

xX—X X—x 0
I el =2 <5
o= [le—x]
and together with |[x — || < |lx—X||+ || — || < (14 p) || — X < 2¢’ = € we conclude x € £+ V, 5(u).
Hence
A M 5) < M) < g A5 M) < M)
B o A L Al e T
O

Lemma 3. Let M : X =2 Y be metrically pseudo-regular of order y > 1 in direction (u,0) near (%,5) €
gph M. Then M is also metrically pseudo-subregular of order y in direction u at (X, ).

Proof. Let the reals €,x,0 be chosen according to the definition of metric pseudo-regularity of or-
der 7. Then, if x € X+ V, 5(u) and d(3,M(x)) > &||x — x||” we obtain d(x,M(¥)) < [x—x|| <
d(y,M(x)) and hence

I S
S| lx—x|[7!

1 1
1= _
dl, M~ () < [lx—x[| < max{’f,g}m

follows. [

d()_)aM(x)) Vx e X+V8,5(u)7x7éx



We now show that pseudo-subregularity implies Holder subregularity as considered in [25]. The
following lemma states a directional version.

Lemma 4. Let M : X == Y be metrically pseudo-subregular of order y > 1 in direction u at (%,y) €
gph M. Then it is also metrically Holder subregular of order 71/ in direction u at (%), i.e. there exist
positive real numbers €' ,8', k' > 0 such that

d(e, M~ (5)) < Kd(F.M(x)7 Vx € T+ Ve 5 ()
Proof. Let the reals €, k,0 be chosen according to the definition of metric pseudo-subregularity of

order yandsete’ =€, 6’ =90, k' = k7. Consider x € X+ Ve g (u). I d(3,M(x)) > L|[x—%||” then we

obviously have d(x, M~ (3)) < ||x—x|| < K’d()‘z,M(x))%. On the other hand, if d(7, M (x)) < L ||x—||”
then
K

(kd(5,M(x))) 7

<=

d(x, M1 (5)) < d(y,M(x)) = K'd(y,M(x))7.

< Wd(ﬁM()‘)) <

O]

The following example demonstrates that the order of pseudo-subregularity can be less than that
of pseudo-regularity.

Example 2. Consider the multifunction M : R = R?, M(x) := (x,1 —x*) — B2 at (%,7) = (0,(0,0)),
where R? is equipped with the Euclidean norm. Then M~1(0,0) = [—1,1] and therefore M is metri-
cally subregular (and hence metrically pseudo-subregular of order 1) at (%,5). However, it is easy to
see that M is not metrically pseudo-regular of order 1 in any direction (u,(0,0)). Now let us verify
that M is metrically pseudo-regular of order 2 in every direction (u,(0,0)), 0 # u € R. Consider arbi-
trary (x7 (ylayZ)) S ()E,Y) +V£,5(u7 (070)) withx #0, 0 < d((y17y2)>M(x)) < 5|x|2 with € =6 = 0.01.
Then
H(yhyZ)H < (x7(yl7y2)) —(l,(0,0))H < B
[1Ge, G2 DI~ TG G y2 )l

and || (y1,y2)| < %]x] < 0.011|x| follows. Further

(1) M@) = 4122y 1= (=) + (12 =3~ 1)
= J((x=y)* = (+y2)2-* - 1))

where { =1/(\/(x—y1)2+ (1 —x2 —y2)2+1) € [0.4999,0.5001].
Now we will show that (yy,y2) € M((1+ f)x), where f =2d((y1,y2),M(x))/x>. We have (y1,y>) €
M((1+ f)x) if and only if |(1+ f)x —y1,1 — (14 £)2x> — y2)||* < 1 and this holds true because of

(U4 =y, 1= (14 £ = y2) [P = T < (L4 fx—yi, = (121 =y2) >~ 1

= (X—yl)z—(szryz)(z—xz—yz)+2fx2(1—y;l+g)—2fx2(2—2fx2—2(xz+yz)))
= <x—y1>2—<x2+y2)(2—x2—yz>—2fx2<1+y;1—g—zfx2—2<x2+yz)>
= A1) M)~ 41+ 2 =L =272 =202 ) <0

by taking into account |y;| <0.011|x|, f <28 =0.02, x? <0.0001 and |y,| < 0.00011.

X



Hence d(x, M~ (y1,y2)) < flx| = 2d((y1,y2),M(x))/|x — X| showing that M is metrically pseudo-
regular of order 2 in direction u.

Note that the mapping x — (x, 1 — x?) is not 2-regular at O with respect to By in any direction u
in the sense of [4, Definition 1].

4 Pointbased characterizations of metric pseudo-(sub)regularity

Our sufficient conditions for metric pseudo-(sub)regularity are only valid under the following assump-
tion:

(A1) We say that the multifunction M : X == Y between Banach spaces fulfills assumption (A1) at
X € X if either

1. both X and Y are Asplund spaces, or
2. Y is Fréchet smooth, or

3. M is of the form M(x) = F(x) 4 S(x), where the mapping F : X — Y is continuously differen-
tiable in a neighborhood of X and S : X =2 Y is either a generalized polyhedral multifunction or
a closed convex multifunction.

Theorem 1. Let the closed multifunction M : X =Y be given by (7), let (X,7) € gphM, let (u,v) €
XxYandlety,>1,i=1,...,s.

1. Assume that assumption (Al) is fulfilled and that there do not exist sequences (&) 10, (t) ] 0,
(Ui, vi) € Fxxy,(x7) € X*, (00) = Dkys- -0 Vis) € Sy with wi # 0, ||(u,v)]| (u, vie) —= (u,v),

x; — 0and
1— (1% y )
(s (=l = =" =l = 2T%9%)) € Ney (32, 3%): gph M),
where x} := X+ tgug, y; := Y+ tyvk. Then M is metrically pseudo-regular of order (Yi,...,%) in

direction (u,v) near (%,5).

2. If assumption (Al) is fulfilled and there do not exist sequences (&) | 0, (tx) } 0, (ug,vk) €

Fxxr () € X5, (00) = 0ys---5Vis) € Sy (0,¥) € X XY with |ug| — L, ||uljux — u,
1-% . . o _ _
I T —0,i=1,....s, xp =0, (x, ) = (£,5) + 1, i), X3 % Y 5,
(s (=l = %5, =l = &%) € Ny (3,703 ph M) (10)
and / R
s * —x|[t=7 — v
lim _ Ezzl(?’ki’ H)_Ck x| /(ykl_ 1{1)> — —1, (11)
k—reo H(ka_xH " (ykl _)’I)V--:ka_x” %(yks_ys))H
then M is metrically pseudo-subregular of order (Vi,...,%) in direction u at (%,y).

3. Assume that there exist sequences (&) 0, (tx) 10, (ug,vi) € Pxxy,(x7) €X* (¥7) = Viys-- Vi) €
Sy with ug # 0, || (u,v) || (ux, vi.) = (u,v), x; — 0 and

(s (= lloe = %"y, oy = [l = 2 70%,)) € Ny (v i) gph M),

where xi := X+ tyuy, yr ' =y +1trvr. Then M is not metrically pseudo-regular of order (Y1, ..., %)
in direction (u,v) near (X,y).



Proof. We proof the first part by contraposition. Assuming on the contrary that M is not pseudo-
regular of order (¥,...,%) in direction (u,v), we can find for each k elements (xg,y) € (%,7) +
Vi1 (,v), 36 = (1, -, Vis) such that x # %, d(yir, Mi (xx)) < gl =¥, i=1,...,s and

N
d(ve, M1 () > & Y e =3 d (s, Mi ()
i=1

Then we can choose for each k some ¥ = (Vg1, ..., Vrs) € M(xx), such that ||y — V|| < 2d(yii, Mi(xx))
and

N
d(oe, M~ () > kY =P lywe — Sl

i=1

Define ¥, : Y — R by

et ops) = e =2y, e =3l )

Then € := Wi (x — i) < Xy llxx — |7 Iy — Yail] < %ka — x|| and by Ekeland’s variational prin-
ciple there are (%,3%) € gphM such that Wi (x — yi) < WGk — yi)s || (Fx, Tk) — (i, V) || < %8 <
ﬁ”xk—xﬂ and

- 2s L
Wi Tk — i) < ‘Pk(y*kaﬁll(x,y) — (%, Jw)l5 V(x,y) € gphM. (12)

Note that | |
0<(1——)|lxp—x|l <z —x|| < (14+—)||xz —x|| Vk > 2. 13
( \/l;)Hk | < [1% — %[ < ( \/E)Hk | Vk > (13)

Further we have

d(oe, M~ (k) > kY [ve— &l vk — Vil > Kk —ye) = ke
i=1

and therefore VR
- . k
d(E, M () > ke — || — x| > (k—g)e, (14)
showing v, & M(%) and yi # 5.
Since [y — yell < T 56— yiall < 25 [l — %[ < 2 %] we obtain

| (Fr, 95) — sy < 11 Er F) — e, V) |- Gk, k) — (s ) |
1 2s _ 1 2s _
(ﬁJF ?)ka—xH < (ﬁJF f)”(xk,yk) — &),

IN

implying

lim ()Ek,y:k) - ()E»)j) (o) — (?Ea)j) _o. (15)

keven || (X, ) — (9| (] (e, i) — (5,9
In case that both X and Y are Asplund spaces, by using the fuzzy (semi-Lipschitzian) sum rule
(see for example [26, Theorem 2.33])), for arbitrary & > 0 we can find points (xl’c,y;c), (x, ) in
(%, %) + 8By «y and linear functionals (£f,57) € N((x},}),gphM) and (£}, ¥;) € o (Pr (¥} —yi) +

Ak A%

ZN ) — G i) ) such that || (£, 97) + (5, 5% || < 8. Taking & = g min{ |5 — [, |5k —yill} we




have y} # yx and therefore, by convex analysis there is some linear functional y; = (;,,...,V;,) € S+
such that

Ve = (e =150, b= 7T 5) € 0¥k — i)
and ||$; + ;|| <5k+\2} Furtherwehave (el <5k+\[ Defining 3, := —9;; [, — %[, i=1,...,s

we conclude ||7}; (M) -yl < (5;;1—% [lxx —%||"~! —0,i=1,...,s and therefore ||§}| — 1

[l
by taking into account (13) and consequently

0 < (1_11{)(1_\}];
< <1+,1€>||fk—xu§<1+;><1+Jl,;>||xk—x|wkzz.

