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B 5 Convergence Analysis
in the Non standard case

3 5.1 Violation of the Variational Principle
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Assam ns have to be
by additional conditions

on the discrete bilinear formanca
34 resp 39 r
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3 5.2 The First Lemma of STRANG
is we first consider the following situationell v
t Find u c Ig a cu v l L F v tf veto CF

Nh n Find UnEFgh a Uh Uh LThiVh1 Vine on4th
lawn

11h 5 KneeEh 41
with ahc Firth IN continous discrete bilinear form

Fh a f Lhc Foh Rt continous linear form
under the standards ptions 33 and

under the additionalassumptions 134 of the uniform
Forellipticity of the discrete bilinear form anti Firth HT

34 Fpeg const 0 ahlUnVn 3µgHunk Kyneton the

This situation is typical for numericalintegration t
Remarki F UTEEga F h follows from 34 F

La theorem3IT The 1st Lemma of Strang
Assi Let anti Tuxth IR cont bil form FnCFait
VI CF TgaCtg VonCEO and let Ass 13.3 1341befulfilled

St Then the discretization error estimate

135 Hii I'inec.inc.fgnfilu vuHtswuneProa jwauhhWhIf

holds with y sup IL f Wn Len work
c max At ME UF Whelton
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Proofi
Let rnCFgn be an arbitrary FE function Then

36 Hu Tin Il E Il U Un Il t 11 Vw Uh 11
tan cFou arbitrary

00 For Wu Uh Une Von we obtain the estimates

137 Ms Il Un Vu112 E ah UnVn Un Vn ah UhUh Wu
i

a M VnWn t a Uh Wh ahhWh ahluhWh AluWh
11UTn Il 11
Fh Wh h L F Wn

Egg
a tu VhlWh atVuWh ahhhwut thisFhwhy LF whI

E HallU Vh1111Wall t awwww AhlVa Ww ELFaiWuh LF Wu

First we divide 137 by 11wall HuaVuk andpeg and
then we take thesupremum over all Wwe hi Oil
of the right hand side of this inequality

sup I alVmwn anWuwn Ip38 11Un Un E Mfs U Vh Fug
w heroin
Is saffron ten

11Wh

36 138 and Inhetogh immediately yield 135 Indeed
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am The typical aplication of the 1st Lemma ofStrang

Analysis of the effects of numerical integration
Let us again consider the model problem from
subsection 3 2.1 with data a O se o ga gz GEO
Father Vo VET V O on t Fg
a CU V tix VIucx Even DX

n fr HH Eun Vivaldi
xo.ca vVI zjrTvge

CBI 1AhluhiVh
p n pe

Wr or J 2
In T integerpoints 0 5 540
weights subsection 3 2.4

In 92 SCA P
5 9417 Er I 113

1 sooh s est C's
A Wii I8 4049 o 7I 7 O 7 9Xp

where T or J thorlesDIirtguncy Tiffany Hort
tcxgrcsDTgun.IJ itjfvguhc.lltq.CN

F v far Vex dir Jeju rfCHVcHdx
Future rehippeirwrmflxorcesimbvhkqldrmllltds.BY
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ed Ex 3.13 Formulate conditions imposed on thedata

tc Lcs.cn nWa.Cdr fELzCMnwCdr VrERhVhC
and on the quadrature rule i e algebraic

to exactness for Sakes dg such that

Hu Uhlla.rs duet d h

t where Ein solves 11Th
Can you already ensure the 01h accuracy
for El scatty IEh3 Wii4,54 4 43

TM Let us consider the Id BVP Find ue V
g
Vo tlko.tl

r Xcx n'Ct Vick dx fcx var dx the Vo
c K

acucv CF v

where f Eldon and he Q1
F I I coast 0 OLIEACHET Exelon
EE discretization by linear FE SCA Ps

q di
h Eoin h mate

1 I l l s l I i lyO X Sr ki r entTA Xr a Xr

Vga Fou span eh 4n3 Cfo Hobie

11th Find unETon acuu.vn L Eva Alfreton
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Now we approximate the bilinear formal r and

the linear form LF defined in 1 Gauss 1

using numerical integration namely themidpointrule

ahlUn Vn h.tl U'd vid

Fh WE hrf Xi Vh1

with Xf Korea tr n t Eh To ensure that
these expressions are well defined we have
to assume that de f E G'to 17
In practice we now solve the problem
F h Find UTEVoaiahlun.vn LFhiVh7hVUuEVou

Tru E In
Questions a Has problem T n a unique solution

2 Under which conditions imposed on the
H Hr In lemon data Il and fl the discretization
seminorm in Hr error 1 u UnhIt icon has the same
i i Ili s
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Answer is given by the 1st Lemma ofSTRANG

Standard Assumptions 133

AdditionalAssumption 134 7µs const so

Ahl Va Vu 31h3 IUnthcon that You

hfi Th 3.15 I u ahh.sc iiErghLlu vuht
Vh Un vinegar.nl u Vuh E la uh ghluk

la uh Wh ahhh walls clued h lwah
T

Ass.imposedont tfWhelton

I F Wh
LFhiwh7hlEcCfIhlwhln.Ass.imposedonf

ThenTheorem3 l 5 gives estimate

35 l u Tin l Hyo n E du Iif h


