A ROBUST HIERARCHICAL BASIS PRECONDITIONER ON GENERAL MESHES

ROB STEVENSON

Abstract. In this paper, we introduce a multi-level direct sum space decomposition of general, possibly locally refined linear or multi-linear finite element spaces. In contrast to the well-known BPX and hierarchical basis preconditioners, the corresponding additive Schwarz preconditioner will be robust for a class of singularly perturbed elliptic boundary value problems. Important for an efficient implementation is that stable bases of the subspaces defining our decomposition, consisting of functions having small supports can be easily constructed.

1. Background and motivation

This paper deals with additive Schwarz multi-level preconditioners for solving symmetric second order linear elliptic boundary value problems (cf. [Xu92, Yse93, GO95a]). We assume a nested sequence of linear or multi-linear finite element spaces M_0 ⊂ M_1 ⊂ . . . ⊂ M_J ⊂ . . . and discretize the boundary value problem on M_J using Galerkin’s method. Additive Schwarz preconditioners are based on a subspace decomposition M_J = ∑ k H_k. The corresponding preconditioner can be described by the following steps: For all k, project the right-hand side (or current defect) onto H_k; solve the reduced boundary value problem on H_k approximately, that is, e.g. apply a point solver as one step of Richardson or Jacobi iteration; finally, sum the obtained approximate solutions from all spaces H_k.

Report No. 9533, University of Nijmegen. Submitted to Numer. Math.

Well-known examples of additive Schwarz preconditioners of multi-level type are the BPX-preconditioner ([BPX90]) and the hierarchical basis preconditioner ([Yse86]). The BPX-preconditioner is based on the overlapping decomposition M_J = ∑J k=0 M_k. Due to the overlap, the subspace solvers should be chosen carefully. With exact subspace solvers, errors in ∩^J_{k=0}M_k = M_0 would be corrected (J + 1) times, whereas errors in M_J that are orthogonal with respect to the energy scalar product to M_{J−1} are corrected only once. This would result in a (spectral) condition number κ of the preconditioned system that is at least of order J + 1. In the actual BPX-preconditioner, Richardson iteration is applied as a subspace solver. For Poisson-like problems, this iteration only corrects the oscillating

Date. September 1995.

1991 Mathematics Subject Classification. Primary 65N55, 65N30.

Key words and phrases. Finite elements, hierarchical basis, additive Schwarz preconditioner, subspace decomposition, robustness, anisotropic equation. 1

(“non-overlapping”) errors in each subspace, that is, the errors that are not contained in the subspaces corresponding to coarser levels. It can be proved that as a result κ is bounded uniformly in J.

The reasoning that Richardson iteration only corrects oscillating errors is however not applicable for zeroth order problems. This explains why the BPX-preconditioner is not robust for singularly perturbed operators like −△ +^1_ϵ I (ϵ > 0). Yet, it can be shown that κ = O(J + 1) uniformly in ϵ. Adaptations of the BPX-preconditioner aiming at full robustness for this type of singular perturbation problems are discussed in [Bor92, GO95b].

As we have seen, redundancy in the subspace decomposition can have certain drawbacks. The hierarchical basis preconditioner is based on the direct sum decomposition M_J = ⨁J k=0(I_k −I_{k−1})M_J , where I_k : M_J → M_k is the nodal value interpolant (I_{−1} := 0).

A direct sum decomposition yields an optimum preconditioner only if the decomposition is (equivalent to) a decomposition that is orthogonal with respect to the energy scalar product. For Poisson-like problems in more than one dimension, the hierarchical decomposition does not have this property. Yet, assuming exact subspace solvers, it can be proved that κ ∼ (J + 1)^2 in two dimensions, so in that case the preconditioner is close to optimal, but in more dimensions κ grows exponentially as a function of J. The reduced boundary value problems on the subspaces are well-conditioned, and so results for exact subspace solvers carry over to the practical preconditioner based on simple point solvers. For zeroth order problems, the hierarchical basis preconditioner gives exponentially growing condition numbers and so clearly this preconditioner is not robust for −△ +^1_ϵ I.

A promising direct sum decomposition is given by M_J = ⨁J k=0 W_k, where W_k = M_k ⊖^{⊥L}2 M_{k−1} (W_0 := M_0). This decomposition is not only L_2-orthogonal but it is also equivalent to an H^1-orthogonal decomposition (cf. [Osw92, Zha92, DK92, BY93, Xu92, Osw94, Wan94]). Furthermore, since the reduced boundary value problems on the subspaces H_k appear to be well-conditioned, application of point solvers with respect to some bases of these subspaces would result into an optimum preconditioner for problems like −△ +^1_ϵ I even uniformly in ϵ (robustness), in case these bases are uniformly stable.

For one-dimensional linear finite element spaces on a regular grids, such L_2-stable bases are given by a set of prewavelets. Tensor products of these bases give L_2-stable bases of multi-linear finite element spaces on regular grids. However, on general finite element spaces suitable bases are not easily find. For linear finite element spaces in two dimensions on regular grids L_2-stable prewavelet bases are constructed in [KO95] (cf. [Jun94] for the bilinear case). However, each basis function of W_k is a linear combination of not less than ten nodal basis functions of M_k, which makes the preconditioner expensive to implement.

Subject of this paper is an additive Schwarz multi-level preconditioner based on the direct sum decomposition M_J = ⨁J k=0 V_k, where V_k = M_k ⊖^{⊥(,)M}k M_{k−1} (V_0 := M_0) and (·, ·)_{Mk} is a discrete but L_2-equivalent scalar product on M_k. This decomposition is similar to the L_2-orthogonal decomposition, but in contrast to that decomposition, on general, possibly locally refined finite element spaces, L_2-stable bases of the subspaces V_k are easily constructed consisting of basis functions that are linear combinations of, in case of linear finite elements only three nodal basis functions on that level. We do not expect that there exists an L_2-stable hierarchical basis of M_J consisting of basis functions that are linear combinations of a smaller number of nodal basis functions. Note that the spaces V_k are not mutually orthogonal with respect to one scalar product, which complicates the development of theory.

We will prove that if our decomposition is equivalent to an L_2-orthogonal decomposition then it is also equivalent to an H^1-orthogonal decomposition, which means that then the corresponding preconditioner based on point solvers is optimal for second and zeroth order elliptic problems and thus also that it is robust for problems like −△+^1_ϵ I. For model cases of finite element spaces on quasi-uniform two-dimensional meshes, we are able to prove this L_2-stability. Our numerical experiments with locally refined finite element spaces show L_2-, and thus H^1-stability also in that case. We obtain similar results for an example with a discontinuous coefficient, where we apply discrete scalar products that are equivalent to the resulting weighted L_2-scalar product.

Although not subject of this paper, we mention here that our space decomposition also will be useful for solving general H^s-elliptic problems for s ∈ [0, 1] as integral or pseudodifferential equations. We refer to [BCR91, DKPS94, DKPS].

Another direct sum multi-level decomposition close to the L_2-orthogonal one is discussed in [VW95]. In that paper, from each standard hierarchical basis function from (I_k − I_{k−1})M_J an approximate L_2-orthogonal projection onto M_{k−1} is subtracted. There is a tradeoff between the accuracy of this approximation and the size of the supports of the resulting basis functions. At least theoretically, to get a uniformly bounded condition number for Poisson-like problems, the approximate L_2-projection has to converge to the exact one if the level tends to infinity.

Anisotropic equations. The idea of a space decomposition based on orthogonality with respect to discrete scalar products was introduced by Hackbusch in the development of the Frequency Decomposition Multi-Level Method ([Hac89, Hac92]) aiming at robustness for anisotropic operators − ∑d i=1 a_i∂^2_i , where the a_i are non-negative but differ possibly largely in size. Both the BPX- as the hierarchical basis preconditioner show exponentially growing condition numbers applied to these operators in case of strong anisotropy. A robust BPX-preconditioner can be obtained when the coarser finite element spaces are constructed by means of semi-coarsening in directions guided by the relative sizes of the a_i ([TCJK92, GO95b]). This approach is necessarily restricted to a_i that are essentially constants.

For multi-linear finite element tensor product spaces on regular grids, in [Ste94, Ste95] it was proved that our decomposition M_J = ⨁J k=0 V_k is equivalent, uniformly in the size of the anisotropy, to a decomposition that is orthogonal with respect to the energy scalar product related to the anisotropic boundary value problem. However, the reduced boundary value problems on the subspaces V_k are not uniformly well-conditioned with respect to the anisotropy. So simple point solvers cannot be applied. Therefore, following ideas from [Hac89, Hac92], in [Ste94, Ste95] we made a further direct sum decomposition of each V_k into (k+1)^d −k^d subspaces, using tensor products and again based on orthogonality with respect to discrete scalar products. Now the reduced boundary value problems on these smaller subspaces can be solved using point solvers yielding a robust preconditioner. A similar method and results were obtained by Griebel and Oswald in [GO95b]. Their preconditioner is based on the L_2-orthogonal decomposition which results into a somewhat less efficient algorithm since the required prewavelet bases have larger masks.

In this paper we consider the question of robustness for anisotropic equations on linear finite element spaces in two dimensions. In this case, a decomposition of V_k as discussed above cannot be made since now the finite element space is not a tensor product space. Instead, we make a direct sum decomposition of V_k into three subspaces again orthogonal with respect to the discrete scalar product. Although the reduced boundary value problems on these spaces are still not uniformly well-conditioned and thus point solvers cannot be applied, it will turn out that it is sufficient to solve these problems with a line solver. At least for uniform triangulations, the resulting preconditioner will be robust with respect to anisotropy in the three directions of the grid lines.

The remainder of this paper is organized as follows. In Section 2, we discuss general additive Schwarz preconditioners. The direct sum decomposition central in this paper together with various theoretical and practical aspects of the corresponding hierarchical basis preconditioner are treated in Section 3. In Section 4, further direct sum decompositions of the subspaces generating our decomposition are introduced yielding robust preconditioners for anisotropic equations. Numerical examples are given at the end of Sections 3 and 4.

Following [Xu92], we shall use the notations <∼, >∼ and =∼. When we write

x_1 <∼ y_1, x_2 >∼ y_2 and x_3 =∼ y_3,

then there exist constants C_1, c_2, c_3 and C_3, that are independent of relevant parameters as the level or the value of a singular perturbation parameter, such that

x_1 ≤ C_1y_1, x_2 ≥ c_2y_2 and c_3x_3 ≤ y_3 ≤ C_3x_3.

2. Preliminaries

2.1. Finite element spaces. Throughout this paper, we consider a sequence of nested linear or multi-linear finite dimensional finite element spaces

M_0 ⊂ M_1 ⊂ . . . ⊂ M_J ⊂ H^1_0 (Ω),

where Ω is a domain in R^d. For use in §3 we impose the following conditions (T1) The diameter of a underlying finite element of M_k (a d-simplex or d-parallelogram) that was generated by refinement in the transition from M_{k−1} to M_k, divided by the diameter of the enclosing finite element of M_0 is equivalent to 2^{−k}.

(T2) Elements that were not refined in the transition from M_{k−1} to M_k are never refined further.

(T3) The diameter of an element τ divided by the radius of the largest ball contained in τ is bounded, uniformly in all elements on all levels.

Note that we do not make an assumption whether the subdivision of Ω into finite elements is conforming or non-conforming.

2.2. Additive Schwarz preconditioners. Following presentations from [Xu92, Yse93, GO95a], in this subsection we discuss general additive Schwarz preconditioners. Suppose we have to solve the variational problem find u ∈ M_J such that a(u, v) = f(v) (v ∈ M_J ), (2.1)

where a is a scalar product on M_J and f is a linear functional on M_J .

Let M_J = ∑N(J) k=0 H_k some space decomposition and, for 0 ≤ k ≤ N(J) < ∞, let b_k be an auxiliary scalar product on H_k. These ingredients define the preconditioner which we will introduce in connection to a defect computation, that is, as a defect correction step. In doing so, we avoid introducing an additional scalar product for transferring the variational problem (2.1) into an operator equation, whereas at the same time the discussion of the implementation becomes easier. Given some approximation u^{old} of the solution u, this defect correction step is defined by u^{new} = u^{old} + ∑ k u_k, (2.2)

where for 0 ≤ k ≤ N(J), u_k is the solution of b_k(u_k, w) = f(w) − a(u^{old}, w) (w ∈ H_k).

(2.3) The use of the scalar products b_k replacing a models the application of inexact solvers on the subspaces H_k.

Defining operators T_k : M_J → H_k by b_k(T_ku, w) = a(u, w) (w ∈ H_k), we have u_k = T_k(u^∗ − u^{old}) where u^∗ is the solution of (2.1), and thus

u^∗ − u^{new} = (I − ∑ k T_k)(u^∗ − u^{old}).

One easily verifies that the preconditioned operator ∑ k T_k is symmetric positive definite (SPD) with respect to a(·, ·). We conclude that the convergence speed of the Conjugate Gradient method applied to the preconditioned system is determined in a well-known manner by the spectral condition number κ( ∑ k T_k).