Setting t¢ = [ (4,34) = (&) . (te,) 1= ((63}) — (2.9)) /s 5 = £/ 33 = 57/ 157 | we obain
the contradiction

_ [ INTI _
b =2 < (1= D)% = 3| < g =]

(o (=l = 75, = k= 711 3%,)) € N (g, ¥4), gph M),

since (x},Y;) = (X,5) + tx (uk, vi), ux # 0, x; — 0 and || (u,v)|| (ux,vk) — (u,v) follows from (15) and
1&dl) — Gl < 8 < Hl(Eosio) — E D)

In case that Y admits a Fréchet smooth renorm we can assume without loss of generality that the
original norm || - || on Y is Fréchet smooth. Because of y; # y; the function ¥y is Fréchet differentiable
at Jix — y and there exists a functional y; = (7, ...,7},) € ¥+ with

V=) = (e =755 = 2% 5)

By the definition of Fréchet differentiability there exists a positive radius p such that W (y — yi) —
Wi (e —vi) < (VG — 1),y — F) + implying

0< V\P<y~k—yk><y—y~k>+f/}u<x7y> — Gl

A,

forall (x,y) € gphM N ((Xx, Jx) + pxPBx «v ) and consequently (0, — V¥ (Fx —yx)) € N3 (()Zk,)?k);gphM).

S

Because of (13) we have i # 0 and the functionals §; = (5, .- .,7;,) with

- 1-v%
A ek — ]| .
V= <’fk—f|| Vi i=1,....,8

satisfy limy . ||A H = 1. Taking 7 := [|(%, i) — (X9, (wie, vie) == (%, ) — (5,5)) /10 X = 0,y =
i/ I9%s & = \/H o we obtain the contradiction

(e, (=l = 711"y, = 1 G = 5 i,)) € N (3, 3v), gph M).

Next consider the case when M (x) = F(x) + S(x) where the mapping F : X — Y is continuously
differentiable near X and S is either a generalized polyhedral multifunction or a closed convex map-
ping. Let F;: X — Y;, i =1,...,s denote the components of F'. Then we can find a radius 0 < p; < %
such that

[[Fi(x) = Fi(%) — VE (%) (x = Xk)\|<7\|Xk—X||Y’ Hlx— %l Vx € B+ puBx, i =1,
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We can assume without loss of generality that for all k the ball x; + pr%Bx is contained in some
neighborhood of ¥ where F is Lipschitz continuous with modulus L. Since

S
W) =) <Y Il ==y —yill ¥y, €7,
i=1

we deduce from (12) that

W(F (%) + pr — yi) < W(F (%) + VF (%) (x = %) +p — i) + ﬁ(l +L)||(x =X, p— pi) | = P(x, p)

vk

holds for all (x, p) € gph SN (% + pxHBx) x Y, where py := §i — F(¥). In case that S is a generalized
polyhedral multifunction we obtain by using [12, Lemma 4.2] that 0 € 0¥ (%, Pr) +N((%x, Pr); gphS).

Ak Ak

Hence there is some linear functional linear (£, p;) € N((%, px),gphS) N (— O (%, pr))- From [12,
Lemma 3.4] it follows that for arbitrary & > O there is some (xi,p}) € (X, Pr) + cBx <y With
()2,’;, pt) € N((x},p});gphS) and by convex analysis it follows that there is some linear functional

Vi = rys---50%) € S+ with

. - —Y * v o = — Y X% AX 3s
1Y I = %'V F () "5+ 5 (e = 255, e =2l %yks)"i‘pk)HSﬁ(l""L)'

i=1
Setting §;; := —pr.||x, — [|" 71, % := £ — VF(x})* p; we have

(T x =200+ (=l = &5, e = 7 55,), F () + p— F(x0) = ph)
= (#x—x0) + Pk, P — Pl + (Bks F(x) = F(x) — VF (x) (x — x))

for all (x, p) € X x Y and therefore
(s = (et =5 e = 7% 5%)) € N((ad, F () + pio)s gph M).

Taking & < %min{”ik—iﬂ, ||% — y«||} small enough such that || VF;(%)* — VF;(x,)*| < %ka—)EHV"_]
i=1,...,s and taking into account ||£; — VF (%)*p;|| < (1+ HVF()Ek)*H)%(l + L) we obtain

1%l < (1% — VF &) il + [|(VF (%) = VF (x)") pi |
3s #\ Ak
< \/];(1‘1'HVF(XI<) N(1+L) +ZII (VE(%)" = VE(x)") pill
3s *
< (14 [IVF (% ||+Z||VF (%) = VE(x)"[))(1+L)
Vk 5
N
+ ) I(VE(E)" = VEx)*) lx— x5
i=1
3s
< (14 [IVF (% H+ZHVF = VEQ) N +L)+
Vi
showing %; — 0 as k — oo. Further we have foreachi=1,...,s

, 3s
15 = Fall <l =217 ||l — 01" %ykz+pkz”<\/I;(l"’_L)ka_xH%
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implying |57 || — 1. Setting yj = F (x;) + Pl tk = || (¥, 33) = B 9)s (e, vi) := (3 ¥%) — (£:,9)) /1

x; =% /15 vi .= 55/|19%|| we obtain the contradiction

(%, (=l =1 Ve, =[O = %9%,)) € N3 %), gph M),

In case that § is a closed convex multifunction we have 0 € 9 (%, ) + N((%., fr): gphS) by convex
analysis and similar arguments as before yield the contradiction.

Next we show the assertion about pseudo-subregularity by contraposition. Assuming that M is
not pseudo-subregular of order (¥;,...,7%) in direction u, we can find for each k an element x; €
T+Via (u) such that

N
d(x, M71(5)) > kY [l — 2 (5, Mi ().
i=1
This implies x; # ¥ and for each i

e 1 . 1 _
e — %' d (5, Mi () < 4w, M ') < o=

and therefore |
d(7i, Mi(xx)) < %ka—fH%-

Then we can proceed as before with y, = ¥, v = 0 to find the sequence (%, ). Since Wi (i — yx) <

Wi (5% — ) = & < 2||xx — %|| we conclude |5 — 3| < 2|lxx —%[|", i = 1,...,s. Hence, if we define
the sequences 7 := ||(Xk,5x) — (£,9) ||, (i, Vx) = ((Zk, k) — (%,¥))/fi we obtain (i, Vi) € Sxxy and,

, ~1_%\7k,- —0,i=1,...,s. Now, if we choose 0, small
enough such that & < 1 |lxx — X||™™% also holds, then we can also conclude |juc|| — 1, [juux — u,
t,: T = 0, 0 = 1,...,s. There remains to show (11). In case that both X and Y are Asplund or in

case that M is of the form M(X) = F(x)+ S(x), this follows from

N
Y Ok oo = &' 0 = 3)) = (o = 57 OFy =31, e = &5 O = ),

—_

where y; := j in case of M(x) = F(x) + S(x), together with (13), our choice of & and y; —y; — 0. If
Y is Fréchet smooth then we can use the relations

N
Y i e =207 G — 7)) = (e =217 G =71, e = 27 Gies = 5D

—_

Yz — ¢ — 0 and (13) in order to show (11).

