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2 Tools from the Theory of Sobolev Spaces

Let us consider the function

1, -1 <2<0

u@) =9 2 g<r<-1

Obviously, u € L,(Q) C Lio.(Q) C D'(Q), but u ¢ C(Q) !
Compute

1. W =0%w¢e?

2. u"=0%ue?

3. U =0Rue?

in the distributive sense !

Show that

= inf 11
|9|H1/2(F) ueHl(lgflMOu:g|U|H1(Q) (11)

defines a semi-norm in HY?(T") := vH'(Q2) (check the norm semi-axioms), where
lul () = ||Vl 1, denotes the standard semi-norm in H*(€2) ! The infimum in
(11) is realized. Characterize the minimizer u* € H'(§)) as a unique solution of a
variational problem !

Show that

1/2
iy = ([ ltas + [ s+ ofis
I'p I'p

defines a new norm in WZ(Q) that is equivalent to the standard norm

1/2

1/2
[l o) = Z/QWO‘UFW — (/Q|u|2dx+/g|vu|2dx+|u|§[,22(m)

o <2



where I'p C T' = 9Q with measy_1(I'p) > 0, dyu(z) = %%(z) = (Vu(z),n(z)) =

Vu(z)"n(z) = Vu(z) e n(z), and |ulwzq) = (4= Jo [0%u[*dx)"/? denotes the
standard semi-norm in W3(9Q).

Show that there exists a positive constant ¢y = const > 0 and ¢; = const > 0 such
that

/H(u(x))Qd:U < ¢ (/H u(x) dx)2 +a /H \Vu(z)|*dz Yu € H'(IT)

with cg =? and ¢; =?, where Il := {x = (21, 29) € R* 1 a; < x; < b, i = 1,2},
(O Hint: Use the representation

yza yla
u(yn, o) — u(@y, w5) = a—é(yl,@)dgz + a—g@hmd&

Show that the inequalities

inf / lu(z) — q*dx < 2 / |Vu(x)|?dr  Vu e Wy (Q) = H'(Q)
Q 0

qcR

and
/Q\u(x)|2dx < ﬁ (/Qu(a;) d:c>2 +c? /Q|Vu(:c)]2d:z: Yu € Wy (Q) = HY(Q)

are equivalent !