Following [GO95a], we define a norm ||| · ||| on M_J by |||u|||^2 = inf u_k∈H_k,u= ∑ k u_k ∑ k b_k(u_k, u_k)

and introduce the values

λ_{min} = inf_{0≠u∈MJ} a(u, u) |||u|||^2 , λ_{max} = sup_{0≠u∈MJ} a(u, u) |||u|||^2 and κ({M_J ; a}; ∑ k {H_k; b_k}) = λ_{max} λ_{min} . It can be proved that κ( ∑ k T_k) = κ({M_J ; a}; ∑ k {H_k; b_k}) (2.4)

(cf. [GO95a] and the references cited there), which reveals the direct relation between the effectiveness of the preconditioner and the stability of the space decomposition.

In case of a direct sum space decomposition M_J = ⨁ k H_k as we will consider in this paper, there holds ||| ∑ k T_ku|||^2 = ∑ k b_k(T_ku, T_ku) = ∑ k a(u, T_ku) = a( ∑ k T_ku, u) and so λ_{min} ≤ a( ∑ k T_ku, ∑ k T_ku) a( ∑ k T_ku, u) ≤ λ_{max},

where the bounds are attained. By substituting u = ( ∑ k T_k)^{− 1}2 w, we conclude that indeed κ( ∑ k T_k) =^{λmax}_{λmin} , which gives an easy proof of (2.4) in this case.

A direct consequence of (2.4) is that for obtaining a qualitative estimate of κ( ∑ k T_k) we may replace the scalar products a and b_k by equivalent scalar products, since by doing that, the right-hand side of (2.4) only changes by a constant factor.

Particularly interesting for singularly perturbed boundary value problems is the following: Suppose we have a direct sum space decomposition, two scalar products a^{(1)} and a^{(2)} on M_J , and on each space V_k two auxiliary scalar products b^{(1)}_k and b^{(2)}_k . Let us denote the characteristic values of the decomposition using the scalar products a^{(i)} and b^{(i)}_k on M_J and V_k respectively by λ^{(i)}_{max} and λ^{(i)}_{min}. Then for ν, μ ≥ 0 with ν + μ > 0, there holds

κ({M_J ; νa^{(1)} + μa^{(2)}}; ∑ k {H_k; νb^{(1)}_k + μb^{(2)}_k }) ≤ max{λ^{(1)}_{max}, λ^{(2)}_{max}} min{λ^{(1)}_{min}, λ^{(2)}_{min}} . (2.5)

2.3. Implementation. Let {ϕ_i} be a basis of M_J . We denote by U the vector representing u ∈ M_J with respect to {ϕ_i}. Analogously, by U_k we denote the representation of u_k ∈ H_k with respect to some basis {ψ_i} of H_k (0 ≤ k ≤ N(J)). Let p_k be the representation of the trivial embedding H_k → M_J with respect to above bases, that is, p_kU_k is the representation of u_k ∈ H_k ⊂ M_J with respect to {ϕ_i}. The stiffness matrices A = A_J and Ã_k are defined by <AU, V >= a(u, v) (u, v ∈ M_J ) and <Ã_kU_k, V_k>= a(u_k, v_k) (u_k, v_k ∈ H_k) respectively, where <, > denotes a Euclidean scalar product. Note that Ã_k = r_kAp_k, where r_k is the matrix adjoint of p_k. With F being the vector such that <F, V >= f(v) (v ∈ M_J ), we conclude that the representation of the variational problem (2.1) with respect to {ϕ_i} is given by AU = F. (2.6)

Let B_k be the matrix satisfying <B_kU_k, V_k>= b_k(u_k, v_k) (u_k, v_k ∈ H_k). This relation is usually used to define b_k by taking B_k some easily invertible approximation of Ã_k. Analogously to (2.6), we find that the representation of (2.3) with respect to {ψ_i} is given by B_kU_k = G_k, where G_k is defined by <G_k, V_k> = f(v_k) − a(u^{old}, v_k) = <F, p_kV_k> − <AU^{old}, p_kV_k> = <r_k(F − AU^{old}), V_k> (v_k ∈ H_k), or G_k = r_k(F − AU^{old}). So we have U_k = B^{−1}_k r_k(F − AU^{old}). In order to correct U^{old}, also the function represented by U_k should be represented with respect to {ϕ_i}. We conclude that the implementation of (2.2) is given by U^{new} = U^{old} + ∑ k p_kB^{−1}_k r_k(F − AU^{old}).

In our applications, H_k will be a subspace of M_k. Because of the nesting M_0 ⊂ M_1 ⊂ . . . ⊂ M_J , the embeddings M_k → M_J can be implemented efficiently in a recursive way using the nodal bases on all finite element spaces. To obtain an efficient implementation of the embedding H_k → M_k and thus of the embedding H_k → M_J , it is important that the basis functions of H_k can be expressed as linear combinations of a small number of nodal basis functions from M_k.

3. A new hierarchical basis preconditioner

3.1. The space decomposition. In this section, we replace the general scalar product a by the scalar product D(u, v) := ∫ Ω φ d∑ i=1 ∂_iu∂_ivdx, where φ is a positive function that is constant on the interiors of the finite elements corresponding to M_0. This function φ has the task to cover jumps of the coefficients of the differential operator across boundaries of the elements on the coarsest level. Let us denote the collection of these elements by Ξ_0. To make our estimates independent of the jumps and the sizes of the τ_0 ∈ Ξ_0 , we consider the weighted L_2-scalar product

(u, v)_{L2} = ∑ τ_0∈Ξ_0 1 diam(τ_0)^2 ∫ τ_0 φuvdx, and define norms ‖ · ‖_{L2} = (·, ·)^{12}_{L2} and | · |_H1 = D(·, ·)^12 .^1

We start with collecting some well-known tools for analyzing multi-level methods (cf. e.g. [BY93]). On M_k, we have |u|_H1 <∼ 2^k‖u‖_{L2} (inverse inequality).

(3.1) Further, there exists a γ < 1 such that for k ≥ l D(u, v) <∼ γ^{k−l}|u|_H1 2^k‖v‖_{L2} (u ∈ M_l, v ∈ M_k) (3.2)

1A large φ or a small τ_0 ∈ Ξ_0 are different faces of the same problem. If Ω is (linearly) enlarged with a factor √ λ, then a differential operator −∂^2_i with respect to new coordinates is given by −λ∂^2_i .

(strengthened Cauchy-Schwarz inequality).

The L_2-orthogonal decomposition M_J = ⨁J k=0 W_k is defined by W_k = M_k ⊖^{⊥L}2 M_{k−1} (k ≥ 1) and W_0 = M_0. Let Q_k : H^1_0 (Ω) → M_k be the L_2-orthogonal projection onto M_k (k ≥ 0) and Q_{−1} := 0. Then Q_k − Q_{k−1} = (I − Q_{k−1})Q_k maps onto W_k and we conclude that u = ∑J k=0(Q_k − Q_{k−1})u is the unique splitting of u ∈ M_J in terms of functions from the spaces W_k. Several authors have proved that

|u|^2_H1 =∼ |Q_0u|^2_H1 + J∑ k=1 4^k‖(Q_k − Q_{k−1})u‖^2_{L2} (u ∈ M_J ),

(3.3)

that is, κ({M_J ; D(, )}; {W_0; D(, )} + ∑J k=1{W_k; 4^k(, )_{L2} }) <∼ 1 (cf. [Osw92, Zha92, Xu92, Osw94] for uniform refinements, [Wan94, BY93] for non-constant φ, and [DK92, BY93] for non-uniform refinements assuming additionally to (T1)-(T3) some standard conditions on the refinement procedure that prevent neighboring elements to differ more than a constant factor in size). Note that (3.1) and (3.3) imply that for k ≥ 1 and u ∈ W_k 2^k‖u‖_{L2} =∼ |u|_H1 . (3.4)

Our hierarchical basis preconditioner is based on a space decomposition very similar to the L_2-orthogonal decomposition stated above. Let Ω_k be the set of (free-) nodal points belonging to M_k. We equip M_k with a discrete scalar product (u, v)_{Mk} = ∑ x∈Ω_k w_{k,x}u(x)v(x) (3.5)

and norm ‖u‖_{Mk} = (·, ·)^{12}_{Mk} , with weights w_{k,x} such that ‖ · ‖_{Mk} =∼ ‖ · ‖_{L2} (3.6)

(uniformly in k).

Using that^φ_{diam(τ0)2} is constant on each finite element τ underlying M_k, an obvious approach for constructing (·, ·)_{Mk} is to apply the quadrature formula exact on M_k|_τ ∫ τ φ diam(τ_0)^2 udx = φ·vol(τ) diam(τ_0)^2 n∑ i=1 u(x_i), where x_1, . . . , x_n are the vertices of τ . By summing over the elements τ, we get a quadrature formula exact on M_k. Possible resulting weights belonging to slave nodes can then be distributed over the free nodes on that side, since by definition of a slave node the value of u ∈ M_k in that node is some (convex) linear combination of the values in the free nodes. The resulting (·, ·)_{Mk} satisfies (3.6) (even without (T3)).

Now we define V_k = M_k ⊖^{⊥(,)M}k M_{k−1} (k ≥ 1) and V_0 = M_0. Then the space decomposition that underlies our hierarchical basis preconditioner is given by M_J = ⨁J k=0V_k. In contrast to the L_2-orthogonal decomposition M_J = ⨁ k W_k, in the next subsection we will see that for general, possibly locally refined meshes, stable and local bases of the spaces V_k can easily be constructed. Moreover, also in model cases for which such bases of the spaces W_k are known, the basis functions of V_k can be expressed as a linear combination of a considerably smaller number of nodal basis functions than the basis functions of W_k. As pointed out in §2.3, this will result in a more efficient implementation.

Let Y_k : M_{k+1} → M_k be the (·, ·)_{Mk+1} -orthogonal decomposition onto M_k (k ≥ 0) and Y_{−1} := 0. For 0 ≤ k ≤ J, on M_J we define projections

Z_k ( = Z^{(J)}_k ) = (I − Y_{k−1})Y_k · · · Y_{J−1}.

(3.7)

It is easily verified that Z_k maps onto V_k, ∑J k=0 Z_k = I and so u = ∑J k=0 Z_ku is the unique splitting of u ∈ M_J in terms of functions from the spaces V_k. We note here that the mappings Z_k are important for theory, but that they do not enter into the implementation of the preconditioner that is discussed in §2.3 and also at the end of §3.2.

We impose the condition ‖Z_k‖_{L2←L2} <∼ 1 (3.8)

(uniformly in k ≤ J). One might think that the property (3.6) already implies (3.8), but unfortunately this is generally not true. Until now, we were able to verify (3.8) in model cases discussed in the next subsection concerning quasi-uniform meshes and φ ≡ 1. In fact, for these cases we prove the stronger result ‖u‖^2_{L2} =∼ J∑ k=0 ‖Z_ku‖^2_{L2} (u ∈ M_J ).

(3.9)

Yet, our numerical experiments discussed in §3.5 indicate that (3.9) is also valid in local refinement cases and in cases where φ has large jumps.

Assuming (3.3) and (3.8), we can prove the following analogue of (3.3) for our space decomposition.

Theorem 3.1. There holds

|u|^2_H1 =∼ |Z_0u|^2_H1 + J∑ k=1 4^k‖Z_ku‖^2_{L2} (u ∈ M_J ).

Proof. (Based on [Xu92, Appendix].) To avoid treating the term |Z_0u|^2_H1 every time separately, we start with showing that for k ≥ 1 and u ∈ V_k, 2^k‖u‖_{L2} =∼ |u|_H1 , (3.10)

so that |Z_0u|^2_H1 + ∑J k=1 4^k‖Z_ku‖^2_{L2} =∼ ∑J k=0 |Z_ku|^2_H1 . Let k ≥ 1. By (3.4), we have that on V_k, ‖u‖_{L2} =∼ ‖u‖_{Mk} = ‖(I − Y_{k−1})u‖_{Mk} ≤ ‖(I − Q_{k−1})u‖_{Mk} =∼ ‖(I − Q_{k−1})u‖_{L2} <∼ 2^{−k}|u|_H1 . This result together with (3.1) shows (3.10).

Let u ∈ M_J and put u_l = (Q_l − Q_{l−1})u. Then u_l ∈ M_l and so for l < k ≤ J, we have Z_ku_l = 0. For k ≤ l ≤ J, it follows from (3.1), (3.8) and (3.4) that |Z_ku_l|_H1 <∼ 2^k‖Z_ku_l‖_{L2} <∼ 2^k‖u_l‖_{L2} <∼ 2^{k−l}|u_l|_H1 .

Writing u = ∑J k=0 u_l, we now get that J∑ k=0 |Z_ku|^2_H1 = J∑ k=0 J∑ l,m=k D(Z_ku_l, Z_ku_m) = J∑ l,m=0 min{l,m} ∑ k=0 D(Z_ku_l, Z_ku_m) <∼^J∑ l,m=0 min{l,m} ∑ k=0 2^{2k−l−m}|u_l|_H1 |u_m|_H1 <∼^J∑ l,m=0 2^{2 min{l,m}−l−m}|u_l|_H1 |u_m|_H1 <∼^J∑ l=0 |u_l|^2_H1 <∼ |u|^2_H1 by (3.3).

On the other hand, from (3.2) and (3.10), we obtain

|u|^2_H1 = J∑ k,l=0 D(Z_ku, Z_lu) <∼ J∑ k,l=0 γ^{|k−l|}|Z_ku|^2_H1 |Z_lu|^2_H1 <∼ J∑ k=0 |Z_ku|^2_H1 which completes the proof.

