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4 Other Discretization Methods
4 1 Discontinuous Galerkin DG Methods

Nonconforming FEM
4 1.1 Derivation of dG Variational Scheme
a Let us again consider the model problem

1 Given f c Led find me E HER such that
A u e f in Dc Rd slip d 2,3
U g on 17 21

on

i Soleability
Due to Lax Milgram there exists a unique
weak solution u c To them at H'Cr

the Tu Vv dx f rdx fvettle
Il Il

alum fir or LEND VVEVO
Exercise 4 I see also Chapter 2

Show that Vuetkdiv.se and divVu f cLdr
Therefore u e ther n HACRI where
HA EL u c Hill Au dir Tu c Ldr
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Continuity properties in the corresponding
trace spaces see also Chapter 2
UE Hice nHHEd 1 ve and 81N Turn
are continuous across interfaces in the followingSensei

guettler
u e unrintUzTrz Un Uz Ne O

n Il Luvs de
Ute Hq Elite ne ogeeeif.LI

C Hence m ne da

Tu e Vupnj Vuz.net Vq Vuz ine O
ilv

u e Hs Mcr Ch.z
C H M FUEHdirty
c Ide

oru c Hs Tn 523K

T
DG Notations

11
Let the or rERh3 be a regulartriangulationof_RclRd
Fors o we define the broken Sobolev spaces
Hs Tn C Ldr v1gEHsCd fdETh

with Hvllfyscpni gcEInllvllkiscoysluitysctnffeiq.MU tPcd
Furthermore we define
the jumps differences
v e Vingt Vznz Vy K ne vector eEEh

un p
Je scalar inner

edgesthe mean values Cavarages a innerVvle z FvntVvz vector.ee Eh e

Ie v n Tu Tv eedEnien I l
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an DG Variational identity consistency

Let u cFg on Htc12 be the solution of 1 re
and let u v e HSCTh S 312 then

f f dir Fu in CR
d fir o.o feint Vx

div Fu E
integration byparts

3 ihra mo vii Ii
re H 400

in H 400 xHModl
1081 since u CHscd

with S S 312

g
E to fu tho Fu iv or

ason TI Itu Tr s to Tu v n or
u 1 ve P cont oftheflutes

ee En Out II ETru n Ei mn Fu nifu n

e c or nor Fv e Tv

nutuino Zet Huh Hee
earn

11

Eru v n or 3 ETul e Iv IleE EEn k
kim t VzNz forEEE

Fein Tu.TV o e7efulETuIiIvI e
13 Ctu Tube 1 Feliu The

where p 110,1 Ae positiv parameters L 4.5 he Sedstel
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Define now the d a bilinear forms

3 an UN Ahda U i V AhidG B UN

feint Tu Fv r
e Lu CHUI IVI e

B uh Be Eiffeltumble
V u.VE Hs Tn S

D n ahu is symmetric
P r n p 0 ahc it is non symmetric I

We can now formulate the following so called
DG variational identity consistency

4 ant U V f v lo or the HsCtu
that holds for the weak solution u cFgofUlu
provided that u e VgnHsCtu for some s

Eau Theorm 4.1
Let s 312 Then the followingtwostatementshold
a Assume that the weaksolution u ofU belongs
to HsCin Then u satisfies theDG VI 4

I b Conversely if u c H'Cr NHSTn satisfies 14
then u is also the solution of our VP 1 vi

Proof see derivation of 147 above T
mm s g e d
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La DG Scheme non conform

Let us define the DG space the I Hype
Fulton related v loCPald to cTh CHstth
Then the dG scheme reads as follows

4 h Find Un C Tn VI Tn
7 ah Uh Vh firn tvn CVn
Once the basis in Vn span pl iewh is chosen

the DGscheme is equivalent to the linear system

4Th I Find an Elk h Khan In in IRNh

Remark 4.2
1 The Dirichlet BG U D is incorporated in 141
resp 14th This technique is connectedwithNitsche
show this statement How wouldyou incorporate
an inhomogeneous Dirichlet BC u g on P

2 D 1 SI PG Symmetric Interior Penalty Galerkin

p 11 Nl PG Non symmetric IPA de O

p O I IPG Incomplete IPG
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and Consistency and Galerkin Orthogonality
Since Thiralth CHSCtu Theorem 4.1 a

yields consistency
A ve

5 ant U Vn f Uh on
VVhEThcHsCTh

provided that the solution u of 1 re belongs
to Vgn Hs Tw for some Ss 312
4 hand 5 imply Galerkin orthogonality

G an U Uh Uh O HVu CTh
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Remark 4.3 Pros Cons
A Pros

Variational handlingof hanging nodesmoving
and non conform meshes o.o eSwatow
or gok

a agog

for e

q IF qq.se arm

a as
aa

Adaptivity and treatment ofmoving
interfaces electricmotors is much easier
block f diagonal mass matrices

well suited or time dependent problems
natural upwindingforconvection dominatedproblems
conservative testwith that noofferwiaetn

fax ITU Nds n n

of funDG FEM L S EVM
1 V N

2 Cons

increasing number of global dots
How to overcome this drawback

DD DG Nitsche
Hybridization of of

g larger
stencilsand non localitydue tocouplingblocks

penalty parameters de ee En
ooo