Now let us show the last part of the theorem. Assume that there exist sequences (&) . 0, () | 0,
(U, vi) € Fxxy, () €X*, (00) = Dy V5s) € Ly with g # 0, || (u,v)|| (g, vie) = (u,v), x5 =0
and

(s (=l = %50, =l — &%) € Ny (v i), gph M),

where xy 1= X+ fyuy, yx := y+ vk By passing to a subsequence we can assume that ||x; —x|| < 1 and
|[x; || + & < g holds for all k. Then for each k we can find some positive radius py > 0 such that

* Ak 1
(xkot =) 5y ) < (et g e xey 0
holds for every (x,y) € gphM N ((xk,yx) + pxPBxxy), wWhere J; := (—ka —x||1 Ylykl, —||xx —
%||'"%y},). Further we can find elements z; € %%, with (yj;,zi) > 3|v5; 8. Now define
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= kty- -+ Iks) OY Pri := yii — O ||xx — %|| ¥ zpi i = 1,.. ., s, where 0y := min{py/(2sk||xx —%||), 1/k}.
We obtain |
19 = yell < Y ol — x||" < soqlx — x|
i=1

and
o . . O SN (k11 < O _
(s 9= ye) = 1 0l = & Okaszwa) = - oo =3 L Il = = [loe =] (16)
i=1 i=1
Foreachi€ {1,...,s} we have d($1;, Mi(x1)) < ol — &||* and thus Y3, [Jox — || 1= %d ($ri, Mi(x)) <
50 ||xx — X||. On the other hand we have d(x;, M~ ($%)) > ksoy ||x; — || since if there would be some
Xk € xp + ksoy||xx — X|| Bx with (%, ) € gphM we would obtain

1 93) = Gy | < 118k = x| =+ [[9% = x|

_ k+1
< (k+ Dsoyllee — X[ < pe—7— < pr

- 2k
and hence
AKX A 1 B3 A A
<yk>yk_yk> < (ek"‘%"i'kaH)H(xk_xka)’k_yk)H
1
< (o g+ DK+ Dson v — 3]
< “lon -
— O |lxy — %
4k Ik

L k1l 1
contradicting (16) because of 574 < 5. Thus

N
d(oe, M~ (1)) > kY [l =7 d (G, Mi ()
i=1

L, _ A - - BN
and since d(ykhMi(xk)) < (Xkak—)E”qi s L= 11 coey S, O — 0, tk 1((xkayk) - (x,y)) = (uk7vk+tk l(yk_
yx)) and

0 < fim 2522 ] < tim soq P fim s | = 0,
k—roo T k—yoo k—»oo
M is not metrically pseudo-regular of order (7, ...,%) in direction (u,v) at (X,y). O

Remark 1. It follows from the proof that the sufficient conditions for metric pseudo-regularity re-
spectively metric pseudo-subregularity remain valid for & = 0 in case that both X and Y are Asplund
spaces or M(x) is of the form M(x) = F(x) + S(x) with F continuously differentiable at X and S is
either a generalized polyhedral multifunction or a closed convex multifunction.

Applying the second part Theorem 1 with s = 1 and ; = 1 we obtain the following new char-
acterization of (directional) metric subregularity, which improves the ones of [10], [11], [12] by the
additional condition (17).

Corollary 1. Given the multifiunction M : X = Y, a point (X,y) € gphM and a direction u € X,
assume that M fulfills asuumption (Al) at X and that there do not exist sequences (&) 1. 0, (t) J 0,
(U, Vi) € Fxxy, (x7) € X, (vi) € Sy with ||ug|| = 1, ||ul|ux = u, v = 0, x; =0,

(x5, —¥%) € Ne, (x4, ¥%): gph M)

13



and .
lim <ykayk_y>

— =1, a7
koo ||y — 7|

where X} := X+ txuy # X, ¥, :=+txvx # 3. Then M is metrically subregular in direction u at (%,5).

Remark 2. By taking into account (14) and the fact, that in case of proving pseudo-subregularity
we have y, =, the sufficient conditions for metric pseudo-subregularity of Theorem 1(2.) could be
strengthened by the additional requirement x, & M~ Y(¥). However, we do not use this condition,
because on the one hand the required information on the set M~ (¥) is in general not available and
on the other hand it makes it more challenging or even impossible to develop comprehensive calculus
rules, see e.g. [10, Example 1.2]. We also refer to [25, Remark 3.5] for more discussion on this topic.

Example 3. Let us apply Theorem 1 and Corollary 1 to the multifunction M : R = R?, M(x) := F(x) —
PBro of Example 2 at (%,5) = (0,(0,0)), where F (x) := (x,1 —x?). Givenx € R and p = (p1,p2) € R?
we obtain

0 if p# PBra,
N((x,F(x)— p);gphM) = ¢ {(0,(0,0))} if p € int By,
R{(p1 —2xp2,(—p1,—p2))} ifpe€ g

We first show that M is metrically subregular at (%,7). Consider sequences (ug,vi) € Spyr2 (Xf) €
R, (y7) € “R, with |Jur|| = 1, vi = (0,0), x; — 0 such that (x;;,—y;) € N((xfc,yfc)'gphM) where
(xk,yk) (tkuk,tkvk) and according to Remark 1 we can take & = 0. Using y; € /g2 we obtain
tevi = F (x}) — pi with pi € Sz, yi = px and xi = pr1 — 2x3pra — 0. Since ||F (x)||> =1 —x2 +x¢ < 1
for all k sufficiently large we have

i =3) = (P F () = pe) < IlpellllF I = Nlpell® = I1F ()l =1 <0

and thus (17) cannot be fulfilled, showing that M is metrically subregular at (%,5).

Next we show by contradiction that M is metrically pseudo-regular of order 2 in direction (u, (0,0))
for every u# 0. Assume there are sequences (uk,vk) € rxre () ER, (y7) € I, with |lux|| — 1,
v — (0,0), x; — 0 satisfying (x;,—|x, — || ~'y}) € N((x},¥});gphM) and ||(u,(0,0))|| (u,vi) —
(4,(0,0)), where (x;,y;) = (txux, k). As before we obtain from y; € g2 that tyvy = F(xk) — pi with
Pk €S> and consequently y; = py and x; = ||X, —%|| " (pr1 — 2x} pra). From v =1, ' (F(x,) — px) =
ukxl';l(x;( — pi1s 1 —x;cz — pi2) — (0,0) and |ux| — 1 we conclude py/|x;| — signu and pio — 1,
showing xi = py1/|x,| — 2prosignuy — —signu # 0, a contradiction.

Finally we show that for every u # 0 and every y € [1,2) M is not metrically pseudo-regular of
order vy in direction (u,(0,0)). Let u # 0 and v € [1,2) be arbitrarily fixed and let x}c := rsignu, py =

(xfc,\/l—x )€ S Vi i =F(xp) —pik = (0,1 — /1 = 1/k?), y{ := pr, x; == \xk\ Y(pr1 —2x1pr2) =

K -2signu(l — 2/T— 1K), (i) = (o) /| (5Dl 11 2= 13}l Then obviously x; — 0
and since ||y;|| =1—+/1—1/k* = ék/k2 with & — 1/2 we obtain limkt;, = 11m||(kxk,kyk)\| =1 and
thus ti, — 0, limvy, = limky, = (0,0). Together with the fact that (x;,—|x}|'~7y}) € N((x},}); gphM)
we conclude from Theorem 1(3.), that M is not metrically pseudo-regular of order Y in direction

(u,(0,0)).
We consider now the following coderivative-like construction:

Definition 2. Let M : X =Y be of the form (7), (%,y) € gphM, (u,v) eX xY andy, > 1,i=1,...,s
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1. The reversed mixed pseudo-coderivative of order y := (¥i,...,%) in direction (u,v) is the
multifunction DX,LVM(()Z,)_));(M,V)) 1 Y* = X* whose values D}‘t,I,yM(()?,)?);(u,v))(y*) consist
of such x* € X* for which there are sequences (&) | 0, (t) | 0, (u,vk) € Sxxy,(x7) € X*,

%) = Okys-- 0 V5) €Y* with u # 0,

() | (i, vie) = (u,v), vg w—>y* x; — x* and

(s (=t = 51y =k = 2 77%)) € N (. 33): gph M),

where X}, := X+ tyuy, ¥ == y+tvi. In case (u,v) = (0,0) we call DX,MM()Z,)?) = DX,WM(()E,)?); (0,0))
the reversed mixed pseudo-coderivative of order y:= (%,...,%)-

2. The mapping M is called partially sequentially normally compact of order y := (¥,...,%)
(PSNC(7y)) in direction (u,v) at (X,y) with respect to Y, if for all sequences (&) 10, (t) |0,
(u,vie) € Fxxr, () € X7 (30) = Okrs-- 2 Yig) €Y7 (s v) with w 7 0, | (u, v) || (e, vi) —
(u,v), y,’;ﬁ)O, xf =0, (x, ;) = (£,9) + tx(ux, vic) and

(%, (=l =1 Ve, =[x =0 9%,)) € N (a, v%): gph M)
one has y; — 0 as k — oo.

If s =1 and y; = 1, the reversed mixed pseudo-coderivative of order 1 in direction (u,v) coincides
with the reversed mixed coderivative of M in direction (u,v) as defined in [11], provided u # 0.
Similarly, if u # O the properties PSNC(1) in direction (u,v) and PSNC in direction (u,v) (cf. [11])
are the same.

Corollary 2. Let M : X == Y be a closed-graph multifunction of the form (7), (%,y) € gphM, (u,v) €
X XY andlet v, > 1,i=1,...,s. Assume that assumption (Al) is fulfilled and assume that every
bounded sequence in Y* has a weak®™ convergent subsequence. Then the following statements are
equivalent:

(a) M is metrically pseudo-regular of order v := (Y1, ...,%) in direction (u,v) at (X,5).
(b) M is PSNC(y) in direction (u,v) at (X,y) with respect to Y and ker[),’(,I_yM(()E,)?); (u,v)) = {0}.