3.2. Bases. In this subsection, we select bases of the spaces M_J and V_k. The union over k of the bases of the spaces V_k will also be a basis of M_J , which is in particular a hierarchical basis.

For 0 ≤ k ≤ J, we equip M_k with nodal basis {ϕ_{k,x} : x ∈ Ω_k}, scaled in such a way that it is orthonormal with respect to (·, ·)_{Mk} . The space V_0 equals M_0, and we equip both spaces with the same basis. For 1 ≤ k ≤ J, we equip V_k with basis {ψ_{k,x} : x ∈ Ω_k\Ω_{k−1}}, (3.11)

where ψ_{k,x} = ϕ_{k,x} − ∑ y∈Ω_{k−1} (ϕ_{k,x}, ϕ_{k−1,y})_{Mk} (ϕ_{k,y}, ϕ_{k−1,y})_{Mk} ϕ_{k,y}. (3.12)

Indeed, from ψ_{k,x}(z) = { ϕ_{k,x}(x) if z = x 0 if x ≠ z ∈ Ω_k\Ω_{k−1} , we see that (3.11) is an independent set, whereas using (ϕ_{k,y}, ϕ_{k−1,z})_{Mk} = 0 for y, z ∈ Ω_{k−1} and y ≠ z, one may check that ψ_{k,x} ∈ V_k. Note that e.g. for linear finite elements the sum over y ∈ Ω_{k−1} in (3.12) has only (at most) two non-zero terms, that is, in that case ψ_{k,x} can be expressed as a linear combination of (at most) three nodal basis functions of M_k. See Figure 1 for a two-dimensional example. Representations of elements of M_k or V_k (k > 0) with respect to above bases will be most naturally identified with grid functions on Ω_k or Ω_k\Ω_{k−1} respectively.

Proposition 3.2. The basis of V_k defined in (3.11,3.12) (k > 0) is uniformly L_2-stable (Riesz-basis).

� � � � @@ @@ @@ @

AA AA AA A

� � � � � � � XXXXX XX � � � � � � �

� � �◯ ◯ AA AA � � � �AA AA JJ JJ J • • • • {�} = Ωk−1 {•} = Ω_k\Ω_{k−1} {�◯} = {y ∈ Ωk−1 : (ϕk,x, ϕk−1,y)Mk ≠ 0}

x

Figure 1. y ∈ Ω_{k−1} for which (ϕ_{k,x}, ϕ_{k−1,y})_{Mk} ≠ 0

Proof. The stability of the basis of V_0 follows from (3.6).

Now let k ≥ 1. For an underlying finite element τ_k of M_k, let τ_{k−1}[τ_k] be the enclosing element of M_{k−1}. The conditions (T1)-(T3) imply that

vol(τ_k) vol(τ_{k−1}[τ_k]) >∼ 1. (3.13)

For y ∈ Ω_k, define δ_{k,y} ∈ M_k by δ_{k,y}(x) = { 1 if y = x 0 if y ≠ x ∈ Ω_k . From (3.13), we have ‖δ_{k,y}‖_{L2} ‖δ_{k−1,y}‖_{L2} >∼ 1 (y ∈ Ω_{k−1}). Since ϕ_{k,y} =^{δk,y}_{‖δk,y‖Mk} and ‖δ_{k,y}‖_{Mk} = √w_{k,y} (cf. (3.5)), we conclude using (3.6) that for y ∈ Ω_{k−1},

(ϕ_{k,y}, ϕ_{k−1,y})_{Mk} = w_{k,y} ‖δ_{k,y}‖_{Mk} ‖δ_{k−1,y}‖_{Mk−1} = ‖δ_{k,y}‖_{Mk} ‖δ_{k−1,y}‖_{Mk−1} =∼ ‖δ^{k,y}‖^{L2} ‖δ_{k−1,y}‖_{L2} >∼ 1. (3.14)

Let u_{k−1} = ∑ y∈Ω_{k−1} ck−1,yϕk−1,y be a function from Mk−1. From (3.6) and by writing ϕ_{k−1,y} = ∑ x∈Ω_k (ϕk,x, ϕk−1,y)Mk ϕk,x, we get ∑ y∈Ω_{k−1} |c_{k−1,y}|^2 = (u_{k−1}, u_{k−1})_{Mk−1} =∼ (u_{k−1}, u_{k−1})_{Mk} = ∑ x∈Ω_k | ∑ y∈Ω_{k−1} (ϕ_{k,x}, ϕ_{k−1,y})_{Mk} c_{k−1,y}|^2 ≥ ∑ x∈Ω_k\Ω_{k−1} | ∑ y∈Ω_{k−1} (ϕ_{k,x}, ϕ_{k−1,y})_{Mk} c_{k−1,y}|^2. (3.15)

Finally, let v_k = ∑ x∈Ω_k\Ω_{k−1} dk,xψk,x be a function from Vk. From (3.6) and the definition

of ψ_{k,x} we have

‖v_k‖^2_{L2} =∼ ‖v_k‖^2_{Mk} = ∑ x∈Ω_k\Ω_{k−1} |d_{k,x}|^2 + ∑ y∈Ω_{k−1} | ∑ x∈Ω_k\Ω_{k−1} (ϕ_{k,x}, ϕ_{k−1,y})_{Mk} e_{k,x}|^2, where e_{k,x} =^{dk,x} (ϕ_{k,y},ϕ_{k−1,y})_{Mk} . Clearly, there holds ‖vk‖ 2 L_2 >∼ ∑ x∈Ω_k\Ω_{k−1} |dk,x| 2. When we equip coordinate spaces with Euclidean scalar products, the mapping from (e_{k,x})_{x∈Ωk\Ωk−1} to ( ∑ x∈Ω_k\Ω_{k−1} (ϕk,x, ϕk−1,y)Mk ek,x)y∈Ωk−1 is just the adjoint of the operator that was shown

to be bounded in (3.15), and thus it is bounded as well. From this and (3.14) we conclude that ∑ y∈Ω_{k−1} | ∑ x∈Ω_k\Ω_{k−1} (ϕ_{k,x}, ϕ_{k−1,y})_{Mk} e_{k,x}|^2 <∼ ∑ x∈Ω_k\Ω_{k−1} |e_{k,x}|^2 <∼ ∑ x∈Ω_k\Ω_{k−1} |d_{k,x}|^2 and thus that ‖v_k‖^2_{L2} <∼ ∑ x∈Ω_k\Ω_{k−1} |dk,x| 2. 3.3. The preconditioner. Suppose the scalar product a is a non-negative linear combination of scalar products a^{(1)} and a^{(2)},

a = νa^{(1)} + μa^{(2)},

where a^{(1)} =∼ D and a^{(2)} =∼ (·, ·)_{L2} . Theorem 3.1 and (3.9) show that κ({M_J ; a}; ∑ k {V_k; a}) <∼ 1 uniformly in ν + μ > 0, ν, μ ≥ 0 (and J) (use (2.5)). [Clearly, if instead of (3.9) only (3.8) holds, then this result is still valid for μ = 0.]

Let Ã_k be the stiffness matrix of a on V_k, that is, <Ã_kU_k, V_k>= a(u_k, v_k), where U_k (V_k) is the representation of u_k (v_k) with respect to the basis of V_k. From (3.10) and Proposition 3.2, for k > 0 we have Ã_k =∼ ν4^kI + μI, and thus Ã_k =∼ ρ(Ã_k)I. Finally, for k > 0 defining b_k(u_k, v_k) =< B_kU_k, V_k >, with B_k satisfying B_k =∼ ρ(Ã_k)I, e.g. B_k = diag(Ã_k) (Jacobi iteration) or B_k = ρ(Ã_k)I (Richardson iteration), we obtain b_k =∼ a on V_k and so κ({M_J ; a}; {V_0; a} + J∑ k=1 {V_k; b_k}) <∼ 1. We denote the representations of the trivial embeddings M_{k−1} → M_k and V_k → M_k with respect to nodal bases on M_{k−1} and M_k and the basis (3.11) on V_k by p^0 and p^1 respectively. The operator p^0 maps grid functions on Ω_{k−1} to grid functions on Ω_k whereas p^1 maps grid functions on Ω_k\Ω_{k−1} to grid functions on Ω_k. Apart from possible different scalings, the operator p^0 is the familiar multi-grid prolongation, whereas e.g. for linear finite elements p^1 is given by a three-point stencil. We note that since the nodal basis on M_k is orthonormal with respect to (·, ·)_{Mk} , the relation M_{k−1} ⨁⊥_{(,)Mk} V_k = M_k is equivalent to

Im p^0 ⊥ Im p^1 with respect to the Euclidean scalar product. For the representation p_k of the trivial embedding V_k → M_J , we have

p_k = p^0 · · · p^0 (J−k)× p^1 if 0 < k ≤ J

p^0 · · · p^0 J× if k = 0 .

Denoting by A_k the stiffness matrix of a on M_k, for k > 0 there holds

A_{k−1} = r^0A_kp^0, Ã_k(= r_kA_J p_k) = r^1A_kp^1

(Ã_0 = A_0), where r^0 and r^1 are matrix adjoints of p^0 and p^1 respectively. Using these formulas, necessary stiffness matrices can be computed efficiently and we obtain the following implementation of our preconditioner:

Algorithm 3.3.

function HB(J,F )

begin

if J = 0 then U = A^{−1}_0 F ; else

U = p^1B^{−1}_J r^1F + p^0HB(J − 1, r^0F ); return U; end The only difference with the classical hierarchical basis preconditioner is the choice of p^1 (and as a consequence that of r^1, A_0 and the B_k’s). For the classical hierarchical preconditioner, p^1 is just the trivial injection from the grid Ω_k\Ω_{k−1} to Ω_k.

3.4. Examples. In this subsection, we give examples of finite element spaces with discrete scalar products for which we were able to prove ‖u‖^2_{L2} =∼ ∑J k=0 ‖Z_ku‖^2_{L2} (u ∈ M_J ) ((3.9)) implying ‖Z_k‖_{L2←L2} <∼ 1 ((3.8)), which latter result was used as a condition for Theorem 3.1.

Example 3.4. In this example, M_k ⊂ H^1_0 ((0, 1)^d) is the multi-linear finite element space based on the subdivision of [0, 1]^d into {(α + [0, 1]^d)h_k : 0 ≤ α_i < h^{−1}_k , α ∈ N^d}, where h_k = 2^{−(k+1)}. Taking φ ≡ 1 and following the general construction of (·, ·)_{Mk} explained below formula (3.6), we define (u, v)_{Mk} = h^d_k ∑ x∈Ω_k u(x)v(x), where Ωk = hkN

d ∩ (0, 1)^d is the set of nodal points. The choice of (·, ·)_{Mk} determines the decomposition M_J = ⨁ k V_k as well as the mappings p^0 and p^1 introduced at the end of the previous subsection. In Figure 2, p^0 and p^1 are represented in stencil notation for d = 2. These stencils show the representations of basis functions of M_{k−1} or V_k in terms of basis functions of M_k.

For d = 1, let us denote M_k, V_k and (·, ·)_{Mk} by M^{(1)}_k , V^{(1)}_k and (·, ·)_M(1)_k respec-

tively. Then for the general case, we have M_k = ⨂d j=1 M^{(1)}_k , ( ⨂d j=1 u_j, ⨂d j=1 v_j)_{Mk} =

s s s

s �^s

s s s �` 1 8 �_{18} @@R_{18} @@I 1 8 - 1_4 œ1_4

?1_4

6^{14}_n �^12 � s � ?−^12

6^{− 1}2 � 1_n �_s �-^{− 1}2 œ^{− 1}2^nR^1 � � s � � � �`^{− 14} � �− 1_4 @@ @R− 1_4 @@ @I^{− 14}

n� 1

p^0 p^1

{�} = Ωk−1 {^s} = Ω_k\Ω_{k−1}

Figure 2. p^0 and p^1 in case of bilinear finite elements on a regular grid. ∏d j=1(u_j, v_j)_M(1)_k , and one may check that as a consequence

V_k = ⨁ α∈{0,... ,k}^d\{0,... ,k−1}^d V_α, where V_α = ⨂d j=1 V^{(1)}_{αj} (cf. also Figure 6 for the case d = 2). In [Ste94, §3.2] and [Ste95, §4] it was proved that the decomposition M_J = ⨁ α∈{0,... ,J}^d Vα of MJ into (J + 1) d subspaces is L_2-stable, that is, κ({M_J ; (·, ·)_{L2} }; ∑ α∈{0,... ,J}^d {Vα; (·, ·)L2 }) <∼ 1. The clustering lemma stated below says that stability of a direct sum decomposition cannot be lost by clustering several subspaces together. We conclude that (3.9) is valid.

Lemma 3.5 is a special case of a result mentioned in [GO95a, §5].

