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3 6 A posteriori Error Estimates and
Adaptive Finite Element Methods A FEM

A trivial a posteriori error estimate
consider the variational problem g o at least afterhomog

Auv
F 1 Find UE Vo acuiv L F v fue Austin'VE
1 4491 Example UE Hoke Vu.Vvdx fvdxfveH D
Poisson 1 Exand its finite element discretization

F 1 h Find uhCFon alum Vu SF Va fun CVon
5

under the standard assumptions 33 In Taito VghcVg
Then the following a posteriori error estimate is valid

44 ftp.HF Auhl.voEHU uhllqoetfyllf Auhlvo
Example a H1n1 H1n1 b HMM

where H F Auhllqei.es foLF AuhiV7HVlvo

sup GEN al Univ sup ACU Univ
ETO Il v Il 8 VETO HV11

Proofi Il Il Il Huo Ell Hr Hall l lur lily
b Mtu www.EalujuuhuunY.hn efiEfoauIIYiY HFAuntie

a HEAuntie EFoamitha quiff Thu Iuliuunity
9 ed

Question How to compute1estimate HF AUnhioxetiner
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a Idea Roadmap for deriving residual a posterioriestimates
HF Auhh q ftp.oalu IY v1 SuEpoalU UhiV UnIl v Il

G 0 ACU Un Vn 0 HuhCVon

lEiIIiI e
EEE Ii mu un

asa sup f V Vn DX Fun Tlv Vn d

the VEVO Honor IV I
a partial integration

office Etna rfw vhldx frfuh.TW Wds
Iv 11

uesyepqyIE.huIfrfNVhldXtSrAUhCvVn1dxof f cuunDI
IV la

r fun
Eliza rlftt unkv vuldxf.gr nncv vu1ds

R ca.b
l VII

t dat imms refiner a'CT he Intq.lueFohtfVhE40
rseiofani EirinirY iwh Einicuianoia

T error estimator
UhCFoh
vw Intraw is only possible in Id since whereMorlun is the

timer dir for d 729 error contribution

Vh Inv CLEMENT or SCOTTZHANG Interp form the f e fr I
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la For the sakeofsimplicity we consider the

homogeneous Dirichlet problem forthePoissonequation
in a polygonal bounded domain 2 CIR

145 ee du f in th and U O on T did

The corresponding variational formulation
145 ve Find u CTo tiled Seta.Tvdx fvdxHvEVo

ACU V LFev thief
has a unique solution UE Vo due to Lax Milgram
Let Th Sr r cRn be a triangulationof R such
that Def 3 3 18 IO resp 4 holds with
h replaced by the local mesh site hr h ereRn
Such meshes are called shape regular Ed

jaffe g
or

q Si Def 3.3
r a g g O
v 8qhfelforlecjhfg.comMe a

girl 9 HJdrH Icahn
1 E

gory Ecg
or a o

UGHfiftleghi
Jor OHKI05
Jacobian

th dr renn shaperegular wn
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can we now define the corresponding to the shape regular
triangulation th Jr relRhl FE spaces

Vow span p ie Wu C Vo dr

based on conforming linear triangular Courant's elements
SCA Pala Then we obtain the FE GALERKINscheme

45 n Find unetton alum Vu LE Va true Fou

We now look for a computable and localizable

upper bound 1

Nun y refraini
r ENh

such that there exist positive generic constants
C C Ed Cair Cs E Con and E T SL Cr Czecz Lce

1 Hu unHa E E Nuh reliability

Z E N Uh E Il u uh111 efficiency

If 1 and 2 are valid then the a posteriori error
estimator is reliable and efficient
The quantity

7 E Igf ie
c Nuh E

is called efficiency indef h t E
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3 6 1 The ELEMENT Interpolator
Notations neighbourhoods yes
4 xn UST ro sa

REBy re Rn X tear

Flor YEH io
dr

B
E Jr

U e Uttlx e

x EE

La Def 3.17 CLEMENT Interpolator
The operator In Ldn s Vni spanfp.ci iowa
which is defined by the relation

Invar
j wnlPgv

phx cTn Hueber
in
C lR1 IPo space ofpolynomials of

the degree 0

is called CLEMENT interpolator where for every
grid point xm jeou we define the local Lz projection
Pg WHN Pollux l Rh
uefa Pov cdx uaf.yvcxs.cdxttccpolucxwy.iePgr in µ kHdx patch avarage of v

where luck'll 1µs dX
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Remark
For u e th ca Edc Rd d 72 the Lagrange interpolator

Invar int qfv ex e UCHM p's ex
TETw

is Not defined since then 4 a'CE
BUT CLEMENT is defined

ca Lemma 3.18
Assi Let Tn be a shape regular triangulation of

Edc 1122 and Tin span p
t i i EWI the

correspondingCourant's FEspace Lin tri et A
St i Then CLEMENT's interpolation operator Ia

fulfills the following error estimates
1 Il v Ihr Knorr Il v IhrHueco EChi IV IrUdr
H r E IRn TVE H1Cr K 0,1

2 11 V IhrHo e Hr IhrHye E Chek l v lmucor
H e E Ei internaledges HVC HMM

where hr h he let c const 30 a torch

Proof A v r and 2 mms

Sketch of theproof for 1 k o v Ihvllo.orrechrlvh.ua
In shaperegular IUCdr l meas UCdr E Ehf rums
Bramble Hilbert Lemma2.17 Poincare yields Cmms

H V PsvHounrest e ch g Iv la una theCHYUKT
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BH 11 V Pgr usual chg IV 1HYUN Dn yes
where C const 0 Ct Cch

r Euc o Kr x hr h

9847 re ucfuylv ucfcsyiuafuykxldxfdxegp.ua
lVvl2dxCpeE

diamUNH
2

Chf

Hv Inv Ho.fr rival uuCPgv pukes dr

I ouch JEER jean x'Heir

r feiort.pl
UH

j
Pgr pcs7cxIi2dx

frIgZIurpMx7lvcx.Pgv1J2dxZcau

ESrgfw.cpushup was Bride
xD2

w rival Ported

e g s t.ua luH
BvRdtE3c2

eIhflvl2iucusyE3Ehr4VlField
g e d
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1.3.18

La Remark I
1 I v Ihrke r Tn Iv Inviting Ed hi which

Eh I life
2 Ken I v Ihr la r E Cho Iv lair

IIhrlr.rs Vla.rtlIhV vlar
E Itch IV her

In E L H1 H1

3 K O I v Inv toes E Cah Iv leer
k r IV Ih v lur E co KO IV le r

Space interpolation yields
K S I V Inv Inser E CsW

S
IV lur

f or S C oil i.e we have it for s C To 17