Proof. We prove (a) = (b) by contradiction. If M is not PSNC(y) in direction (u,v) at (¥,y) with
respectto Y or 0 #£ y* € kerDI’(,,’},M((X,y); (u,v)), then there are sequences (&) | 0, () 4 0, (ux,vx) €
Fxxy, (8) € X7, () = Frrs-- - Tks) €Y () with w7 0, | (u, v) || (g, vi) = (u,v), 5 — 0,

(¥ 2) = (8,3) + 1o, vie), (T, (=Ml = 5155, =l — ' %55)) € N (o, 34): gph M) and
0 < liminfy . ||9|. Hence, by taking (&c,x,y;) := (&%, %) /|15 || we have & | 0, x; — O and y; €
Fy- and (xF, (—|]xf — ®||70y5, . =1 — X)) € Ne (%, 5,); gphM). Now it follows from

Theorem 1(3.) that M is not metrically pseudo-regular of order Y in direction (u,v). The reverse impli-
cation (b) = (a) is also shown by contradiction. Let us assume that M is not metrically pseudo-regular
of order y in direction (u, v). Then, by Theorem 1(3.) we can find sequences (&) | 0, (#) J 0, (ux,vx) €
Fxxys (X)) € X, (0) = Okys - Vks) € Lo (x5, ¥%) with ug # 0, || (u,v) || (ug, vie) = (u,v), x; =0,
(k) = (5,9) + 1 (g, vi0) and (e, (= [l — "My, =g — 7' %5)) € Ney (+%,54): 2ph M).
By our assumption the sequence (y;) has a weak® convergent subsequence and we may assume that
the sequence (y;) weakly* converges to some y* € Y*. If y* = 0 then M is not PSNC(y) in direction
(u,v) since y; / 0 because of y; € .#y+. On the other hand, if y* # 0 we obtain the contradiction

0#y* € kerDy; ,M((%,7); (u,v)). O
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Remark 3. Corollary 2 is an analogue to the famous Mordukhovich criterion for metric regularity of
multifunctions in Asplund spaces, cf. [26, Theorem 4.18]. Note that the weak* sequential compactness
assumption of bounded sequences in Y* is automatically fulfilled in Asplund spaces and hence it is
only needed in the last case of assumption (A1) when M(x) = F(x) 4+ S(x). However, we conjecture
that in the case, when S is generalized polyhedral, by using similar arguments as in [12, Theorem
4.5], both this weak* sequential compactness assumption and the PSNC(y) property can be replaced
by the requirement that certain linear operators have closed range.

Remark 4. In a similar way we could also find a sufficient coderivative-like criterion for metric
pseudo-subregularity, we omit working out details. We want only discuss some relations with the
reverse outer mixed g-coderivative as defined by Li and Mordukhovich [25]. In case that s = 1 and
both X and Y are Asplund spaces, we can take & = 0 and hence (10) holds iff

(&%, —k) € N((xt,¥%): gph M)

where £ := ||x, — %||Y"'x}. Hence, in this situation a sufficient coderivative-like criterion based on
Theorem 1(2.), together with the condition x, ¢ M ~1(¥), but without the condition (11), yields the
sufficient conditions of [25, Theorem 3.6] with ¢ = 1/ and the reverse outer mixed q-coderivative
modified as indicated in [25, Remark 3.5(iii)]

5 Characterizations of pseudo-(sub)regularity of order (1,2) for a class
of multifunctions

In this section we study multifunctions of the form
M = (Ml,Mz)ZX:§Y2:Y1XY2, Ml(x):Fl(x)—i—Sl(x), 1=1,2 (18)

between Banach spaces, where F; : X — Y}, [ = 1,2 are sufficiently smooth mappings and S; : X = Y},
I = 1,2 are generalized polyhedral multifunctions. In the sequel we denote by F := (Fj,F;) and
S(x) := S (x) x S2(x) the composite mappings. Then by [12, Lemma 3.9], S is again a generalized
polyhedral multifunction, and we assume that the graph of S has the representation (5),(6).

In what follows we denote for (x,s) € gphSby & (x,s) :={i€ {1,...,p}|(x,s) € P} the index set
of the convex generalized polyhedral sets containing (x,s) and by <7 (x,s) = {j € {1,...,m;} | (x];,x) +
(¥i;»y) = Gij}, i € P(x,s) the index sets of active inequality constraints.

Given (%,5) € gphS and a direction (u,v) € X x Y we denote by .#((x,5); (u,v)) the collection of
index sets & C {1,...,p} such that there exist sequences () | 0, (ux,vk) — (u,v) with (X + txug, 5+
fivi) € gphS and & = P (X + truy, 5+ t;vi ). Given in addition functionals x* € X*, y* € Y* we denote
by # ((%,5); (u,v); (x*,y*)) the collection of all index sets & such that there are sequences (#) J. O,
(ug,vi) = (u,v) with (x*, —y*) € N((X+trug, 5+ 1,v;): gph ) and P = P (X +tru, 5+1vy). It follows
from [12, Lemma 3.8] that %7 ((x,5); (u,v); (x*,y*)) # 0 if and only if x* € D*S((%,5); (u,v))(y").

For every nonempty index set @ # & C {1,...,p} we define the operator A*O] Y X [liew L —
Mes(X*xY )by

05 (D )ie) = (VED Y5 (0.58) + [ ics
and for given u # 0 we define the operator A%, (u) : Y5 x [Tic p Lit X Y* x [Liewp Li — Tlicr(X* ¥
Y*x X*xY*) by
; (VE2(%)"y3,(0,53)) + 4

AE”(”)()’E(l;k)iEWvZ*v(W;k)iEW) = ( (VF()C)*Z* (V2F2( )ﬁ)*)’ﬁ,z*)-{—wl* )iG{@
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Theorem 2. Let the multifunction M be given by (18), let (%,y) € gphM and let (u,v) € X XY withu #
0. Further assume that F is continuously differentiable at X and that F; is twice Fréchet differentiable
at % and assume that for every nonempty subset 0 # P € .9 ((%,5); (u,v— VF (%)u)) the operators A*,
and A*,(u) have closed range.

1. M is metrically pseudo-regular of order (1,2) in direction (u,v) at (%,y) if and only if there are
not multipliers y* = (0,55) € Y|" x Y, and Z* € Y* such that (Z},7;) # 0,

—VFX)'y" € D"S((%,5); (u,v = VF(X)u)) ("),

u

~VF(%)'Z" = (V2 B(X) )73 € CDS((%,5); (u,v — VF (D)) (7", =VF (£)'5)(2"),

el

where §:=y — F(X).

2. Assume that v =0 and that there are not multipliers y* = (0,y5) € Y X Y,', Z* € Y* and an index
set0 7 2 € H ((%,5): (u, ~VF (D)u): (~VF (3)'5",5")) such that (%],53) 70,

SVF(®)'5 € D'S((%5): (u,~ VF () (7"), (19)
~VF()'E (VR )53 € CD'S((8,5): (0, ~VF (©0) (7, ~VF (7)), 20)

and

(73, V2Fa (%) (u,u)) = sup{{y3, V2 F2(%) (u,u)) | (= VF2(%)"y3, (0, =y3)) € N((%,5); ) }
foreveryie P. Then M is metrically pseudo-subregular of order (1,2) in direction u at (X,).

Proof. We proof the if-part of the first assertion by contraposition. Assuming that M is not pseudo-
regular of order (1,2) in direction (u,v), then by Theorem 1(1.) and taking into account Remark 1
there are sequences () | 0, (ux,vi) € Fxxy, (x3) € X*, (y7) € Fy+ with ug # 0, || (u,v)|| (ux,vi) —
(u,v), x; — 0 and
(s (=i — I — 7~ v7a)) € R (8} v}), zph M),

where x} := X+ fruy, y;, := y+tvi. Then for each k we have (x,,s}) € gphS, where s} 1=y, — F(x}) =
§+ tx(vi — VF (X)uy + r) with rp, — 0. By passing to a subsequence if necessary we can assume
that there are index sets & € .9 ((x,5); (u,v — VF(X)u)) and o7 C {1,...,m;}, i € &, such that for
all k we have & = P (x,,s}) and (x},s}) = o, i € P. By denoting $; := (v}, %, — X[ ~'v%,)
we obtain (x} — VF(x})*9;, —9;) € N((x},s,),gphS) as a consequence of [26, Theorem 1.62] and,
because N((x,,s,),gphS) is a cone, we also have ||x, — || (x; — VF (x})*9;,—5;) € N((x},s}), gphS).
Using the relation N((x},s,),gphS) = N;c» N((x},s,);P;) and the generalized Farkas Lemma (see,
e.g. [12]) we can find for each i € &7 some linear functionals [}; € Lf and nonnegative numbers
Mij > 0, j € o such that

I(VE(2) Y2, (0,0) + i+ Y, A vi | < [l — %l
jes;

where T 1= [[(xf — VFi ()"¥iy. (51, 0)I| + [, — &1~ | (VFa(0) — VE»()) Vol is bounded by
some constant 7. Next consider the operator which assigns to every y} € Y5, (I})ic» € [lic» Li- and
(Aij)ic2,jews; the value

(VE(D)*y3,(0,3)) + 1 + Y Aij(x5,55))ie -
je
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The range of this operator is the sum of range the of ImA*@ and a finite dimensional subspace and
therefore closed by our assumption. Hence we can invoke Hoffman’s Lemma [18, Theorem 3] to find
¥, € YS, [}; € L} and nonnegative numbers Ay;; > 0, i € &, j € < such that

lyiz =il + X (5 = Tall + X 12w — Awgl) < Bl — 2|,
i€y jes
where the constant § > 0 does not depend on k, and