Lemma 3.5. Let M_J = ⨁N(J) k=0 ∑M(k) l=0 H_{k,l} be a decomposition of M_J into ∑N(J) k=0 (M(k)+1) subspaces and let a be a scalar product on M_J . Then for the space decomposition obtained by for each k clustering the spaces H_{k,0}, . . . , H_{k,M(k)}, we have κ({M_J ; a}; N(J)∑ k=0 { M(k)∑ l=0 H_{k,l}; a}) ≤ κ({M_J ; a}; N(J)∑ k=0 M(k)∑ l=0 {H_{k,l}; a})^2. Proof. Put H_k = ∑M(k) l=0 H_{k,l}. From the fact that M_J is a direct sum of the spaces H_0, . . . , H_{N(J)}, it follows that for each k the characteristic values λ^{(k)}_{min}, λ^{(k)}_{max} of the decomposition H_k = ∑ l H_{k,l} are in the interval [λ_{min}, λ_{max}], where λ_{min}, λ_{max} are the characteristic values of the decomposition M_J = ⨁ k ∑ l H_{k,l}. The remainder of the proof follows easily from the definitions.

Example 3.6. Let Ξ_0 be a finite collection of triangles of type α+{(x, y) ∈ [0,^1_2 ]^2 : y ≤ x} or α + {(x, y) ∈ [0,^1_2 ]^2 : y ≥ x} where α ∈^1_2 Z^2. Let Ω ⊂ R^2 be the interior of ∪_{τ∈Ξ0} τ , where we assume that Ω is connected and contains at least one vertex of some τ ∈ Ξ_0. For k > 0, we define Ξ_k to be the collection of triangles that arises by breaking each τ ∈ Ξ_{k−1} into four congruent triangles. For k ≥ 0, M_k ⊂ H^1_0 (Ω) is the linear finite element space corresponding to Ξ_k.

Again taking φ ≡ 1 and following the general construction of (·, ·)_{Mk} proposed below formula (3.6), we define (u, v)_{Mk} = h^2_k ∑ x∈Ω_k u(x)v(x), where Ωk = hkZ

2 ∩ Ω with h_k = 2^{−(k+1)} is the set of nodal points. The resulting p^0 and p^1 are represented in Figure 3.

s s s �^s s s �` 1 4 �_{14}

- 1_4 œ1_4

?1_4

6^{14}_n �^12 � s � ?−^12

6^{− 1}2 � 1_n �_s �-^{− 1}2 œ^{− 1}2^nR^1 � s � � �`^{− 12} � �− 1_2 nR1 p^0 p^1

{�} = Ωk−1 {^s} = Ω_k\Ω_{k−1}

Figure 3. p^0 and p^1 in case of linear finite elements on a regular grid.

For comparison, we note that in [KO95] for this example stable bases of the subspaces of the L_2-orthogonal decomposition have been constructed consisting of basis functions that are linear combinations of ten nodal basis functions. Moreover, there it was argued that a number smaller than ten cannot be expected.

For a proof of (3.9) in this case we refer to Appendix A. The same decomposition M_J = ⨁ k V_k and bases on the spaces V_k as in this example were used by Dahmen, Kleemann, Prössdorf and Schneider in [DKPS]. Their starting point was not the orthogonality of spaces with respect to discrete scalar products, but the so-called moment conditions; for “interior” x ∈ Ω_k\Ω_{k−1}, the basis functions ψ_{k,x} (cf. (3.12)) appear to be L_2-orthogonal to polynomials of degree less or equal to one. As a consequence, with respect to the hierarchical basis of M_J defined as the union of the bases of the V_k, the entries of the stiffness matrices of certain integral and pseudo-differential operators show a fast decay away from the diagonal (see [DKPS, DKPS94]). Therefore, these (dense) matrices can be well approximated by sparse matrices (matrix compression). Our stability result (3.9) seems to be new.

Both Examples 3.4 and 3.6 deal with regular elements (hypercubes or equilateral, rightangled triangles). In both cases the employed discrete scalar products are equivalent to (·, ·)_{L2} ((3.6)), and it appeared that the corresponding decomposition M_J = ⨁ k V_k is L_2- stable ((3.9)). Finally in this section, we show that both properties are maintained under two types of transformations of the elements.

Let Φ : R^d → R^d be an invertible mapping. Define Ω̃ = Φ^{−1}Ω and Φ^×, mapping functions on Ω onto functions on Ω̃, by Φ^×u = u ∘ Φ. Put M̃_k = Φ^×M_k and Ω̃_k = Φ^{−1}Ω_k which is the set of (free) nodal points belonging to M̃_k. For some discrete scalar product (·, ·)~_{Mk} as in (3.5), let Ṽ_k = M̃_k ⊖^{⊥(,)M̃}k M̃_{k−1} (k ≥ 1) and Ṽ_0 = M̃_0.

First, we consider the case that Φ is some linear (or affine) transformation. We take (ũ, ṽ)~_{Mk} = |DΦ^{−1}| ∑ x̃∈Ω̃_k w_{k,Φ(x̃)}ũ(x̃)ṽ(x̃) (ũ, ṽ ∈ M̃_k).

Then from (u ∘ Φ, v ∘ Φ)~_{Mk} = |DΦ^{−1}| (u, v)_{Mk} and (u ∘ Φ, v ∘ Φ)_{L2(}~_{Ω)} = |DΦ^{−1}| (u, v)_{L2(Ω)}, we have ‖ · ‖~_{Mk} =∼ ‖ · ‖_{L2(}~_{Ω)} uniformly in Φ and k, Ṽ_k = Φ^×V_k and^2

κ({M̃_J ; (·, ·)_{L2(}~_{Ω)}}; ∑ k{Ṽ_k; (·, ·)_{L2(}~_{Ω)}}) = κ({M_J ; (·, ·)_{L2(Ω)}}; ∑ k{V_k; (·, ·)_{L2(Ω)}}). As a second case, we consider continuous Φ that are C^1-diffeomorphism on the interiors of Φ^{−1}(τ) for each underlying element τ of M_0. We take

(ũ, ṽ)~_{Mk} = ∑ x̃∈Ω̃_k w_{k,Φ(x̃)}ũ(x̃)ṽ(x̃) (ũ, ṽ ∈ M̃_k). Note that this scalar product does not correspond to the application of quadrature formulas on Φ^{−1}(τ ) that are exact on M̃_k|_{Φ−1(τ)}. Clearly, we have (u ∘ Φ, v ∘ Φ)~_{Mk} = (u, v)_{Mk} and

thus Ṽ_k = Φ^×V_k. Furthermore, there holds 1 ‖|DΦ|‖_∞ ≤ ‖u ∘ Φ‖^2_{L2(Ω̃)}

‖u‖^2_{L2(Ω)} ≤ ‖|DΦ^{−1}|‖_∞, and so

κ({M̃_J ; (·, ·)_{L2(}~_{Ω)}}; ∑ k{Ṽ_k; (·, ·)_{L2(}~_{Ω)}}) ≤ (‖|DΦ|‖_∞‖|DΦ^{−1}|‖_∞)^2 κ({M_J ; (·, ·)_{L2(Ω)}}; ∑ k{V_k; (·, ·)_{L2(Ω)}}). We conclude that the results (3.6) and (3.9) for Examples 3.4 and 3.6 carry over to quasiuniform meshes.

3.5. Numerical results. We present numerical computed condition numbers of our additive Schwarz preconditioner for a local refinement example and an example with a discontinuous coefficient. Both examples concern linear finite elements on a two-dimensional domain.

Example 3.7. Let Ξ_{−1} be the collection of two triangles {(x, y) ∈ [0, 1]^2 : y ≤ x} and {(x, y) ∈ [0, 1]^2 : y ≥ x}. For k ≥ 0, we define Ξ_k as the collection of triangles that arises by for k ≤ ℓ breaking each triangle from Ξ_{k−1} into four congruent triangles and for k > ℓ by breaking only triangles from Ξ_{k−1} contained in [0, (^1_2 )^{k−ℓ}]^2 into four congruent ones. For k ≥ 0, let M_k ⊂ H^1_0 ((0, 1)^2) be the linear finite element space corresponding to Ξ_k. We take ϕ ≡ 1 and define the scalar products (·, ·)_{Mk} according to the construction exposed below formula (3.6) (see Figure 4). The choice of (·, ·)_{Mk} determines the decomposition M_J = ⨁ k V_k as well as the mappings p^0 and p^1.

We numerically computed the characteristic values λ_{max}, λ_{min} and the condition number κ of the decomposition for the bilinear forms a(u, v) = ∫ uv and a(u, v) = ∫ ∑2 i=1 ∂_iu∂_iv using auxiliary scalar products b_k on V_k defined by one step of Jacobi iteration. The results are given in Tables 1 and 2. The first column (J − ℓ = 0) of both tables concerns the

2Although (3.6) and (3.9) apparently do hold uniformly in |DΦ�^1|, this is not true for (3.1), (3.3) and (3.4) since these results rely on (T3). As a consequence, Theorem 3.1 cannot be applied. Remarkably, the results of the forthcoming section 4 can coarsely speaking be summarized by saying that nevertheless in case of Examples 3.4 and 3.6, the decomposition M̃_J = ⨁ k Ṽ_k is | · |_{H1} -stable uniformly for linear transformations Φ that do not corrupt a “maximum angle condition” (which is weaker than (T3)).

� � � � � � � �

� � � � � � � � � � � �

� � � � � �

� � � � � � � � � � � � � � • • • • • • • • •

• • • • • • • • 6?_h

4h^2

3.5h^2 3h^2

h^2

{•} = Ω_k

Figure 4. Weights w_{x,k} in (u, v)_{Mk} = ∑ x∈Ω_k wx,ku(x)v(x) in case of Exam-

ple 3.7 with k = 2 and ℓ = 1. HHH H ℓ J − ℓ 0 1 2 3 “h_J ” λ_{min} λ_{max} κ λ_{min} λ_{max} κ λ_{min} λ_{max} κ λ_{min} λ_{max} κ 3^1_{16} .48 2.2 4.7 .46 2.3 4.9 .46 2.3 5.0 .45 2.3 5.0 4^1_{32} .45 2.3 5.1 .44 2.3 5.3 .43 2.3 5.3 .43 2.3 5.3 5^1_{64} .43 2.3 5.4 .42 2.3 5.5 .42 2.3 5.5 .42 2.3 5.5 6^1_{128} .42 2.3 5.6 .41 2.4 5.7 .41 2.4 5.7 .41 2.4 5.7 7^1_{256} .41 2.4 5.7 .40 2.4 5.9 .40 2.4 5.9 .40 2.4 5.9 Table 1. Condition numbers for Example 3.7 for a(u, v) = ∫ uv with one Jacobi iteration as a subspace solver. HHH H ℓ J − ℓ 0 1 2 3 “h_J ” λ_{min} λ_{max} κ λ_{min} λ_{max} κ λ_{min} λ_{max} κ λ_{min} λ_{max} κ 3^1_{16} .25 2.8 12 .23 2.8 12 .23 2.9 13 .23 2.9 13 4^1_{32} .22 2.9 14 .21 3.0 14 .21 3.0 14 .21 3.0 14 5^1_{64} .21 3.1 15 .20 3.1 16 .20 3.2 16 .20 3.2 16 6^1_{128} .20 3.2 16 .20 3.3 17 .20 3.3 17 .20 3.3 17 7^1_{256} .20 3.3 17 .20 3.4 17 .20 3.4 17 .20 3.4 17 Table 2. As Table 1, but now for a(u, v) = ∫ ∑2 i=1 ∂_iu∂_iv.

uniform refinement case from Example 3.6 and the bounded numbers for a(u, v) = ∫ uv from Table 1 illustrate the theoretical result proved in Appendix A. The other columns of this table show that in case of additional local refinement levels the condition numbers are hardly larger. Table 2 shows that the condition numbers for a(u, v) = ∫ ∑2 i=1 ∂_iu∂_iv are bounded as well illustrating Theorem 3.1. From (2.5) we conclude robustness of the additive

� � � � � � � �

� � � � � � �

� � � � � �

� � � � � � � � � � � � � � �

� � � � � � � �

� � � � � � �

� � � � � �

� � � � �

� � � � � � � � � � • • • • • • •

• • • • • • •

• • • • • • •

• • • • • • •

• • • • • • •

• • • • • • •

• • • • • • •

� � � �˚ 10^8h^2

PPPP PPq (4 + 2·10^8)^{h2}_6

ıııı ıı1 (5 + 10^8)^{h2}_6

BB BB BM (3 + 3·10^8)^{h2}_6

�ß h^2

6?_h {•} = Ω_k

Figure 5. Weights w_{x,k} in (u, v)_{Mk} = ∑ x∈Ω_k wx,ku(x)v(x) in case of Exam-

ple 3.8 with k = 1.

Schwarz preconditioner for a(u, v) = ν ∫ ∑2 i=1 ∂_iu∂_iv + μ ∫ uv with ν, μ ≥ 0, ν + μ > 0.

