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3 3 Properties of the system Khun fan
of Finite Element Equations

La Adi se e Lectures on Nu PDEs by Prof Zulehner

The system of FE eqns Khan In resp the

stiffness matrix Kh have the following properties
1 LargescaleI Edc Rd 2d d 2 i 3d d 3

N Nu twirl number of unknowns DOF Oth
d

where he N Nd discretization mesh parameter
in practice N 105 107 105 and beyond

supercomputing
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3 Band widthwsp.profilecsh

skgliueli.li

depend on the globalnumberingofthe nodes
in general BW BW Kh O h H N

SL SL Kh Of h 2dm

Order estimates cannot be improved
minimization algorithms for B W resp SL
i.e find node numbering s t BWresp SL min
HIP hard

see Literature e.g 842013 pp 462 476
for heuristic algorithms
Alg 5.16 Cu thill McKee

Atg 5.17 Reverse Cathill McKee
Atg 5.18 Minimum degree

4 Inheritancerelation
In general theproperties of the bilinear form al

carryorer.to hestiffnessmatrixKh Cmm

7 t.CI nuhiIh aCUniVh VUhiIhTsUhiVn V
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For instance

a a c r symmetric Kh KI since

Khan In acunivnf alvhcuhl kkhkhiuhl luukh.vn

a positive µ positivedefinite since

Khaneh al uh Uh 70 HahauhElton art La

Ku is SPD

Bea Hereand in the following we suppose that thetriangulation
is regular see 4 in subsection3.2.21 The following
definition of a regulartriangulation is moregeneralthan141

Def 3.3 regular triangulation
A family Th he of triangulations th dr re Rw
is called regular if there exists positive k independent
constants Er Ea Cz Cg const 30 such that

8 E hd El Zor1 IdetTorI EEihd t SE I fire RuthC
9 113or Il VtmaC2o J E czh.tt SEI fire RuthC
ro Il Jo'TKi Vimaxtgirts hi Tx c Frfr CNathe

g 58radwhere Tor 7 and Toi Iff r dr t H
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Law theorem3 LI eigenvalue andcondition numberestimates
Ass 1 ac r Tx V IRA bilinearform HKDHHill

a To elliptic aww pullv142 theFo
b To bounded 1alum 1Eliz Hull Hulk tu v cFo
c To symmetric alum aChul Hui v cTo

2 Regular triangulation The he of Edc Rd
in the sense of Def 3.3 8 110

St Then the following estimates are valid
1 F E E EE const 70 Cet Cech and

SPD
M E EEK E

egrnfaYyeyofkfEehd
2 F

2 se kn condz Kh 1lKnllzllKn1llzseeaturaditionEseoEmYryeEI.h 2

Proofi
Startingpoint for the eigenvalue EV estimates

p
Rayleigh quotient representation

Hal E minlkntF.IEujYuhIYuInIeuknkuIEEg YEiiI
imaiknis

which is equivalent to the so called
spectral equivalence inequalities

M I Chthith E Khaneh E 8 kudu faut IR
where L y denotes the Euclidean innerproduct in IR
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Khaimah AtUhl4h e µz 11 unlit E

HEHE112Wh uh UhCFoh i 1
iso independent oftheBVP

Huh117 IVIunlltuhldxjfg.frlaunituilde
mapping dress D YE

Iv
12 EdnaSalltoitunkoreshlkun4xorcesh Horlds

T hmm4 bums Tx Jiffs 30
UhCXdrC5

3 Enhd
n Ela U're p 95 2dB

eirdEHEI.a.eu i a.uiiMSap9slp G des

qhd Ln Go ye a plan

uirkluent year Gok Sap p des pear GolSap p'B'desqpe
massmatrixofthemasterelem

Eatmin Goo hdrcEI.EEuH9j2za3EntminCGolhdCancan i e KIRI

13 8 Ee hd with EE fue En Amin Cio
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Remarki The properties of thestiffness
matrix Khare very important for evaluating
the accuracy and efficiency of direct
and iterative SOLVERS for the system

knew Eh
of finite element equations

Referees
2h 2013 Chapter 5

Steinbach 20051 551 NuEPDE website

CISM courses on direct and IterativeSolvers
by U Langer and M Neumiller 20h7

Direct solvers a Party DirectSolvers pdf
Iterative solvers e part2 IterativeSolvers.pdf
Preconditioners Part3 Preconditioned pdf
Multigrid I e part 4 Multgrid I pdf
Multigrid II Parts MultgridII pdf
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