(VE(0)'T, (0,512)) + I+ Y Auij(xioviy) =0, i € 2.
JEA;

By eventually passing once more to a subsequence we can find index sets o, C o, i€ P and a
constant § > 0 such that )
lkij235Vk,i€<@,j€:Q/i

5k:: Z Z ikij_>0

i€? jed\d;

and

Using Hoffman’s Lemma once more we find ¥}, € ¥, [, € L}- and nonnegative numbers i >0,
i€ P, j€ o such that

156 — S0l + Y ( 1T — I+ ) Aaij — Mijl) < B,
i€y jed;

where the constant [; > 0 does not depend on &, and

(VEE) Vo, (0.50) + I+ Y Aj(x.05) =0, i€ 2.
jed;

Since lim 6; = 0 we can assume without loss of generality that ik,- ;> 28, Vk,ie P, je o, Now
consider for each i € & the convex cone

Ki = {(X,S) € Li| <x:'(j7x> + <y;'kj7s> = 07] € ‘Q{;; <x?j7x> + <y;<j7s> < 07 ] € JZ{l\’QZ}
Then we have
<VF2( )*)7227 >+ <(07yvltZ)7s> =0, V(X,S) €Ki
and, since K; is a subset of the tangent cone to P; at (x}, s} ), we obtain for all (x,s) € K;
0 = (xf— VF(x) %)+ (=9s)
= (% = VF(x) 96 %) + (=9 S>+IIXZ—f|!_1(<VF2(_)*yvz*<z,X>+<(0,yv722),S>)
> (VA 'y — (VFR( )|| ||) Vo — V(%) Yo~ Viz X) 4+ ((—yi, —75—2),5)

e — x| [l — Il
—&||(x, ) I,
where
* =\ \ kK VFZ(X/)_VFZ(X) N\ U . *
& =[xl +I(VF(x) - VF(3) )’k1’+H< Hil—f” —VZFZ(X)M Viell
k
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Denoting z; := (5, H];CZ, y‘|2\) we obtain

~(VF(%) 2+ (VR(%) )*ykzazk) € Ne, ((0,0):K))

and, since N((0,0),K;) is the polar cone of K;, by the generalized Farkas Lemma there are functionals
w}, € L and real numbers L, j € o with W, > 0, j € < \ o7 such that

I(VF(®)"5 + (VP (3 )” 1) Vi) it Y 1 (x5 i)l < &
JE;
Then, since the range of the operator which assigns to every y; € Y5, (I )ic# € [Tlier Li-, (Aij) e, jed
€Y, (Wiew € [liew L and (Wij)ic 2 je. the value

(VE(X)* ;7(07)};))+l?+2jemf;kij(x;kjay;ﬁj)
(VFE) 2+ (VR )32+, + Lo b)) )

is the sum of ImA’; (u) and a finite dimensional subspace and therefore closed by our assumption,
we can again apply Hoffman’s lemma to find 7}, € ¥5', (I};)ic# € [liew Li-s (Akij)ic Jeds T €Y,
(Wki)teﬂ € HzeﬂLi and (“klj)lé;@,jé,ﬁf,‘ with lkz] >0, ] € '52{1, i€ @’ .ukz] >0, ] € d\d SUCh that

192 = Vel + 1125 — Il + Z 15 — lkz”"‘”sz wiil + Z Mku Akth‘ Z | fkij — Mij]) < B
ie? JEM JEA;

for some constant 3 independent of k, and for each i € &
(VE ()T, (0.502)) + i+ Y Auij(x,7) =0,
jE;

(VF( )*th_‘_(VZFZ( )H ||) ykZ’Zk)+wkl+ Z .ukl] ]7y1]) 0.
JE,

Because of & — 0 we can assume without loss of generality that Aiii > 8 >0,Vk,ie P, e . Hence
for every k there is some positive real @; > 0 such that Aiii it aiy; >0,Voe[0,04],ic P, je o,
and therefore we have

~(VF(3)5.3%) — a(VF (%) 2 + (V2 Fa(x )H ”) 2o %)

= [i+oaw;+ Z(Zkij"‘aﬁkij)(x?j,yij + Z o i (X5 V57) e N((x,s,):P)  (21)
jed; jedi\d;

for all i € & and for all a € [0, &], where 3 := (0,¥;,). Using [12, Lemma 3.8] we conclude that

~VF(®)'% — (VR )*y‘iz € CD"S((%,5); (u,v = VF (X)) (i, = VF (£) 55) (%) -

Since ||z, — v |l + H)_’kz Vi || — 0 we have (Z};,7},) # 0 for all k sufficiently large and taking into
account that —VF (X)*y; € D*S((%,5); (u,v — VF(%)u))(7}), we obtain a contradiction and the if-part
is proved.
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To show the only-if-part, assume that there is some Z* € Y*, 3* = (0,7;) € ¥;" x Y5 such that
(z},55) #0, =VF(X)*y* € D*S((%,5); (u,v— VF (X)u))(7*) and

—VF(R)'2" = (V2R(R) )5 € CD'S((%,5); (u,v — VF () (7", ~VF ()'5) ().

e
The Mordukhovich normal cone of the union of finitely many convex generalized polyhedral sets can
be written as the union of finitely many intersections of finitely many normal cones of convex general-
ized polyhedral sets, see [12, Lemma 3.4]. Since the normal cone of a convex generalized polyhedral
set is again generalized polyhedral (see e.g. [12, Example 2]) and the intersection of two general-
ized polyhedral sets is generalized polyhedral, we conclude that N((x,5); gphsS; (u,v — VF (X)u)) and
hence also gph D*S((%,5); (u,v — VF(X)u)) is generalized polyhedral. Hence the contingent cone of
gph D*S((x,5); (u,v — VF(X)u)) is the union of finitely many tangent cones to convex generalized
polyhedral sets and thus there is some & > O such that

wi(a) = —(VF(®)'5".5") — a(VF(%)Z +(VFR(F)

€ N((x,5);gphS; (u,v—VF(X)u))

) 757

holds for all & € [0, &]. Taking an arbitrary sequence (04 ) J. 0, we conclude from [12, Lemma 3.4],
that there are sequences (x,s;) — (%;5) such that

/ / —
fim oSk - 22)

and w* (i) € N((x,s,);gphS). After eventually passing to a subsequence we can assume that there
are index sets & € I ((%,5); (u,v—VF(X)u)), o, i € & such that for all k we have & = Z(x,,s,),
o = Aj(x,,s,), i € P, implying

N((x,s0):2ph8) = ( (L +{ Y Aij(x5,575) [ Aij > 03).
ey JjEA,

Since the set on the right hand side does not depend on k and is the intersection of convex sets, we can
conclude that w* (o) € N((x},s,); gphS) for all k and all & € (0, a; ). Because of (22) and u # 0 we can
assume that xj # X Vk and (x, —X)/||x; — X|| — u/||u||. Then, setting 3, := Z}, ¥, := ¥ + ||lx;, — X||25,

VE(X,) = VE(EF) - V2EE) (X, %) X—F  ou \
o= - + VPR - ) )
¢ < e — Il b=l flull”) 2
+(VF(x;) — VF(x))"Z"
we obtain
wi (Il =) = (g ==& — VA G0)50) — VE) S, (= — 25, —5)
€ N((x,5);gphS).
Since N((x,,s});gphS) is a cone, we also have w*(||x} —xH)/ H —xHHka) € N((x,,s}); gphS).
Then we obtain from [26, Theorem 1.62] (x,— (¥}, [|x} — &/ )) € N((x},F(x}) +s,);gph M),

~k ok

where (x5, y5) = (&5, 55)/117]l. Because of H)?;H — ||z, 7))l ;é 0 we have x; — 0. Now define
= 110 ) = &)/ 11wy = VE@u, 2= (5 = %)/t 0y := (5 = 5)/; Then g — 0 and
u, — u, o, — v— VF(%)u by (22) and, by the definition of Fréchet dlfferentlablhty, we have v} :=
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ol + (F(5+ 1) — F(R)) /1] — v. Defining (ue,v1) := (o)) / | ) 1 2= 111 o)),
F (%) + 5+ nvie = F(xp) + 5, we have (x;,y;) = (%,7) + t (i, i), (ur,vi) = (u,v)/||(u,v)| and by
Theorem 1(3.) it follows that M is not metrically pseudo-regular of order (1,2) in direction (u,v) at
(£.9).