Example 3.8. In this example we take ϕ ≡ 10^8 on [^1_4 ,^3_4 ]^2 and ϕ ≡ 1 on [0, 1]\[^1_4 ,^3_4 ]^2. To satisfy the condition that ϕ is constant on the interiors of the finite elements corresponding to M_0 we need a finer initial triangulation than in the previous example. We define M_k as the finite element space M_{k+1} from Example 3.7 assuming uniform refinements. We define (·, ·)_{Mk} again following the construction below (3.6) (see Figure 5). Numerical computed condition numbers for a(u, v) = ∫ ϕuv and a(u, v) = ∫ ϕ ∑2 i=1 ∂_iu∂_iv are given in Table 3. A comparison between Table 3 and the first column of Tables 1 and 2 shows that the

J 2 3 4 5 6 2 3 4 5 6 “h_J ”^1_{16}^1_{32}^1_{64}^1_{128}^1_{256}^1_{16}^1_{32}^1_{64}^1_{128}^1_{256} λ_{min} .44 .41 .39 .38 .37 .23 .20 .19 .18 .19 λ_{max} 2.2 2.3 2.3 2.3 2.3 2.7 2.8 2.9 3.1 3.2 κ 5.0 5.5 5.8 6.1 6.4 11 14 16 17 17 a(u, v) = ∫ ϕuv a(u, v) = ∫ ϕ ∑2 i=1 ∂_iu∂_iv Table 3. Condition numbers for Example 3.8 with one Jacobi iteration as a subspace solver.

condition numbers for this discontinuous ϕ are hardly larger than those for ϕ ≡ 1.

We also computed condition numbers for the function ϕ defined by ϕ ≡ 10^8 on [^1_4 ,^1_2 ]^2 ∪ [^1_2 ,^3_4 ]^2 and ϕ ≡ 1 on [0, 1]^2\([^1_4 ,^1_2 ]^2 ∪ [^1_2 ,^3_4 ]^2). In this case the jump interface has a socalled cross-point. For a(u, v) = ∫ ϕuv we found condition numbers that are almost equal to those in the left-hand part of Table 3, but for a(u, v) = ∫ ϕ ∑2 i=1 ∂_iu∂_iv the condition numbers appeared to be growing as function of J. Yet, this result is not in conflict with

Theorem 3.1, since for a jump interface with a cross-point estimate (3.3), which was used as a condition for Theorem 3.1, is not necessarily valid (cf. [Wan94]). Tests with the BPX-preconditioner showed condition numbers that grew in a similar way.

4. Robustness for anisotropic problems

In this section we study the question of robustness for anisotropic equations of our space decomposition M_J = ⨁ k V_k, in particular for the case of two-dimensional linear finite element spaces. The reduced boundary value problems on the subspaces appear to be not uniformly well-conditioned as function of the anisotropy and so anyhow simple point solvers cannot be applied. Therefore, we will apply the idea of constructing an approximate solver based on a space decomposition orthogonal with respect to discrete scalar products again by decomposing each V_k into a number of subspaces that are orthogonal with respect to (·, ·)_{Mk} . 4.1. Multi-linear finite element spaces. Mainly as an introduction for the case of linear finite element spaces treated in the next subsection, in this subsection we consider the multi-linear finite element spaces M_k ⊂ H^1_0 ((0, 1)^d) and scalar products (·, ·)_{Mk} from Example 3.4 and review results obtained in [Ste94, Ste95] for a further decomposition of the spaces V_k. As in Example 3.4, we use notations M^{(1)}_k , V^{(1)}_k , Ω^{(1)}_k , ϕ^{(1)}_{k,x} and ψ^{(1)}_{k,x} to denote concepts corresponding to the one-dimensional case. To avoid making exceptions for the case k = 0 every time, we use additionally the notations ψ^{(1)}_{0,x} = ϕ^{(1)}_{0,x} and Ω^{(1)}_{−1} = ∅. In [Ste94, Ste95] it was proved that the decomposition

M_J = ⨁ α∈{0,... ,J}^d V_α, where V_α := d⨂ j=1 V^{(1)}_{αj} ,

(4.1)

is robust for anisotropic forms a(u, v) = c_0 ∫ (0,1)^d uv + d∑ j=1 c_j ∫ (0,1)^d ∂_ju∂_jv, with ∑ j c_j > 0, c_j ≥ 0,

(4.2)

that is, κ({M_J ; a}; ∑ α {V_α; a}) <∼ 1. (4.3)

Moreover, it was shown that if V_α is equipped with tensor product basis { ⨂ j ψ^{(1)}_{αj ,xj} : x ∈^d�_{j=1} Ω^{(1)}_{αj} \Ω^{(1)}_{αj −1}},

then the corresponding stiffness matrix is uniformly well-conditioned, which means that point solvers can be applied, or equivalently, that κ({M_J ; a}; ∑ α ∑ x {span ⨂ j ψ^{(1)}_{αj ,xj} ; a}) <∼ 1. (4.4)

The resulting preconditioner is a modification of the Frequency Decomposition Multi-Level Method introduced by Hackbusch ([Hac89, Hac92]). For a similar preconditioner based on

L_2-orthogonal decompositions equivalent results were obtained by Griebel and Oswald in [GO95b].

Decompositions like (4.1) and (4.4) are restricted to tensor product spaces and can therefore not be applied to linear finite element spaces. Still for the multi-linear case from Example 3.4 but now with d = 2, we consider therefore the decomposition

M_J = V_0 ⨁ J⨁ k=1 ⨁ β∈{(1,0),(0,1),(1,1)} U_{k,β} (4.5)

of M_J into (3J + 1) subspaces, where

U_{k,(1,0)} = V^{(1)}_k ⨂ M^{(1)}_{k−1} , U_{k,(0,1)} = M^{(1)}_{k−1} ⨂ V^{(1)}_k and U_{k,(1,1)} = V^{(1)}_k ⨂ V^{(1)}_k .

The spaces U_{k,(1,0)}, U_{k,(0,1)} and U_{k,(1,1)} are mutually orthogonal with respect to (·, ·)_{Mk} and in particular there holds V_k = ⨁⊥(,)_{Mk} β U_{k,β}. The decomposition (4.5) arises from (4.1) by for each k > 0 clustering the spaces V_{k,0}, . . . , V_{k,k−1} yielding U_{k,(1,0)} and V_{0,k}, . . . , V_{k−1,k} yielding U_{k,(0,1)} (see Figure 6). From Lemma 3.5 and (4.3) we conclude that the decompo-

V_{J,J}

V_{2,2} V_{0,1} V_{1,1}

V_{0,0} V_{1,0}

V_{0,J} V_{1,J}

V_{0,2} V_{1,2} V_{2,1} V_{2,0} V_{J,0}

V_{J,J−1}

V_{J,1}

V_{J−1,J}

q q q q

q q q q

q q q q

Figure 6. Clustering process applied to M_J = ⨁ α∈{0,... ,J}^2 Vα yielding the decompositions M_J = V_0 ⨁ ⨁J k=1 ⨁ β∈{(1,0),(0,1),(1,1)} Uk,β ( , , ) and M_J = ⨁J k=0 V_k ( )

sition (4.5) is robust assuming exact subspace solvers.

We equip the spaces U_{k,β} with tensor product bases using the bases on M^{(1)}_{k−1} and V^{(1)}_k . The representation of an element of U_{k,(1,0)}, U_{k,(0,1)} or U_{k,(1,1)} with respect to these bases is most naturally identified with a grid function on (Ω^{(1)}_k \Ω^{(1)}_{k−1}) × Ω^{(1)}_{k−1}, Ω^{(1)}_{k−1} × (Ω^{(1)}_k \Ω^{(1)}_{k−1}) or (Ω^{(1)}_k \Ω^{(1)}_{k−1})^2 respectively. The representations p^β of the trivial embeddings U_{k,β} → M_k are depicted in Figure 7.

∘ ⋆ ∘ � × � ∘ ⋆ ∘ �` −^1_4

�_{− 14} @@R_{− 14} @@I −^1_4

-− 1_2 œ− 1_2

?1_2

6^{12}_n � 1 × � × ⋆ ∘ ⋆ × � × �` −^1_4

�_{− 14} @@R_{− 14} @@I −^1_4

- 1_2 œ1_2

?−^1_2

6^{− 12}_n � 1 � × � ∘ ⋆ ∘ � × � �` 1 4 �_{14} @@R_{14} @@I 1 4 - − 1_2 œ− 1_2

?−^12

6^{− 12}_n � 1 √ 2 p^{10} √ 2 p^{01} p^{11}

{�} = Ωk−1 {×} = (Ω^{(1)}_k \Ω^{(1)}_{k−1}) × Ω^{(1)}_{k−1}

{∘} = Ω^{(1)}_{k−1} × (Ω^{(1)}_k \Ω^{(1)}_{k−1})

{?} = (Ω^{(1)}_k \Ω^{(1)}_{k−1})^2

Figure 7. Representations of the basis functions of U_{k,β} in terms of the nodal basis functions of M_k in case of bilinear elements.

The stiffness matrices corresponding to U_{k,(1,0)} and U_{k,(0,1)} appear not to be uniformly well-conditioned. Yet, we do obtain a robust preconditioner for problem (4.2), that is, possible anisotropy in one of the two directions of the grid lines, when the reduced boundary value problems on U_{k,(1,0)} and U_{k,(0,1)} are solved with y-line and x-line Jacobi respectively, whereas on U_{k,(1,1)} point Jacobi can be applied. Indeed, note that these Jacobi solvers correspond to the application of additive Schwarz preconditioners with respect to the decompositions U_{k,(1,0)} = ⨁ x_1∈Ω^{(1)}_k \Ω^{(1)}_{k−1} ψ (1) k,x_1 ⨂ M^{(1)}_{k−1}, U_{k,(0,1)} = ⨁ x_2∈Ω^{(1)}_k \Ω^{(1)}_{k−1} M (1) k−1 ⨂ ψ^{(1)}_{k,x2} and U_{k,(1,1)} = ⨁ x∈(Ω^{(1)}_k \Ω^{(1)}_{k−1})^2 ψ (1) k,x_1 ⨂ ψ^{(1)}_{k,x2} . The resulting space decomposition of M_J can be obtained by applying clustering to the decomposition from (4.4) and so robustness appears from Lemma 3.5.

4.2. Linear finite element spaces. In this subsection we consider the linear finite element spaces M_k based on regular triangulations and scalar products (·, ·)_{Mk} from Example 3.6. Following ideas from §4.1, for k > 0 we make a direct sum decomposition of V_k into three spaces denoted by U_{k,(1,0)}, U_{k,(0,1)} and U_{k,(1,1)}. In Figure 8 we define these spaces U_{k,β} ⊂ V_k together with bases on these spaces by giving representations of the basis functions in terms of the basis functions of V_k. Note that the stencils defining U_{k,(1,0)} and U_{k,(0,1)}

∘ ⋆ × ⋆ ∘ �` −^1_2

�_{− 12}

?1_2

6^{12}_n � 1 × ⋆ ∘ ⋆ × �` 1 2 �_{12}

- − 1_2 œ− 1_2 n�^1 × ∘ ∘ × ⋆ - 1_2 œ1_2

?−^12

6^{− 12}_n � 1 U_{k,(1,0)} U_{k,(0,1)} U_{k,(1,1)} Figure 8. Representations of the basis functions of U_{k,β} in terms of the basis functions of V_k in case of linear finite elements (symbols analogue to Figure 7). (As usual, possible contributions from grid points outside Ω should be left out.)

cannot be obtained from each other by exchanging x- and y-coordinates. Yet, replacing^1_2 by −^1_2 and vice versa in all three stencils would give equivalent results. By expressing the basis functions of V_k in terms of the basis functions of M_k (use Figure 3), we obtain the representations of the basis functions of U_{k,β} in terms of the basis functions of M_k depicted in Figure 9. The same stencils were also applied in [Kat94].

∘ ⋆ � × � ⋆ ∘ �` −^1_2

�_{− 12}

-− 1_2 œ− 1_2

?1_2

6^{12}_n � 1 × � ⋆ ∘ ⋆ � × �` 1 2 �_{12}

- − 1_2 œ− 1_2

?−^12

6^{− 1}2_n � 1 � × ∘ ⋆ ∘ × � �` −^1_2

�_{− 12}

- 1_2 œ1_2

?−^12

6^{− 12}_n � 1 p^{10} p^{01} p^{11}

Figure 9. Representations of the basis functions of U_{k,β} in terms of the nodal basis functions of M_k (p^β) in case of linear finite elements.

The remainder of this subsection is mainly devoted to a proof of the following theorem.

Theorem 4.1. Consider the linear finite element spaces M_k with scalar products (·, ·)_{Mk} from Example 3.6 but now assume that Ω = R^2. Let a(u, v) = c_0 ∫ R^{2 uv +} ∫ R^{2 <} ( c_1 [ 1 0 0 0 ] + c_2 [ 0 0 0 1 ] + c_3 [ 1 1 1 1 ]) [ ∂_1u ∂_2u ] , [ ∂_1v ∂_2v ] >, where ∑ k c_k > 0, c_k ≥ 0, that is, possible anisotropy in one of the three directions of the grid lines, and let b_{k,β} be the auxiliary scalar product on U_{k,β} derived from a(, ) corresponding to one y-line ( 6?), (x + y)-line (�`�) or x-line (-œ) Jacobi iteration for β = (1, 0), (0, 1) or (1, 1) respectively. Then κ({M_J ; a}; {V_0; a} + J∑ k=1 ∑ β∈{(1,0),(0,1),(1,1)} {U_{k,β}; b_{k,β}}) <∼ (J + 1). A practical implementation of the preconditioner described in above theorem is given by the following algorithm, where r^β denotes the matrix adjoint of p^β.