We prove the assertion about metric pseudo-subregularity also by contraposition. Assuming that
M is not pseudo-subregular of order (1,2) in direction u, by Theorem 1(2.) there are sequences (#) |0,
(uk,vi) € Sy () € X7, (vf) € Ly with sy 70, [Jug|| = 1, [Juef| g = 1w, via = 0, 1 ' vig = 0, x; =0
and

(%, (=i =[x = 71 71vk2)) € N (37 7)- gph M),
where xj 1= X+ txug, ¥, := ¥+ trve.  Then we can proceed as before to find the sequences (s),
(7;,) and (z}). Fixing some index k sufficiently large and setting y* := (0,7}) := (0, Vo) T =7
we have (zl,yz) 7& 0, conditions (19) and (20) are fulfilled, —(VF (¥)*5*,5*)) € N((x,,s,);gphS), Vk
and (VF (X)*5*,x;, — %) + (5", 5, — 5) = (VF2(X) "33, X, — %) + (75,84, —52) = 0, Vk since & C Z(X,3),
o C (%,5), i € & . Taking into account ||x; — X||/tx = |Jux|| — 1 we obtain

0 = lime (55, vi2) = lim £, (55, ¥ — 32) = lim 12 (55, Fa (x) + 40 — F2 () — 52)
. 1 _
= limz 2(35, VEa (%) (%, )+sk2—S2+2V B> (%) () — %%, — %))

)

u

aall” el

By construction we have & € ¥ ((%,5); (u, —VF (X)u); (—VF (X)*y*,7*). Now leti € &7 and y; € Y
with (=VFE(X)*y5,(0,—y3) € N((%,5); ;) be arbitrarily fixed. Then

= G55 VRO

0> (=VE(X)"y5,x, — %)+ ((0,—y3),5, —5) = — (5, V2 (X) (x}, — X) + 5}0 — 52)
and we obtain

0 = (55VRE )

= lime Ny vi) = lim g 203,y — 52) = lim 1, 253, Fa(x) +sp — Fa(X) - 52)
k—ro0 k—ro0 k—yo0
. 1 -

= lim 5205, VA9, >+sk2—sz+2VFz< %) (3 — £, — )

1
> limy <y2,2v2Fz< (o, — 5,2, — )

T

u

a contradiction. O

= D VRE

Remark 5. Let us consider the special case S(x) = {0}. Then we have gphS =X x {0} = P, =L,
Li={0}xY*

*S((%,0); (u,v))(y*) = AL
D*S((%,0); (u,v))(y*) {{0} ifv=0
* = . * % *\ 0 lfx*?éo
CD S((x,O),(%O))(y X )(V )_ {{0} l.fx* =0
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and
{1}} ifv=VF(Ru

0 else

I ((%,8): (u,v — VF (¥)u)) = {

Now let u # 0. If v = VF(X)u, then the only nonempty subset 0 # & € .9 ((%,5); (u,v— VF (X)u)) is
P = {1} and it follows that the operators A*@ and Af‘@ (1) have closed range, if and only if the opera-
tors Yy 3 yy = VE(X)'y; € X and Yy xY* 3 (y5,2") = (VF(%)*y;, VF(X) 2" + (VZFQ()E)H—L”tH)*y’Z‘) €
X* x X* have closed range. It turns out that this is equivalent to the condition that the operators
VE(X)* Y =X and G}, Y* xkerVF> (%)" — X*, G (z*,y3) == VF(X)*z* + (V2F2(X)m)*y§ have
closed range. By virtue of the Closed Range Theorem this holds true if and only if the operators
VF(%) and G, : X =Y x (Y2/ImVFE (X)), G,(h) = (VF(X)h, [Vze(X)(ﬁ,h)]) have closed range,
where [y,]| denotes the equivalence class of an element y, € Y, defined by the equivalence relation
y2 ~ Yh < yo —yh € InVFE(X) and we have taken into account that ker VF(%)* = (ImVF(%))* is
the dual space of Y,/ Im VF(%).

Hence, if VF5(X) and G, have closed range, then the multifunction M(x) = {F (x)} is metrically
pseudo-regular of order (1,2) in direction (u,VF (X)u) at (x,0), if and only if there does not exist
multipliers ¥y € Y5 and z° € Y* such that (y3,Z}) # 0 and

VE()'5; =0, VF(3)'Z + (VR0 1) 5 =0
which is equivalent to (ImG,)* = kerG: = ({0} x ker VF;(%)*) x {0} respectively InG, = (Y| x
ImVF, (X)) x (Y2/ImVF,(X)).

IfF = B, Y =Y, and the direction u satisfies VF (X)u =0, V>F (x)(u,u) € InVF (%), the condition
ImG, =ImVF (%) x (Y/ImVF (X)) was already used by Avakov [1], the mapping F is then usually
called 2-regular in direction u. We see that for single-valued mappings the concepts of 2-regularity
and metric pseudo-regularity of order 2 are equivalent for such directions u. However, as already
pointed out in Example 2, this is not true for more general multifunctions.

The following proposition states a result which is closely related to directional metric pseudo-
subregulaity of order (1,2). We denote by Z(u) the set of all multipliers 3* = (0,y5) € ¥;" x Y,
Z* € Y* such that the sufficient condition for metric pseudo-subregularity of order (1,2) in direction u
of Theorem 2 are violated, i.e. the set of all 3* = (0,7;) € y] x ¥, Z* € Y* fulfilling (z},55) # 0, (19),
(20) and there is an index set & € # ((%,5); (u,—VF (X)u); (—VF(X)*y*,7")) such that

(55, VP2 (%) (,u)) = sup{(y3, VFo (%) (u,)) | (- VF2(%)"3, (0, —3)) € N((%,5); )} Vi € 2.

Note that (7%, V2F> (%) (u,u)) = 0 V35 € E(u) follows, because the set {y; | (—VF(%)*y5,(0,—y3)) €
N((x,5);P)} is a nonempty cone for all i € &2.

Proposition 1. Let the multifunction M be given by (18), let (X,y) € gphM and let 0 # u € X. Further
assume that F is twice Fréchet differentiable at X and that F, is 3 times Fréchet differentiable at X
and assume that for every nonempty subset 0 # 2 € 7 ((,5); (u,v— VF (¥)u)) the operators A*, and
A*y(u) have closed range. Then, if

v E@ L oy Ly vt
EVEO g 302 VRO g <

holds for all ((0,y3),2") € E(u), then there are constants & > 0 and k > 0 such that for all x € X+ dBx
‘ < 8|x—x|*2 and

with x # X, Hx—f— Hx—)EHH—ZH

d(5i, Mi(x)) < 8|jx—x||F1/2, i=1,2
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one has
d(e, M~ () < k(d(F1, M1 (%)) + [l — %] ' d(52, Ma(x))).

Proof. Assume on the contrary that there is a sequence (x;) — X such that for every k we have x; # %,
o= 5= e =ty | < $lloe = 5172, 452, M) < Hli— 517172, 1= 1,2 and

d(e, M) > k(A1 M1 () + [l — 31|~ d (52, M2 () )

Then we can proceed as in the proof of Theorem 1(2.) with s =2, (y1,7%) = (1,2) to find the sequence
(%, % ). By our assumption we have € = Wi (¥ — yr) < %ka — #||3/? and therefore || & — x¢|| < %8 <
ﬁ || — X[|*/2. Then choosing & < 1 ||x¢ —||*/? we can conclude that

s
lim

e g7

(23)

Then we can proceed as in the proof of Theorem 2 to find the sequences (7) and (Z;), such that
(7%,Z;) € E(u) holds for all k sufficiently large and (Z}, VzF(i)(H—ZH, ﬁ)) <yk2, V3R (% )(W W ﬁ
0 for all k sufficiently large follows. By eventually passing to a subsequenee

1 u u

)> <)’k2, F(x )(W Tl m» =:—-20<0

follows, since otherwise we could construct y;,, Z; fulfilling also the equation

limsup(z}, V2F (%) (+—
ke Hull o]

u u 1 u u

3 —_—
o T 355V RO g ) = @4

because adding the single equation (24) to the system defining ¥;,,Z; does not affect the applicability
of Hoffman’s lemma. Now taking into account that ||z}, — i, || + [IF%, — yiall = O, [|x, — %||Z5, = O
and (. y1 — 1) + [, — %1~ 0o Vi = 1) 2 210y =31 11, — &1~ (¥ — 72)) 1| by (1), we obtain
for all k sufficiently large

(@ V2F@) (5

—% - —([—1 /=% —|| =k - 1 - —1— —

(Y — 1)+ llx — x| 1<ykz+HxL—XHZkz,yZz—m)ZZH(yil—yuHx}c—xH 'Ol —=92)
implying

0

IN

|15 — =7 55 + || — &1z, % — 9)
= |l =3 (5 + |2k — x| 75, F (%) + s — F (%) — 5)

_ » 1 .
= |l =X (((0,55) + |1x, — %1z, VF (£) (x )+Sk—s+2V2F( X) (X — %, x; — %))
1
+6<yk27V Fa (%) (% — X, — X, — %)) + M,

where 1 — 0. Since & C (%,3) and «; C <7 (X,5) Vi € & we deduce from (21) that

((VF@)"5,5%) + = 5| (VF (2) 2 + (VB (3 )HZH)*y'/tz,izﬁ)7(x;c—f,8§c—5)>:0
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and since (¥},, V2F>(%)(u,u)) = 0 we have

((0,3%2) + Il — %Iz, VF (%) (31 )+sk_s+;VF2( ) (g — %,2; — X))

= ((VF®)'5i50) + |5 = TN (VF () 2 + (V2R (3 )H ”)*5)722,272) (0 — %, 5, = 9))

1., _ _ u
+§<ykz’V2F2(x)(x§ﬁx*||x§fof7x§ﬁ A [EA )
[u | ]|
1 / =2 /=% 2 = u u 1 / —|| /=% 2 = / = =
_Eka_xH <yk27v F2(X)(H H? ” H)>+§||xk_xH<Zk7V F(x)(xk_x7xk_x)>
I, _ _ _
= §<yk2,V2F2(X)(X;(—X— ka X” H || X ||xk .XH H ”)>

1 _ _
+§HX§C*XII<ZI<,V2F( %) (o — %,x; — X))
Hence, using (23) we obtain the contradiction

0 < lilglsur)\lxz—fll_3<(0,y‘?§z)+I\XL—XIIZZ,yZ—ﬂ
—yo0

1
= limsup=(z,V?F(x —, —
R P A |

X, —x X, —x 1, o xX,—-x x,—-x X, —x
h h )>+8<yk27V3F2(x)( 4 g s

)

e = {1 g, = {1 {1, — 1

1 1 u u u
— limsup=(z},V*F (% V3B E)(—, —,—))=—06 <0
meup 3 6 VFO g )+ 5 08 VRO B
and the proposition is proved. O
6 Optimality conditions
Consider the optimization problem
min f(x) subjectto 0 € M;(x), i=1,...,s (25)

where the objective function f : X — R is defined on the Banach space X and the multifunctions
M;:X =2Y;,i=1,...,s have values in another Banach space Y;. Given a point X € X we define the
multifunction My : X =2 R by My(x) := f(x) — f(X) + R respectively for arbitrary x* € X* and y > 1
we define the multifunction M} 7 : X = R by M3 7 (x) := f(x) — (%) + | (¢, x — )2+ R

The base of deriving necessary optimality conditions from sufficient conditions for metric pseudo-
(sub)regularity is given by the following observation:

Proposition 2. Let X be a local minimizer for the problem (25) and let u € X. Assume that there are
real numbers %,V ..., Y > 1 and a sequence (xy) =X and

lim d(0,M;(xz))

=0,1=0....
e g T

Then (Mo, M, , ..., M) is not metrically pseudo-regular of order (Y, ..., %) in direction (u,0) at (%,0).
In addition, if u # 0 then there is a functional x* € X* such that (Mg M My, ..., M) is not metrically
pseudo-subregular of order (Y, ..., Ys) in direction u at (%,0).
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Proof. To show the first assertion, assume on the contrary that M := (Mo, M, ..., M) is metrically

pseudo-regular of order ()p,...,%) in direction (u,0) near (¥,0) with modulus x. By passing to a
subsequence we can assume that d(0, M;(x;)) < L an’ i = 0,...,s holds for all k. Taking yj :=
(—M,O, ...,0) we obtain for all k sufficiently large that
(ki Mi(xi)) _ k(s +2)|lxe — ]|
d Xk, k < K < .
00 < xR z

L

Thus there is some & € xx + k(s + 3)@ such that y, € M(%), i.e. f(&)— f(¥) < —
0 € M;(%),i=1,...,s, contradicting the optimality of .

To show the second assertion choose x* € .%x- such that (x*,u) # 0. Now assuming that M :=
(Mg*’%’?Ml?...,MS) is metrically pseudo-subregular of order (%, ...,7%) in direction u at (x,0) with
modulus k and, by passing to a subsequence, that d(0,M;(x;)) < M i =0,...,s holds for all ,
we obtain for all £ sufficiently large

g d(0, M ™ (x

Mi( Dl — 5
d(xe, M0, ...,0)) < x( d(0,M;(xk)), _ K(s+1)[x — %]

) <
||Xk—x||"0 1 Z ‘[ — || %1 k

+ K'ka —)?||3.

Thus for all & sufficiently large there is some % € x; + k(s +2) M such that 0 € M (%), i.e. f(%)—
F(X) < —|(x*, % —%)|[0+2, 0 € M;(%),i=1,...,s. Since

Xy —X . X —X u
lim = lim =
HwHXk—XH oo [P =& [
we obtain (x*, % — ) # 0 and consequently the contradiction f(%;) — f(X) < O. O

Remark 6. If X is a local minimizer for the problem (25), u # 0 and the sequence (x;) of Proposition
2 fulfills

m BT _ gy SOMC) (26)
kel — x| 2 ke || xp — ]| %2
then one can show by using similar arguments as before that we can find some functional x* € X* in
such a way that there cannot be real numbers 6 > 0, Kk > 0 such that for all x € X+ 6 Bx with x # X,
Jor =~ x5l 211 < 8lx—%1* and d(0,M(x)) < 8|lx 5|7+, i =0,....,5 one has
d(o,My ") &

d(x, (M} P My,...,M)~1(0,...,0)) <
(x, (Mo "™, My,....My)~(0,...,0)) < K(HX xHybl ZHX XH}/I

We will now explicitly formulate the necessary optimality conditions for the problem

min  f(x) (27)
subjectto 0 € M;(x) := Fi(x)+Si(x), i=1,2

with =i, i=1,2 and % € {1,2}, where M := (M;,M>) is of the form (18) as we studied in the
previous section. We associate with the problem (27) the Lagrangian

L XXRxY* =R, L(x,y0,y") :=yof(x) + ", F(x)).
Further we denote by
€ (%) ={ueX|(Vf(x),u) <0,—VF(X)u € CS(x,—F(x))(u))}

the cone of critical directions.

25



Theorem 3. Let X be a local minimizer of the problem (27) and assume that f and F are continuously
differentiable at X and F, is twice Fréchet differentiable at X. Let 0 # u € € (X) be any nonzero critical
direction such that there exist some w € X with

(W, =VFy(x )w—%V F3(%)(u,u)) € T((u, =VE(X)u); T ((X, —F2(X)); gph $2)) (28)

and for every nonempty subset 0 # & € I ((%,—F(%)); (u,—VF (¥)u)) the operators A%, and A%, (u)
have closed range. Then the following hold:

1. (% = 1): There exist multipliers 35 =0, " = (0,5;) € Y|" x Yy, 75 € Ry, 7 = (Z},25) € Y| x Y
with (25,21,53) # 0, Z(Vf (%), u) =0,

0€ Vo Z(%,5,5") + D*S((&, —F ()); (u, =VF (¥)u)) (77), (29)

0€Ve'(%,%,2) +ViL (%,5.5") H ” L CD (%, —F (5); (0, —VF ()u)) (7, — Vol (£,55,5))(2),
(30)
and some index set & € K ((%,—F(%)); (u,—VF (X)u); (=V L (%,55,7),5*)) with
ViZ(%,0,5") (u,u) =
sup{Vf.,Sf(x,O, (07)’3))(”,“) l (_VFZ()E)*)’§7 (07 _yz)) € N((Xv _F<x));Pi)}7 Vie 7.

If in addition f and F are twice Fréchet differentiable at X and F; is three times Fréchet differ-
entiable at X, then one also has

u u 1 u u
V2L (5.5, 2) (o o) + 2 VL (E 50,7 (o o o) 2 0. G0
O Ml Tl 3 O ]l el T
2. (Yo =2): If f is twice Fréchet differentiable at X and
- 1 - _

_<Vf(x)7W> - Evzf(x)(uvl'o S T(_<Vf(x)7u>;R+)7 (32)
then there exist multipliers 35 € Ry, y* = (0,7;) € Y x Y, 7, € T35 Ry), 78 = (Z],25) €
Y| X Y5 such that (35,2},55) # 0, yO(Vf( x),u) =z5(Vf(), > O conditions (29) and (30) are
fulﬁlled and there is some index set & € KX ((X,—F(%)); (u,—VF (X)u);(=VZL(%,55,7°),7"))
with

ViZ (& 50,5 ) (wu) = sup{ViZL (%55, (0,53)) (u,u) | (=ysVF () = VE2(X)"y3,(0,-y3))

€N((X,—F(%));P),50 > 0,0(VSf(X),u) =0}, Vie . (33)

If in addition F is twice Fréchet differentiable at X and f, F, are three times Fréchet differen-
tiable at X, then one also condition (31) holds true.

Proof. T((u,—VF(X)u);T((X,—F>(X));gphS>)) is the union of finitely many convex generalized
polyhedral cones because the contingent cone to the union of finitely many convex generalized poly-
hedral sets at some point is the union of finitely many convex generalized polyhedral cones. Hence

(u+1tw,—VFu—t(VF(X)w+ %V2F2()Z)(u,u))) € T((x,—F2(X));gphS>) Vt >0
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follows and consequently there is some 7 > 0 such that
1 _
(%, —F (X)) +t(u+tw,—VE(X)u —t(VF(X)w+ 2VZFZ( X)(u,u))) € gphSyvr € [0,7].
Since u is a critical direction we can also assume
(%, —F (%)) +t(u,—VF(X)u) € gphS(x,—F (X)) vVt € [0,1].