Algorithm 4.2. function HB1(J,F )

begin

if J = 0 then U = A^{−1}_0 F ; else

U =p^{10}(y-line blockdiag(r^{10}A^{−1}_J p^{10}))^{−1}r^{10}F +

p^{01}((x + y)-line blockdiag(r^{01}A^{−1}_J p^{01}))^{−1}r^{01}F + p^{11}(x-line blockdiag(r^{11}A^{−1}_J p^{11}))^{−1}r^{11}F + p^0HB1(J − 1, r^0F );

return U; end

Remarks 4.3. • The proof of Theorem 4.1 involves estimates of the characteristic values λ_{max} and λ_{min} of the decomposition (cf. §2.2). Here we note that the estimate of λ_{max} that we are going to derive can be generalized to bounded domains by expanding “boundary perturbations” around a zero boundary value using a discrete Taylor formula. However, until now we were not able to give a suitable estimate for λ_{min} in case of a bounded domain.

• Although Theorem 4.1 promises only sub-optimality of the preconditioner, our numerical experiments on a bounded domain reported in the next subsection show bounded condition numbers uniformly in J and the anisotropy.

• The rotated anisotropic form a(u, v) = ∫ < [ ϵc^2 + s^2 (ϵ − 1)sc (ϵ − 1)sc ϵs^2 + c^2 ] [ ∂_1u ∂_2u ] , [ ∂_1v ∂_2v ] >, where c = cos(ϕ), s = sin(ϕ), ϕ ∈ [−^π_2 ,^π_2 ) and ϵ ∈ [0, 1], satisfies the conditions of Theorem 4.1 when ϕ ∈ [−^π_2 , 0] and ϵ ≥ 1 −^2_{1+}^√_{2 sin(2|ϕ− π4 |+ π4 )} , or equivalently, when the resulting

stiffness matrix on M_k is an L-matrix. On [−^π_2 , 0], the range of ϕ → 1 −^2_{1+}^√_{2 sin(2|ϕ− π4 |+ π4 )}

is equal to [0, 3 − 2 √ 2] with minima in 0, −^π_4 and −^π_2 .

A simple transformation of coordinates shows that the rotated anisotropic equation discretized on M_k leads to the same system of equations as Laplace’ equation discretized on the linear finite element space corresponding to the grid that is rotated over an angle −ϕ and afterwards is horizontally enlarged with a factor^{1√}_ϵ (cf. [Ste93]). Clearly this procedure results in a grid that does not satisfy the minimum angle condition (T3) uniformly in ϵ. The special angles ϕ ∈ {−^π_2 , −^π_4 , 0} correspond to those transformed grids that nevertheless do have maximum angles that are bounded below π uniformly in ϵ (cf.^2).

• A decomposition V_k = ⨁ β∈{(1,0),(0,1),(1,1)} Uk,β according to Figure 8 can also be made

in case of non-uniform or locally refined triangulations. In view of the preceding considerations, assuming approximate solvers on the spaces U_{k,β} that solve for the “strong couplings”, we may hope for robustness for the described anisotropic equations, or equivalently, for isotropic equations discretized on grids that possibly have small angles but that do satisfy an maximum angle condition.

To prove Theorem 4.1, it is sufficient to show that for ⃗c := (c_0, c_1, c_2, c_3) = (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0) and (0, 0, 0, 1) the condition number κ of the decomposition is O(J + 1). The stiffness matrices on the spaces M_k, U_{k,(1,0)}, U_{k,(0,1)} and U_{k,(1,1)} are given in stencil notation in Table 4, the stencils referring to underlying grids h_kZ^2, h_k((2Z + 1) × 2Z), h_k(2Z × (2Z + 1)) and h_k(2Z + 1)^2 respectively. From this table we conclude that for all four choices of ⃗c, the auxiliary scalar products b_{k,β} on U_{k,β} defined in Theorem 4.1 are equivalent, or for ⃗c = (1, 0, 0, 0) even equal to a, which means that for our analysis we may replace them by a.

The proof of the next lemma follows directly from the form of the p^β (Figure 9) and that of p^0 (Figure 3).

⃗c M_k U_{k,(1,0)} U_{k,(0,1)} U_{k,(1,1)} (1, 0, 0, 0) (massmatrix) 1 12 1 1 1 6 1 1 1 16 1 6 1 16 1 6 1 16 [ 1 6 1 ]

(0, 1, 0, 0) h^{−2}_k [ −1 2 −1 ] h^{−2}_k 1 1 2 8 2 1 1 h^{−2}_k 1 1 2 8 2 1 1 h^{−2}_k [ −1 2 −1 ]

(0, 0, 1, 0) h^{−2}_k −1 2 −1 h^{−2}_k −1 2 −1 h^{−2}_k 2 1 1 8 1 1 2 h^{−2}_k 2 1 1 8 1 1 2 (0, 0, 0, 1) h^{−2}_k −1 2 −1 h^{−2}_k 1 2 1 8 1 2 1 h^{−2}_k −1 2 −1 h^{−2}_k 1 2 1 8 1 2 1 Table 4. Stiffness matrices for the bilinear form from Theorem 4.1

Lemma 4.4. There holds^3 V_k = ⨁⊥(,)_{Mk} β∈{(1,0),(0,1),(1,1)} Uk,β. Further, for T γ k : M_k → M_k defined by (T^γ_k u)(x) = u(x + γh_k) (γ ∈ Z^2), we have

T^{(0,γ2)} k U_{k,(1,0)}, T^{(γ1,γ1)}_k U_{k,(0,1)}, T^{(γ1,0)}_k U_{k,(1,1)} ⊥_{(·,·)Mk} M_{k−1}.

For the case ⃗c = (1, 0, 0, 0), from κ({M_J ; (, )_{L2} }; ∑ k{V_k; (, )_{L2} }) <∼ 1 (Appendix A),

V_k = ⨁⊥(,)_{Mk} β U_{k,β} (Lemma 4.4) and ‖ · ‖_{Mk} =∼ ‖ · ‖_{L2} ((3.6)) we immediately obtain that κ({M_J ; a}; {V_0; a} + ∑J k=1 ∑ β{U_{k,β}; a}) <∼ 1. In the sequel, we take ⃗c = (0, 1, 0, 0), that is, a(u, v) = ∫ ∂_2u∂_2v. The remaining two cases can be treated analogously.

From Lemma 4.4 and the form of the stiffness matrix on M_k, we find that U_{k,(1,0)} ⊥_{a(·,·)} M_{k−1}. (4.6)

Analogously to (3.2), one may prove that that there exists a γ < 1 such that for k ≥ l a(u, v) <∼ γ^{k−l}a(u, u)^{12} 2^k‖v‖_{L2} (u ∈ M_l, v ∈ M_k). (4.7)

On both U_{k,(0,1)} and U_{k,(1,1)} the stiffness- and mass-matrices are well-conditioned and so on these spaces we have a(v, v) =∼ 2^k‖v‖_{L2} . (4.8)

3In contrast to the bilinear case, in case of a bounded domain the spaces U_{k,β} are generally not mutually (, )M_k -orthogonal. Yet, by construction, also on bounded domains we have U_{k,β} ⊂ V_k, and so U_{k,β} ⊥_{(,)}M_k M_k�_1.

From (4.6), (4.7) and (4.8) we conclude that for k ≥ l and β ∈ {(1, 0), (0, 1), (1, 1)} a(u, v) <∼ γ^{k−l}a(u, u)^{12} a(v, v)^{12} (u ∈ M_l, v ∈ U_{k,β}). From this result, we directly obtain that for M_J ∋ u = v_0 + ∑ k ∑ β v_{k,β}, with v_0 ∈ V_0 and v_{k,β} ∈ U_{k,β}, there holds a(u, u) <∼ a(v_0, v_0) + J∑ k=1 ∑ β∈{(1,0),(0,1),(1,1)} a(v_{k,β}, v_{k,β}) or λ_{max} <∼ 1.

Conversely, for 1 ≤ k ≤ J and β ∈ {(1, 0), (0, 1), (1, 1)}, let Z_{k,β} : M_J → U_{k,β} the projection mapping u to v_{k,β}. We will prove that a(Z_{k,β}u, Z_{k,β}u) <∼ a(u, u) and a(Z_0u, Z_0u) <∼ a(u, u) and so^1_{λmin} <∼ (3J + 1) which completes the proof of Theorem 4.1.

For k ≥ 1, there holds Z_{k,β} = Y_{k,β}Z_k with Z_k defined in (3.7) and where Y_{k,β} is the projection from V_k onto U_{k,β} orthogonal with respect to (·, ·)_{Mk} . Clearly, from (3.6) we have ‖Y_{k,β}‖_{L2←L2} =∼ 1. Now from the inverse inequality (3.1) and (4.8) it follows that for β ∈ {(0, 1), (1, 1)} a(Y_{k,β}v_k, Y_{k,β}v_k) <∼ a(v_k, v_k) (v_k ∈ V_k). (4.9)

Since on V_k there holds Y_{k,(1,0)} = I − Y_{k,(0,1)} − Y_{k,(1,1)}, we conclude that (4.9) is also valid for β = (1, 0). The proof of the estimate^1_{λmin} <∼ (3J + 1) is completed by the following theorem.

Theorem 4.5. In the situation of Theorem 4.1 there holds a(Z_ku, Z_ku) <∼ a(u, u) (u ∈ M_J ). Proof. Recall that Z_k = (I − Y_{k−1})Y_k · · · Y_{J−1} where Y_k : M_{k+1} → M_k is the (·, ·)_{Mk+1} - orthogonal projection onto M_k (and Y_{−1} = 0). So it suffices to prove that a(Y_k · · · Y_{J−1}u, Y_k · · · Y_{J−1}u) <∼ a(u, u) (u ∈ M_J ). Again it is sufficient to consider a(u, v) = ∫ ∂_2u∂_2v.

Let us denote by U_l the representation of u_l ∈ M_l with respect to the nodal basis on M_l that is orthonormal with respect (·, ·)_{Ml} . From

(Y_ku_{k+1}, u_k)_{Mk+1} = (u_{k+1}, u_k)_{Mk+1} =<U_{k+1}, p^0U_k>=<p^0(r^0p^0)^{−1}r^0U_{k+1}, p^0U_k>

we see that (r^0p^0)^{−1}r^0 is the representation of Y_k : M_{k+1} → M_k with respect to nodal bases on M_{k+1} and M_k. Using the stiffness matrix on M_l corresponding to a given in Table 4, we conclude that we have to prove that 1 2 J−k‖A^{12}_k (J−k)× (r^0p^0)^{−1} r^0(r^0p^0)^{−1} r^0 · · · · · · · · · (r^0p^0)^{−1} r^0(r^0p^0)^{−1} r^0 A^{− 12}_J ‖ <∼ 1 where ‖ · ‖ =< · >^12 is the Euclidean norm, A_l = −1 2 −1 and where we have used that h_J h_k = 1 2 J−k. By application of Fourier analysis we will show that

‖A^{12}_l r^0(r^0p^0)^{−1}A^{− 12}_{l+1}‖ ≤ 2.

Since proving ‖A^{12}_k (r^0p^0)^{−1}A^{− 12}_{k+1}‖ <∼ 1 and ‖A^{12}_{J−1}r^0A^{− 12}_J ‖ <∼ 1 gives no additional troubles, we may then conclude that the theorem is valid.

Using notations as in Appendix A, straightforward computations show that the symbol of A^{12}_l r^0(r^0p^0)^{−1}A^{− 12}_{l+1} is given by ξ → a(ξ)^{12} [ 2n(ξ^{(11)})−1 n(ξ^{(11)})a(ξ^{(11)})^12

2n(ξ^{(01)})−1 n(ξ^{(01)})a(ξ^{(01)})^12

2n(ξ^{(10)})−1 n(ξ^{(10)})a(ξ^{(10)})^12

2n(ξ^{(00)})−1 n(ξ^{(00)})a(ξ^{(00)})^12 ] , where

a(ξ) = 2 − 2 cos(ξ_2) = 4(1 − cos^{2 ξ2}_2 ) and n(ξ) =^1_8 (5 + cos ξ_1 + cos ξ_2 + cos(ξ_1 + ξ_2)). So, we have

‖A^{12}_l r^0(r^0p^0)^{−1}A^{− 12}_{l+1}‖^2 = sup_ξ a(ξ) ∑ α∈{0,1}^2 (2 −^1_{n(ξ(α))} )^2 a(ξ^{(α)}) = sup_ξ 4(1 − cos^{2 ξ2}_2 ) {^1_{2−2 cos ξ22} ∑ α1 ∈ {0, 1} α2 = 0

(2 −^1_{n(ξ(α))} )^2 +^1_{2+2 cos ξ22} ∑ α1 ∈ {0, 1} α2 = 1

(2 −^1_{n(ξ(α))} )^2}.

The function x → (2 −^1_x )^2 is increasing on [^1_2 , ∞), n(ξ) ≥^1_2 and n(ξ) ≤^3_4 +^1_8 (cos ξ_1 + cos(ξ_1 + ξ_2)). Furthermore, since −^1_4 ≤^1_8 (cos ξ_1 + cos(ξ_1 + ξ_2)) ≤^1_4 , we have for α_2 ∈ {0, 1} that ∑ α_1∈{0,1} (2 −^1_{n(ξ(α))} )^2 ≤ sup_{x∈[− 1}

4 ,^1_4 ]

{(2 −^1_{34 +x} )^2 + (2 −^1_{34 −x} )^2} = 1.