To show the first assertion, choose any sequence (f) | 0 and define the sequence x; := X + fru + t,fw.
Then limy e |[xx — || /tx = ||u]|,

d(0,Mo(xx)) < lim |f (o) = f(X) =t (Vf(X), )]

lim < —0,
k—oolx =il T koo te|u|
M Fi(x) — Fi (8) — . VF

fim $OM0)) o IF () — F E) — 6V E (Du] o0,

koo || — x| k—soo ty || ul|
_d0,Ma(xi)) . IFa(x) — B (%) — (VR (R)u+ i (VE (R)w + 3 V2F (%) (u,u))) |
lim - S lim 5 =0
koo [l — x| k—eo A

and by Proposition 2 there is some x* € X* such that the multifunction M := (M, M,) : X = (R x
Y 1) XY

Ml(x) = F] (x) +§1 (X) = (f(x) —f(f) + |(x*,x—)2>|3,F1(x)) + Ry X Sl(x)7 Mz(x) = Fz(x) —f—Sz(x)

is not metrically pseudo-regular of order (1,2) in direction « at (x,0). Now consider the multifunction
S(x) :=Ry x S(x) and let (x, (@,s)) € gphS, ie. ¢ >0, s € S(x). Then we obviously have

N((x, (¢,5)):gph8) = {(x", (5,)) | (+",5") € N((x,5): 2phS), 5 € N, Ry)}

and

D*S((%,(0,—F (3))); (u, (<Vf() u), VF(9)u))) (55,5")
_ {D*S(@— (9): (0, ~VF(®)u) (") if v > 0,55 (Vf(E),u) =0,

0 else

follows. Further, gphS = U?_, B, where £ = {(x,9,s)|(x,s) € P,@ > 0}. Hence the subspaces
L; associated with the convex generalized polyhedral sets P, are L; = {(x,9,s)| (x,s) € L;,¢ € R}
and thus - = {(x",0,57) [ (x7,57) € L}}. Moreover, if ¢ > 0, then {i](x,p,5) € B} ={i|(x,s) € B}
Hence, denoting F' := (£}, F) and given some index set & € .7 ((x, —F (%)); (u, —VF (¥)u)) associated
with (M, M,), we also have & € .#((x,—F (%)); (u,—VF(X)u)) associated with (M;,M,) and the
range of the operator A, “» associated with (M1, M) can be identified with the range of the operator A*gz
associated with (M}, M>) and is therefore closed. Further the range of the operator A%, (u) associated
with (M1, M) is the collection of all

(( Fy(%)"3,(0,53)) +1 )
(VF(X)@* + VF(%)*z" + (V2 F (% ) ar) 3, (07,27)) + W] e

where y; € Yy, (I1)ico, W})icw € [licw L, 2 € Y*, @* € R. Thus it can be identified by the sum

of the range of the operator A, (u) associated with (M;, M) and a finite dimensional subspace and is
therefore closed by the assumption of the Theorem.
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Now straightforward application of Theorem 2 gives the stated result. To show (31) we take into
account that f, Fj are twice Fréchet differentiable and F, is three times Fréchet differentiable and
therefore

b o dOMo() o f ) — ()~ (V@) VARw A VAR )]
N P R 12 Jul]? N Jul?

d(O,M
limsup ( ) 1(Xk2))
S

R @) = F @& =4 VRE®u|  [VREEW+ 5V BE) (u,0)|]
< lim CXTINTE = 5 < oo,
ke ticllul [Jul

. d(0,M>(xx)) - NIB(w) = BE) ~4(VREu + (VR E)w + 3 VE(E) (1,u)) |
limsup ————=— lim T3
ke |1X— x| ke £y ||
IV2F (%) (4, w) + § V2 o (%) ()|
el

This implies that (26) is fulfilled and (31) follows from Remark 6 and Proposition 1.
The second assertion follows by using similar arguments with % = 2. We omit the details. O

We now apply these results to the mathematical programming problem with equality and inequal-
ity constraints

min fo(x) (34)
subject to G(x) =0,
fi(x)<0,i=1,...m.

where G : X — V carries the Banach space X on another Banach space V and f;: X — R,i=0,...,m.
Associated with problem (34) is the Lagrangian

L XXRXR"XV" =5 R, Z(x,A0,A,V") := Z)Lifi(x)—{—(v*,G(x)}.
i=0

and the cone of critical directions at some feasible point X is
C(X)={ueX|(Vfi(x),u) <0,ic {0}UI(x),VG(X)u=0}

where I(x) := {i € {1,...,m}| fi(¥) = 0} denotes the index set of active inequality constraints. We
further denote by

AF) :={(A0,A,v") e Ry X RY XV |V L(%,40,A,7) =0,4, =0, i € {1,...,m} \ (%)}
the set of multipliers fulfilling the first-order optimality condition of Fritz-John-type.

Corollary 3. Let x be a local minimizer of the problem (34), assume that f;, i =0,...,m and G are
three times Fréchet differentiable at X and that the range of VG(X) is closed. Then for any nonzero
critical direction 0 # u € € (X) there is some nonzero multiplier (0,0,0) # (Ao, A,v*) € A(X) such that

ViZ2(%, Ao, A, 7) (u,u) > 0. (35)

I
0= VL& A0, A7) (u,u) = sup{ VL (¥, Ao, &,v") (w,u) | (Ao, A,v") € A()} (36)
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and the operator A(u) : X XX =V XV,

u
Au)(x',x?) := (VG(% )xl+V2G()E)(m,x2),VG(i)x2) (37)
has closed range, then there also exist multipliers (flo,[1,w*) € R x R™ x V* such that (flo, 1) €
T((Ao,A) Ry xRY), 1; =0, i€ {1,...,m}\I(%),

V.2 (%, o, L) + Vzo%(xioM*)H%”—o (38)
d
b VAL (5 o, ) (1, ) AV (5 A A (e ) >0, (39)
S TR TPTEE el Taall” Tl

Proof. First note that (35) is the standard second-order optimality condition due to Levitin, Miljutin
and Osmolovskii [24], if VG(X) is surjective. If VG(X) is not surjective, there exists 0 # v* € V*
with VG(%)*v* = 0 and (35) follows with (19, 4,7*) = (0,0, +v*). Now assume that condition (36)
is fulfilled. To ease the notation we assume /(x) = {1,...,m}. We apply Theorem 3 (% = 2) to
problem (34) with ¥} := {0}, Fi(x) :=0, S;(x) :={0} and YV, :=R" xV, Kb = (f1,--,fm;G),
S>(x) = R x {Oy}. Hence gphS is formed by one convex generalized polyhedral set P; = X x
R x {0y }. For every v* € ker VG(x)* we have (0,0,+v*) € A and we deduce from condition (36)
that V2.2 (%,0,0,4v*) (u,u) = (+v*, V2G(%)(u,u)) < 0. Thus VG*(%)(u,u) € (ker VG(x)*)* and by
using the Closed Range Theorem we obtain VG?(¥)(u,u) € InVG(%). Hence there is some ele-
ment wo € X satisfying VG(X)wg + V2G (%) (u,u) = 0. Now we choose some finite dimensional sub-
space E C kerVg(x) such that (Vfy(%),...,Viu(X))(E) = (Vfo(%),...,Vfu(X))(ker VG(X)) and let
denote a! respectively @’ denote the restriction of Vf;(X) to ker VG(X) respectively E. Then for ev-
ery Ao, ..., An > 0 satisfying Yy A;a; = 0 we also have Y7 ; A;a; = 0 and therefore Y/ | A,V fi(X) €
(kerVG(%))*. By utilizing the Closed Range Theorem once more we can find some v* € V* such that
Yo AiVfi(%) + VG(X)*v* = 0 and therefore (A9, A,v*) € A(X). Hence

0> V2L (%, 20, A, 0" Zw fi(x )—<VG()?)*V*,W0>:ili(vzf,-(i)(u,u)+(Vf,-()2),wo>)
i=0

and due to the Farkas Lemma we can find some element w; € E C ker VG(X) such that

(@ ,w1) + (Vi) (u,u) + (Vi(R), wo)) = (V£i(X),wo +wi) + V2£i(%) (u,u) <0,i =0,...,m.

It follows vthat W= %(Wo + wy) fulfills conditions (28) and (32). There remains to show that the
operators A%, and A%, (u), & = {1}, have closed range. The linear subspace L associated with P; is
X x R™ x {0y }. Hence L{ = {Ox} x {Ogn} x V* is the dual space of the quotient space X x R™ x
{Ov}/L which can be identified with V. Hence A%, is the adjoint operator of A5 : X x (R” x V) —
(R"xV)xV,

Az (x,(r1, . yrm),v) = ((Vfi(%),0) + )izt VG (X)X +v,v)
and due to the closed range of VG(X), the operator A 5 and its adjoint operator A}} have closed range.
Further A%, (u) is the adjoint operator of A5 (u) : X x (R" x V) x X x (R™" x V) — (R" x V) x V x
(R"xV)xV,

Ay(u)(xl,(r},...,r;),vl,xz,(r%,...,r,i),vz) = (((Vf,-()?),xl) —}—rl-l +V2ﬁ(i)(ﬁ,x2))i:17,,,7m,

VG +v! +V2G(0) (1) (VA 2) )it m, VG +12,02).
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Since A(u) is assumed to have closed range, it follows that also A 5 (1) and consequently A*, (u) have
closed range. Hence the assertion follows from Theorem 3 (Y = 2). 0

Condition (38) can be already found in [9, Corollary 5.1] but the necessary condition (39) is
new. Let us mention that in a similar way the necessary optimality conditions of [3, Theorem 4] for
the problem (34) follow from Theorem 3 (% = 1). Further, the necessary optimality conditions of
[2, Theorem 2] also follow from Theorem 3 () = 1) with Fj (x) := (f1(x),..., fm(x)), S1(x) =R},
F(x) := G(x), S2(x) := {0y }.

Example 4. Consider the problem
minx® subject to x> < 0.

Then at X = 0 the necessary optimality conditions of [3, Theorem 4] and [2, Theorem2] are fulfilled.
However, the necessary conditions of Corollary 3 are violated for u = —1, verifying that x = 0 is not
a local minimizer.
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