The proof is completed by 4(1 − y^2){^1_{2−2y} +^1_{2+2y} } = 4.

4.3. Numerical results. For the linear finite element spaces M_k based on regular triangulations from Example 3.6 with Ω = [0, 1]^2, scalar product a defined by a(u, v) = c_0 ∫ Ω uv + ∫ Ω < ( c_1 [ 1 0 0 0 ] + c_2 [ 0 0 0 1 ] + c_3 [ 1 1 1 1 ]) [ ∂_1u ∂_2u ] , [ ∂_1v ∂_2v ] > and decomposition M_J = V_0 ⨁ ⨁J k=1 ⨁ β∈{(1,0),(0,1),(1,1)} Uk,β and auxiliary scalar prod-

ucts b_{k,β} on V_{k,β} introduced in the previous subsection, we give numerical computed condition numbers for ⃗c = (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0) and (0, 0, 0, 1). For all these four choices of ⃗c the condition numbers given in Table 5 appear to be bounded uniformly in J, which is an even better result than was proved in Theorem 4.1 for the case Ω = R^2. From (2.5) we conclude robustness for ∑ k c_k > 0, c_k ≥ 0. The pure anisotropic equations

J(“h_J ”) λ_{min} λ_{max} κ λ_{min} λ_{max} κ λ_{min} λ_{max} κ λ_{min} λ_{max} κ 3(^1_{16} ) .48 1.4 3.0 .15 2.2 15 .15 2.2 15 .23 2.1 8.9 4(^1_{32} ) .44 1.5 3.3 .13 2.3 18 .13 2.3 17 .19 2.2 11 5(^1_{64} ) .41 1.5 3.6 .11 2.4 22 .11 2.4 22 .17 2.4 14 6(^1_{128} ) .39 1.5 3.7 .10 2.5 25 .10 2.5 24 .16 2.5 15 7(^1_{256} ) .38 1.5 3.9 .098 2.6 26 .099 2.6 26 .15 2.6 17 8(^1_{512} ) .37 1.5 4.0 .095 2.6 28 .096 2.6 28 .15 2.6 18 a(u, v) = ∫ uv ∫ ∂_1u∂_1v ∫ (∂_1u + ∂_2u)· (∂_1v + ∂_2v) ∫ ∂_2u∂_2v

Table 5. Condition numbers using the preconditioner given by Algorithm 4.2.

from Table 5 appear to be worst cases. For example for the Poisson equation the condition numbers were always less than 11.

Appendix A. L_2-stability of the decomposition M_J = ⨁J k=0 V_k in case of linear finite elements

In this appendix, for the space decomposition M_J = ⨁J k=0V_k from Example 3.6, we will prove that

κ({M_J ; (, )_{L2} }; ∑J k=0{V_k; (, )_{L2} }) <∼ 1,

(A.1)

that is, estimate (3.9).

Let E = (E_{kl})_{0≤k,l≤J} be the Gram matrix defined by

E_{kl} = cos ϕ(V_k, V_l) := sup 0≠v_k∈V_k,0≠v_l∈V_l |(v_k, v_l)_{L2} | ‖v_k‖_{L2} ‖v_l‖_{L2} . Let v_k ∈ V_k and u = ∑J k=0 v_k. From

‖u‖^2_{L2} = ( J∑ k=0 v_k, J∑ l=0 v_l)_{L2} = J∑ k=0 ‖v_k‖^2_{L2} + J∑ 0=k≠l (v_k, v_l)_{L2} and | J∑ 0=k≠l (v_k, v_l)_{L2} | ≤ J∑ 0=k≠l cos ϕ(V_k, V_l)‖v_k‖_{L2} ‖v_l‖_{L2} ≤ ρ(E − I) J∑ k=0 ‖v_k‖^2_{L2} ,

we conclude that for proving (A.1) it is sufficient to show that ρ(E − I) < 1 uniformly in J. Below, for k > l we will estimate cos ϕ(V_k, M_l) which is clearly greater of equal to cos ϕ(V_k, V_l).

At this place, we note that the technique of proving stability of a decomposition by estimating the entries of the Gram matrix is restricted to some model cases. More sophisticated general criteria for stability of a direct sum space decomposition are given in [Dah94]. Yet, an assumption made in [Dah94] reformulated for our problem is that ‖Z_k‖_{L2←L2} <∼ 1

((3.8)). Again for our problem, we did not succeed to check this assumption except than by proving (A.1).

For u_m ∈ M_m, let U_m be its representation with respect to the (·, ·)_{Mm} -orthonormal nodal basis {ϕ_{x,x} : x ∈ Ω_m} of M_m, where Ω_m = h_mZ^2 ∩ Ω and h_m = 2^{−(m+1)}. The representation of v_m ∈ V_m with respect to the basis {ψ_{m,x} : x ∈ Ω_m\Ω_{m−1}} of V_m (cf. (3.11)) is denoted by V_m. We will identify the coordinate vectors U_m and V_m with grid functions on Ω_m and Ω_m\Ω_{m−1} respectively, that is, with elements of the spaces ℓ_2(Ω_m) and ℓ_2(Ω_m\Ω_{m−1}) equipped with Euclidean scalar products. The trivial embeddings M_{m−1} → M_m and V_m → M_m are denoted by p^0 and p^1 respectively. From subsection 3.2 recall that Im p^1 ⊥ Im p^0.

We define the mass matrix M_m by < M_mU^{(1)}_m , U^{(2)}_m >= (u^{(1)}_m , u^{(2)}_m )_{L2} (u^{(1)}_m , u^{(2)}_m ∈ M_m).

This matrix M_m can be represented by the stencil^1_{12} 1 1 1 6 1 1 1 . For k > l we obtain

cos ϕ(V_k, M_l) = sup 0≠v_k∈V_k,0≠u_l∈M_l |(v_k, u_l)_{L2} | ‖v_k‖_{L2} ‖u_l‖_{L2}

= sup 0≠v_k∈V_k,0≠u_l∈M_l | <M_kp^1V_k, (k−l)× p^0 · · · p^0 U_l> | <M_kp^1V_k, p^1V_k>^12 <M_lU_l, U_l>^12

= sup 0≠v_k∈V_k,0≠u_l∈M_l | <(M_k − λI)p^1V_k, (k−l)× p^0 · · · p^0 U_l> | <M_kp^1V_k, p^1V_k>^12 <M_lU_l, U_l>^12

(λ ∈ R)

≤ sup 0≠u_k∈M_k,0≠u_l∈M_l | <(M_k − λI)U_k, (k−l)× p^0 · · · p^0 U_l> | <M_kU_k, U_k>^12 <M_lU_l, U_l>^12 . Since M_k is given by a compact 7 point stencil, the last expression is less or equal to the expression we would have found if M_k, p^0 and M_l were defined on underlying infinite grids. [Without the trick of removing p^1 this would not be true since M_kp^1 has “boundary perturbations”. Note that by M_l ⊂ M_k the last expression without the term λI would be equal to one. So also the preceding inclusion of λI is essential.] By replacing U_k by M^{− 12}_k U_k and U_l by M^{− 12}_l U_l, we obtain that

cos ϕ(V_k, M_l) ≤ c_{k−l} := inf_λ ‖M^{− 12}_k (M_k − λI) (k−l)× p^0 · · · p^0 M^{− 12}_l ‖,

(A.2)

where we now use the symbols M_k, p^0 and M_l to denote operators on underlying infinite grids. We conclude that for obtaining (A.1), it is sufficient to prove that 2 ∑ n>0 c_n < 1. The right hand side of (A.2) can now be analyzed by applying Fourier transformations.

In the following we recall some well-known results. Let d be the space dimension and q =^{hm−1}_{hm} . In our applications both d and q will be equal to two. We equip the spaces ℓ_2(h_mZ^d) and L_2(T^d) (T = R/2πZ) with scalar products <U_m, W_m>= ∑ x∈h_mZ^d U_m(x)W_m(x) and (u, w)_{L2} = ∫ (−π,π)^d u(ξ)w(ξ)dξ respectively. Then the Fourier transform F_m : ℓ_2(h_mZ^d) → L_2(T^d) defined by (F_mU_m)(ξ) = (2π)^{− d2} ∑ j∈Z^{d Um(jhm)e} −i<j,ξ>

is an isomorphism and (F^∗_mu)(jh_m)(= (F^{−1}_m u)(jh_m)) = (2π)^{− d2} ∫ (−π,π]^d u(ξ)e^{i<j,ξ>}dξ. For the shift operator T_γ : ℓ_2(h_mZ^d) → ℓ_2(h_mZ^d) defined by T_γ U_m(x) = U_m(x + h_mγ) (γ ∈ Z^d), it is easily verified that (F_mT_γF^∗_mu)(ξ) = e^{i<γ,ξ>}u(ξ). For the flat prolongation operator p : ℓ_2(h_{m−1}Z^d) → ℓ_2(h_mZ^d) defined by

(pU_{m−1})(jh_m) = { U_{m−1}(jh_m) j ∈ qZ^d 0 elsewhere we have (F_mpF^∗_{m−1}u)(ξ^{(α)}) = u(ξ) (α ∈ {0, . . . , q − 1}^d) where ξ^{(α)} :=^{ξ+2πα}_q . Finally, the trivial restriction operator r : ℓ_2(h_mZ^d) → ℓ_2(h_{m−1}Z^d) defined by (rU_m)(jh_{m−1}) = U_m(jqh_m) is the adjoint of p and it satisfies (F_{m−1}rF^∗_mu)(ξ) = q^{−d} ∑ α∈{0,... ,q−1}^d u(ξ^{(α)}).

It will appear that any of the operators that we will encounter mapping functions on an infinite grid to functions on an infinite grid possibly with different mesh widths can be written as a linear combination or a composition of shifts, flat prolongations and trivial restrictions. As a consequence the norm of such an operator can be expressed as the supremum over the “frequencies” ξ of a, generally matrix valued “symbol” that represents the operator in the frequency domain. For example, from ‖U_{m−1}‖^2 = ∫ (−π,π]^d |(Fm−1Um−1)(ξ)| 2dξ and ‖pU_{m−1}‖^2 = ∫ (−π,π]^d |(F_mpU_{m−1})(η)|^2dη = ∑ α∈{0,... ,q−1}^d ∫ (−π,π]^d q^{−d}|(F_mpU_{m−1})(ξ^{(α)})|^2dξ = ∑ α∈{0,... ,q−1}^d ∫ (−π,π]^d q^{−d}|(F_{m−1}U_{m−1})(ξ)|^2dξ = ∫ (−π,π]^d ‖q^{− d2} [1 · · · 1]^T (F_{m−1}U_{m−1})(ξ)‖^2dξ

we see that ‖p‖ = sup_ξ ‖q^{− d}2 [1 · · · 1]^T ∈ C^{1×qd} ‖ (= 1) where we call q^{− d}2 [1 · · · 1]^T the symbol of p. In a similar way, we find that q^{− d}2 [1 · · · 1] ∈ C^{qd×1} is the symbol of r and that ξ → e^{i<γ,ξ>} is the symbol of T^γ .

To show the structure of symbols of more general operators we consider an example. Our

operator p^0 =^1_4 1 1 1 2 1 1 1 : ℓ_2(h_{m−1}Z^2) → ℓ_2(h_mZ^2) (q = d = 2) can be written as S ∘ p,

where S =^1_4 1 1 1 2 1 1 1 represents a linear combination of shifts ℓ_2(h_mZ^2) → ℓ_2(h_mZ^2) with

symbol s(ξ) =^1_2 (1+cos(ξ_1)+cos(ξ_2)+cos(ξ_1+ξ_2)). Now the symbol of p^0 can be found to be ξ → s(ξ^{(11)}) s(ξ^{(01)})

s(ξ^{(10)})

s(ξ^{(00)})

∘^1_2 1 1 1 1 , which implies that ‖p^0‖ = sup_ξ √∑ α∈{0,1}^2 p(ξ (α))^2

where p(ξ) =^1_4 (1 + cos(ξ_1) + cos(ξ_2) + cos(ξ_1 + ξ_2)).

Now we return to our problem of estimating c_n (cf. (A.2)). The mass-matrix M_m has symbol m(ξ) =^1_2 +^1_6 (cos(ξ_1) + cos(ξ_2) + cos(ξ_1 + ξ_2)). Using the preceding considerations one verifies that

c_0 = inf_λ sup_ξ (m(ξ) − λ)^2 m(ξ)^2

, c_1 = inf_λ sup_ξ ∑ α∈{0,1}^2 (m(ξ^{(α)}) − λ)^2p(ξ^{(α)})^2 m(ξ^{(α)})m(ξ) and generally, that

c_n = inf_λ sup_ξ q(ξ, λ, n) m(ξ) , where q(ξ, λ, n) = (m(ξ) − λ)^2 m(ξ) n = 0 ∑ α∈{0,1}^2 q(ξ^{(α)}, λ, n − 1)p(ξ^{(α)})^2 n > 0 .

Now our approach will be to find an upper bound for c_n analytically, which is possibly crude but useful for large n, and to compute c_n numerically for small n. We start with the first task. For q̃(ξ, n) := q(ξ, n, 1) (m(ξ) − 1)^2 , we get the recursion q̃(ξ, n) = ∑ α∈{0,1}^2 q̃(ξ^{(α)}, n − 1)p(ξ^{(α)})^2

(m(ξ^{(α)}) − 1)^2 (m(ξ) − 1)^2 (n > 0). Some calculations show that inf_ξ |m(ξ)| =^1_4 and

sup_ξ | | | | | ∑ α∈{0,1}^2 p(ξ^{(α)})^2

(m(ξ^{(α)}) − 1)^2 (m(ξ) − 1)^2 | | | | | =^7_{48} .

Taking λ = 1 and using q̃(ξ, 0) =^1_{m(ξ)} , we get

c_n ≤ sup_ξ (m(ξ) − 1)^2q̃(ξ, n) m(ξ) ≤ sup_ξ

(m(ξ) − 1)^2 m(ξ) (√ 7 48 )n sup_ξ √ 1 m(ξ) = 3 (√ 7 48 )n . (A.3)

Our numerical computations yielded the sharper bounds c_1 ≤ .3200 (λ = .68), c_2 ≤ .1821 (λ = .821).

Unfortunately, recalling that we had to prove that 2 ∑ n>0 c_n < 1, already 2(.3200 + .1821) is larger than 1.

To find a way out, we consider the cosine of the angle between V_{2k+1} +V_{2k} and V_{2l+1} +V_{2l} (k > l). Clearly, L_2-stability of the decomposition M_J = ∑(J−1)/2 k=0 (V_{2k+1} + V_{2k}) implies L_2- stability of M_J = ∑J k=0 V_k (the case of even J causes no additional troubles). Let v_{2k+1} ∈ V_{2k+1}, v_{2k} ∈ V_{2k} and u_{2l+1} ∈ M_{2l+1}. Put x = [ ‖v_{2k+1}‖ ‖v_{2k}‖ ]T and A = [ 1 −c_1 −c_1 1 ] . Then

‖v_{2k+1} + v_{2k}‖^2_{L2} ≥ ‖v_{2k+1}‖^2_{L2} + ‖v_{2k}‖^2_{L2} − 2c_1‖v_{2k+1}‖_{L2} ‖v_{2k}‖_{L2} =<Ax, x>

and so with c = [ c_{2k−2l} c_{2k−2l−1} ]T , (v_{2k+1} + v_{2k}, u_{2l+1})_{L2} ‖v_{2k+1} + v_{2k}‖_{L2} ‖u_{2l+1}‖_{L2} = ‖v_{2k+1}‖_{L2}^{(v2k+1,u2l+1)L2} ‖v_{2k+1}‖_{L2} ‖u_{2l+1}‖_{L2} + ‖v2k‖L^2

(v_{2k},u_{2l+1})_{L2} ‖v_{2k}‖_{L2} ‖u_{2l+1}‖_{L2}

‖v_{2k+1} + v_{2k}‖_{L2} ≤ <x, c> <Ax, x>^12 ≤ <A^{−1}c, c>^{12} . Using c_n ≤ 3 (√ 7 48 )n and c_1 ≤ .3200, we obtain

cos ϕ(V_{2k+1} + V_{2k}, V_{2l+1} + V_{2l}) ≤ cos ϕ(V_{2k+1} + V_{2k}, M_{2l+1}) < d (√ 7 48 )2k−2l−1 , where d = 3.734. [Note that by^{d(}

√_{748 )2n+1} 3( √_{748 )2n+1+3(}√_{748 )2n+2} ≈ .9, we already gained something

compared to the estimate (A.3).]

Our next step is to estimate cos ϕ(V_{2k+1} + V_{2k}, M_{2l+1}) for k ∈ {l + 1, l + 2} directly, that is, not by using estimates of cos ϕ(V_k′ , M_l′ ). We have

cos ϕ(V_{2k+1} + V_{2k}, M_{2l+1}) = sup_{0 ≠ v} 2k ∈ V2k 0 ≠ v2k+1 ∈ V2k+1 0 ≠ u2l+1 ∈ M2l+1

(v_{2k+1} + v_{2k}, u_{2l+1})_{L2} ‖v_{2k+1} + v_{2k}‖_{L2} ‖u_{2l+1}‖_{L2}

= sup 0 ≠ v2k ∈ V2k 0 ≠ v2k+1 ∈ V2k+1 0 ≠ u2l+1 ∈ M2l+1

< [ M_{2k+1} 0

0 M_{2k} ] [ p^1V_{2k+1} p^1V_{2k} ] , [ p^0 I ] (2k−2l−1)× p^0 · · · p^0 U_{2l+1}> < [ M_{2k+1} M_{2k+1}p^0 r^0M_{2k+1} M_{2k} ] [ p^1V_{2k+1} p^1V_{2k} ] , [ p^1V_{2k+1} p^1V_{2k} ] >^12 <M_{2l+1}U_{2l+1}, U_{2l+1}>^12

≤ sup 0 ≠ u2k ∈ M2k 0 ≠ u2k+1 ∈ M2k+1 0 ≠ u2l+1 ∈ M2l+1

< [ U_{2k+1} U_{2k} ] , [ (M_{2k+1} − λ_2I)p^0

M_{2k} − λ_3I ] (2k−2l−1)× p^0 · · · p^0 U_{2l+1}> < [ M_{2k+1} (M_{2k+1} −λ_1I)p^0 r^0(M_{2k+1} −λ_1I) M_{2k} ] [ U_{2k+1} U_{2k} ] , [ U_{2k+1} U_{2k} ] >^12 <M_{2l+1}U_{2l+1}, U_{2l+1}>^12

by Im p^1 ⊥ Im p^0 (λ_1, λ_2, λ_3 ∈ R). Again, the last expression is less or equal to the expression we would have found if all operators were defined on underlying infinite grids. We conclude that

cos ϕ(V_{2k+1} + V_{2k}, M_{2l+1}) ≤ c̃_{k−l} := inf_{λ1,λ2,λ3} ‖ [ M_{2k+1} (M_{2k+1} −λ_1I)p^0 r^0(M_{2k+1} −λ_1I) M_{2k}

]− 1_2 [

(M_{2k+1} − λ_2I)p^0 M_{2k} − λ_3I ] (2k−2l−1)× p^0 · · · p^0 M^{− 12}_{2l+1}‖,

where now M_{2k+1}, M_{2k}, M_{2l+1}, p^0 and r^0 denote operators on underlying infinite grids.

We estimate c̃_{k−l} by applying Fourier transformations. Let t(ξ, 0, λ_1, λ_2, λ_3) be the sum of the squares of the elements of the 5 × 1 matrix

m(ξ^{(11)})

.. .

m(ξ^{(00)}) �ß (m(ξ^{(11)}) − λ_1)p(ξ^{(11)}) . . (m(ξ^{(00)}) − λ_1)p(ξ^{(00)}) [ ]∗ m(ξ)

−^1_2

(m(ξ^{(11)}) − λ_2)p(ξ^{(11)}) . . (m(ξ^{(00)}) − λ_2)p(ξ^{(00)}) m(ξ) − λ_3 and define t(ξ, n, λ_1, λ_2, λ_3) = ∑ α∈{0,1}^2 t(ξ (α), n − 1, λ_1, λ_2, λ_3)p(ξ^{(α)})^2 (n > 0), then

c̃_n = inf_{λ1,λ2,λ3} sup_ξ t(ξ, n, λ_1, λ_2, λ_3) m(ξ) .

Numerically, we found

c̃_1 ≤ .3373 (λ_1 = .425, λ_2 = .885, λ_3 = .675)

(which is only a little larger than .3200) and

c̃_2 ≤ .0925 (λ_1 = .535, λ_2 = .99, λ_3 = .96).

The L_2-stability of M_J = ∑(J−1)/2 k=0 (V_{2k+1} + V_{2k}) and thus of M_J = ∑J k=0 V_k now follows from

2(.3373 + .0925 + d ∞∑ n=2 (√ 7 48 )2n+1 ) < .9304 < 1.

References

[BCR91] G. Beylkin, R. Coifman, and V. Rolhkin. Fast wavelet transforms and numerical algorithms I.

Comm. Pure and Appl. Math., 44:141–183, 1991.

[Bor92] F.A. Bornemann. An adaptive multilevel approach to parabolic equations III, 2D error estimates and multilevel preconditioning. IMPACT Comput. Sci. Eng., 4:1–45, 1992.

[BPX90] J.H. Bramble, J.E. Pasciak, and J. Xu. Parallel multilevel preconditioners. Math. Comp., 55:1– 22, 1990.

[BX91] J.H. Bramble and J. Xu. Some estimates for a weighted L^2 projection. Math. Comp., 56:463– 476, 1991.

[BY93] F.A. Bornemann and H. Yserentant. A basic norm equivalence for the theory of multilevel methods. Numer. Math., 64:455–476, 1993.

[Dah94] W. Dahmen. Stability of multiscale transformations. Bericht Nr. 109, RWTH Aachen, November 1994.

[DK92] W. Dahmen and A. Kunoth. Multilevel preconditioning. Numer. Math., 63:315–344, 1992. [DKPS] W. Dahmen, B. Kleemann, Prössdorf, and R. Schneider. Multiscale methods for pseudodifferential equations on smooth closed manifolds. In C.K. Chui, L. Montefusco, and L. Puccio, editors, Proceedings of the International Conference on Wavelets: Theory, Algorithms and Applications. To appear.

[DKPS94] W. Dahmen, B. Kleemann, Prössdorf, and R. Schneider. A multiscale method for the double layer potential equation on a polyhedron. In H.P. Dikshit and C.A. Micchelli, editors, Advances in Computational Mathematics, pages 1–40. World Scientific Publishing Co. Inc., 1994.

[GO95a] M. Griebel and P. Oswald. On the abstract theory of additive and multiplicative Schwarz algorithms. Numer. Math., 70:163–180, 1995.

[GO95b] M. Griebel and P. Oswald. Tensor product type subspace splittings and multilevel iterative methods for anisotropic problems. Adv. Comput. Math., 4(1–2):171–206, 1995.

[Hac89] W. Hackbusch. The frequency decomposition multi-grid method I. Application to anisotropic equations. Numer. Math., 56:229–245, 1989.

[Hac92] W. Hackbusch. The frequency decomposition multi-grid method II. Convergence analysis based on the additive Schwarz method. Numer. Math., 63:433–453, 1992.

[Jun94] J. Junkherr. Multigrid methods for weakly singular integral equations of the first kind. PhD thesis, Christian-Albrechts-Universität Kiel, 1994.

[Kat94] E. Katzer. A parallel subspace decomposition method for hyperbolic equations. In J. Xu and Keyes D.E., editors, Domain Decomposition Methods in Scientific and Engineering Computing, Proceedings of the Seventh International Conference on Domain Decomposition, October 27-30, 1993, Pensylvania State University, pages 239–244. AMS, 1994.

[KO95] U. Kotyczka and P. Oswald. Piecewise linear prewavelets of small support. In C.K. Chui and L.L. Schumaker, editors, Approximation Theory VIII. World Scientific Publishing Co. Inc., 1995.

[Osw92] P. Oswald. On discrete norm estimates related to multilevel preconditioners in the finite element method. In Constructive Theory of Functions, Proc. Int. Conf. Varna 1991, Sofia, pages 203– 214. Bulg. Acad. Sci., 1992.

[Osw94] P. Oswald. Multilevel finite element approximation: theory and applications. B.G. Teubner, Stuttgart, 1994.

[Ste93] R.P. Stevenson. Robustness of multi-grid applied to anisotropic equations on convex domains and on domains with re-entrant corners. Numer. Math., 66:373–398, 1993.

[Ste94] R.P. Stevenson. The frequency decomposition multi-level method: A robust additive hierarchical basis preconditioner. RANA 94-11, Technical University Eindhoven, July 1994. Accepted for publication in Math. Comp.

[Ste95] R.P. Stevenson. Robustness of the additive and multiplicative frequency decomposition multilevel method. Computing, 54:331–346, 1995.

[TCJK92] C.H. Tong, T.F. Chan, and C.C. Jay Kuo. Multilevel filtering preconditioners: Extensions to more general elliptic problems. SIAM J. Sci. Stat. Comput., 13(1):227–242, January 1992.

[VW95] P.S. Vassilevski and J. Wang. Stabilizing the hierarchical basis by approximate wavelets. CAM report 95-26, Department of Mathematics, UCLA, Los Angeles, May 1995.

[Wan94] J. Wang. New convergence estimates for multilevel algorithms for finite-element approximations.

J. Comp. Appl. Math., 50:593–604, 1994.

[Xu92] J. Xu. Iterative methods by space decomposition and subspace correction. SIAM Rev., 34:581– 613, 1992.

[Yse86] H. Yserentant. On the multi-level splitting of finite element spaces. Numer. Math., 49:379–412, 1986.

[Yse93] H. Yserentant. Old and new convergence proofs for multigrid methods. Acta Numerica, pages 285–326, 1993.

[Zha92] X. Zhang. Multilevel Schwarz methods. Numer. Math., 63:521–539, 1992.

Department of Mathematics, Nijmegen University, P.O. Box 9010, NL-6500 GL Nijmegen, The Netherlands.

E-mail address: stevenso@sci.kun.nl